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PREFACE. 



I HATE in thja treatise endeavored to arrange a course of 
trigonometrical study sufficiently extensive to enable the 
student to comprehend readily any application^ of trig- 
onometry he may meet with in the works of the best modem 
mathematicians. With this object, some topics have been 
introduced which are not usually found in works devoted 
Bpecially to this subject, 

"Among those topics, the most important is the solution 
of the general spherical triangle, or the triangle whose sides 
and angles are not Umited, according to the usual practice, 
to values less than 180°. The advantage of introducing 
Buch triangles into astronomical investigations is sufficiently 
shown in the applications made of them in the works of 
Bessel and other Grcrman mathematicians ; and especially 
in the TJiexma Motita Corporum. Ccdesiium of Gauss, who 
was the first to suggest their employment. 

The subject of Finite Differences of triangles, plane and 
spherical, occupies a large space in Cagholi's treatise, but 
haa not been admitted into more recent works. It here 
occupies only a few pages, but no important result of 
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4 PREFACE. 

Cagnoli'fl Table has been omitted, whDe a number of the 
formulae are much simpler than the corresponding onea 
given by him. 

Althou^ my plan embraces a much more extensive 
course than is contained in tbe text-books commonly used, 
I have studiously kept in view the wants of academic and 
collegiate classes ; and have so arranged the work that a 
selection of subjects of immediate importance may be readily 
made. The more elementary portions are printed in a larger 
type, and are intended to form, independently of the matter 
in the smaller type, a connected treatise which may be 
studied as though it were in a separate volume. 

Those who may afterwards wish to extend their know- 
ledge will appreciate the advantage of having the higher 
departments of the subject treated in connection with those 
fundamental ones to which they are most intimately re 
lated. W. 0. 

v. B. Natal Aoadbvt, 

Aimapelu, Md., Mag 1, 1860 



NOTE TO THE FOURTH EDITION. 

Im this edition, besides a number of minor changes, aod the eorrection of somt 
t;pDgraphiaal errors, a very importnnt modification has been made in (he soIutioD of 
the equation tan x ^ p tan y bj series {p. 145), vbich was given in former editiona 
in the nsual form as stated bj all writers on trigonametry. This form was dis- 
covered to lack generality, and oonsequentl; to fail in certain applications, in con- 
sequence of the omiasion of the arbitrary term nr now introdaced. SeTeral subse- 
quent ioTestigattons, depending on this, have in like maaner been Teotifled. 

W. C. 

TJ. S. Natal AOADHtr, AprH 1, 1864. 
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PART I. 

PLANE TKIGONOMETRY. 



MEASUIX8 OF AHGLE3 AND ABC8. 

1. TmaONOHETRY is that branch of Mathematice which treats 
of methods of subjecting angles and triangles to numerical compu- 
tation. 

2. Plane TRiaoNOHSTRT treats of methods of computing plane 
angles and triangles. 

It embraces the investigation of the relations of angles in gene- 
ral, a branch of the science not necessarily connected with the 
elementary solution of triangles, and which has been distinguished 
as the Angular Analy»i». 

3. By the solution of a triangle, in trigonometry, is meant the 
computation of unknown parts of the triangle from given ones. 

The triangle baa six parts ; three angles and three sides. It is 
shown in geometry, that when any three of these parts are given, 
provided one of them ia a side, the triangle may be constructed, 
and the unknown parts found by mechanical measurement. 

In the same cases, by trigonometry, we compute the unknown 
parts from the three given onea, without resorting to conatruotion 
and measurement : a method of inferior accuracy, on account of the 
unavoidable imperfections of the instruments employed, and the 
difficulty of distinguishing with the eye the smallest subdivisions of 
linea and angles. 

But here also the case ia excluded in which the three angles are 
given without a aide, becauae there may be an indefinite number o' 
plane triangles, whose angles are equal to the same three given ones, as 
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PLANE TEIGONOMETEY. 

in Fig. 1. the triangles ABCA'B C\ 
&0. In this case, all these mangles 
are BimOar, and their eidea are pro- 
portional ; or the ratio oi AB io AC 
is eqnal to the ratio of A'B'to A' 0', 
^ c" &o. ; BO that the ratioa of the sides to 

each other are fixed or determinate, although the absolute lengthB 

of these Bides are indeterminate. 

4. Now, in order to subject a triangle to computation, we must 
first express the sides and angles by numbers. For this purpose 
proper units of measure must be adopted. 

The unit of measure for the sides of plane triangles is a Straight 
line, as an inch, a foot, a mile, &c. ; and the number expressing a 
Bide is the number of units of the adopted kind that the side con- 

5, The units by which angles are expressed are, the degree, 
minute, and second; distinguished by the characters ° ' ". 

A degree is an angle equal to ^ of a right angle; or a degree is 

glo of the whole angular Bpace about a point, or jJo of four right 

Kg-S- angles. Thus, Fig. 2, if the angular space about 

^ ia divided into 360 equal parts, of which A OB 

is one, th^n A OB is one degree. The right angle 

. B will be expressed by 90°; two right angles by 

180°, and the whole angular space about a point 

by 360°. 

- A minute is an angle equal to ^ of a degree. 

Therefore, l°-60'; and a right angle =90 X 60'= 5400'. 

A second is an angle equal to g^ of '^ minute. Therefore, 1' = 
60": 1° = 60x60" = 3600"; and a right angle = 90 x 60 X 60" 
= 324000". 

Angles less than seconds are sometimes expressed by thirds, 
fourth», fifths, &c., marked '" " % &c. ; a third being g'o of a second; 
a fourth, b'd of a third ; 4c. But the more convenient method is to 
express them as decimal parts of a second ; thus 4 of & right angle 
will be either 

12° 51' 25" 42'" 51", &c. 
or more eonreniently 

12° 51' 25"-714, Ac. 

fi. The »boTB dirision of angles is ^-alled lexaguimal, from tie diviaor 60 employea 
In the sub'lmsioQ of the degree. The efilaimal diviaion, honeTer, would be prefer- 
sblt ID all oases, but cannot now be ([enernll; introduced without, at the same time, 
ehanpng tht arTangemeDt of all our tables, the graduation of »Btronomical vai 
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MEASURES OF ARCS. 11 

other ingtrnments, charts, fto. NeTertheless, the attempt haa been made in Fraooe, 
and BBTeral atandard irorka exist in the Freneli l&nguage, in vhicli it ia employed 
throughout. 

In the centesimal or Frenoh dirision, the right angle ie divided into 100 degrees ; 
the degree into 100 nunutea ; the minute into 100 seconds, &a. The reduction of 
these denominations from one to the other requires oalj a change in the position 
of the deoimal point ; thug, in this syatam 00= 75' 84"-8 is the same as 607SS4"-H 
or 60°-75848 or 0'-6075848, the symbol q denoting a quadrant or right angle. 

7^ eoncert centaimal into lexaffoimal degrees, since 100° dee. = 60° sex. dedutl OH* 
tenth fiv-m tht number of centaimal det/Tftt. 
ExAiirjjE. Required the number of sei. degroea in 86° 47' 43" dee. 
85=-4743 cent. 
Deduct yV = S -54743 

76'''d26S7 sex. degrees and dec parts. 
56'-6122 
36"-732 , 
or 76° 66' 86"'732 seiageslmaL 

To convert inzageiimal inlo centeaimal dtgreet, since we most take >^ of the MX., 
iivide bg 9 and move the dtcimal point one place to the right. 
ExAMPLB. Bequiced the number of cenl«aimal degrees in 76° 56' 36"'732 gei. 
Reducing the minutes and seconds to the decimal of a degree, we hare 

76°-92687 sex. 
>^ of which ia 8&°'4743 cent, 

or 85° 47' 43" centesimal 

To distinguiab the degrees of the centesimal iW>m those of the sexagesimal divl. 
iion, the former are A-equently called gradft, and are denoted b; the character * 
inatead of °; thus the preceding angle would be 85<47'43". 

Measures of Arcs. 

7. Since the angles at the center of a circle are proportional to 
the arcs of the circumference intercepted between their sides, these 
arcB may be taken as the measures of the angles, and we may express 
both the arc and the angle by the number of units of arc intercepted 
on the circumference. 

The units of arc are also the degree, minute, and second. They 
are the arcs which subtend angles of a degree, a minute, and a 
second, respectively, at the center. A degree of arc ia thus always 
^Jj of the circumference, whatever the radius of the circle may be; 
and we obtain the same numerical expression of ^t- ^ 

an angle, whether we refer it directly to the angu- 
lar unit, or to the corresponding unit of arc. The 
right angle AOjI', Fig. 3, and its measure, the 
quadrant AA\ are therefore both expressed I 
90° ; the semi circumference by 180°, and the 
whole circumference by 360°. 

8. The radius of the circle employed in measuring auf'les is then 
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12 PLANE TRIQONOMETBT, 

arbitrary, aiid we may assnme for it such a value as will vaost urn- 
plify our calculations. This value is uniti/ ; that is, the linear unit 
employed in expressing the aidea of our triangles, or other lines 
considered. Thia value will be generally used throughout thia 
treatise. 

9. To find the length of an arc of a given number of degrees, 
minutes, &e. 

The semi-circumference of a circle whose radius is unity ia known 
to be 3-14159265 ; or, the radius being R, the semi-circumference 
18 S.1415926&^. Hence 

When B = l 
Arc 180" = 3.14159265^ -3-14159265 

« 1° =0-017453293^ =0-017453298 
■ « 1' =0-0002908882_B =0-0002908882 
u 1" =0-000004848137^ =0-000004848137 
An arc x therefore, in the circle whose radius is unity, being ex- 
pressed in degrees, or minutes, or seconds, we find its length by the 
formulse 

Arc ar = 0-017453293 a:° 
= 0-00029088823/ 
= 0-000004848137 ar". 
As these factors for finding the length of an arc are often used, 
it is convenient to have their logarithms prepared.* Thua 
Arc X = [8-2418774] x° 
= [6-4637261]z' 
= [4-6855749] i" 
in which the rectangular brackets are used to express that the fo^ar- 
ithm of the factor is given instead of the factor itself. 

Example. What is the length of the arc a: = 38" 17' 48", the 
radius being — 1, 

38° 17' 48" =137868'- log. 6-1394635 

Log. factor for seconds 4-6855749 

1 = 0-6684031 log. X 9-8250384 

10. To find t?te number of degrees, ^c. in an are equal to the 
radius. 

We have, from the preceding article, 



* Tbe logarithms in the eiampleg of this work will be taken ftnm SlanUy'i Tablti, 
(pnbUshed in New UaTen, by Uurrie uDd Peck,) the best Ubies of saTen-Ggun 
logu-ithms yet published in this oauutry. 
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MEASURES OF ARCS. 13 

^ = 344^3 -"°-2«^"^5 
«3437'-74677 =206264' -806 
11. The angle at the center meaBured b; an are equal to the radius, is often 

taken aa ibe unit of anguliir meaaiire, as Mb angle will be of an invariable mngn>- 
tnde, whaterer ie tiie length of the radius. If x is the number of euch nnita ia * 
giren angle, the number of degreea, &o-, in it will be found b; multiplying by the 
Talue of the radiue in degrees. &a., found in the preceding artjcl«. Thus, 

jO =3 I flo _ 57=-205T795 z = [1-7581226] x , 

I- =!«' = 843r-74677 I = [8-5362730] z 
7r = xR" = 206264" ■SOOa =, [5-3144261] i 
Reciprocally, the angle being giTen in degrees, ka., we redno« it to the unit r»- 
diua, by diriding by R", R, or R", thus. 



which is evidently the same as multiplying by the factors of Art 9. 

It appears, then, that an angle ia expressed in the unit of this (iriicle by the 
length of the are which measures the angle in the circle whcise radius is unity 
-Hence, an angle thus expressed is said to be given in are. If we put (as is usual) 

ir = 3-14159265 ■ ■ ■ 
V Is the circular measure of two right angles, or it is the expression of two right 
angles in arc. In trigonometry it is therefore common to employ t to denote aa 
angular magnitude of 180°; — a right angle ; 2 x- four right angles, &a. 

12. The complement of an angle or arc is the remainder obtained 
by subtracting the angle or arc from 90°. 

The supplement of an angle or arc is the remainder obtaiiied by 
subtracting the angle or arc from 180". 

Thus tho complement of 30° is 60° ; the supplement of 80° la 
160". 

Two angles or arcs are complements of each other when their 
Bum is 90°. They are supplements of each other when their sum is 
180°. 

13. According to these definitions, the complement of an ara 
that exceeds 90° is negative. Thus the complement of 120° ii 
90°- -120° = — 30°. In like manner the supplement of SOO* u 
ISO"^ -200° = -20°, 
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CHAPTER 11. 
SINES, TAKQENTS, AMD SECANTS. FUNDAMENTAL FOBMnLS. 

14. Having expressed the sides and angles of triangles by num- 
bers, we are next to find such relittions between them as shall enahle 
us to combine these two different species of quantity in compu- 
tation. 

As every oblique triangle may be resolved into two right triangles 
by dropping a perpendicuhir from one of the angles upon the oppo- 
site side, the solution of all triangles is readily made to depend upon 
tliat of right triangles. Let us therefore 
consider a series of right triangles, ABO,. 
AB'C", AB"C", iic., Fig. 4, which have 
a common angle A. The angles at B, 
B', B", being also equal, the triangles are 
similar; and hy geometry 
■ BO:AB'=-B'C':AB' = B"0":AB" 
or by the definitions of ratio and proportion, 
BO _ RO' By" 
AB~AB'^ AB" 
In like manner it follows that 

BO B'O' _B"0" 

AO^AC AO" 

, AB AB' AB" 

"•^ ■ Ad^AO^AO" 

Hence it appears that the ratios of the sides to each other are the 
game in all right triangles having the same acute angle; and, 
therefore, if these ratios, are known in any one of these triangles, 
they will be known in all of them. 

These ratios, then, depending on the value of the angle alone, 
without regard to the absolute lengths of the aides, may he considered 
as indices of the angle, and have received special names, as follows : 

15. The SINE of the angle is the quotient of the opposite side 
iHvided ii/ the hypotenme. 
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SINES, lANOENia, AND SECANTS. 

Thus, in the right triangle ABO, Fig. 6, 
I we designate the aides bj the small letters 
a, b, c, we shall have, (whatever the absolute 
length of the sides) 



sin -d = 



sin B = 



16. The TANGENT of the angle is the quotient of the opposite sid£ 
divided hy the adjacent side. 



17. The SECANT of the angle is the quotient of the hypotenuse 
divided bt/ the adjacent side. 

Thus sec A'=-r, aec B = — 

18. The COSINE, COTANGENT, and COSECANT of an angle, are re- 
tpeetively the sine, Tangbnt, and secant of the complement of the 

Since the Bum of the two acute angles of a right triangle is one 
right angle, or 90°, they are, by Art, 12, complements of each Other ; 
therefore, according to the preceding definitions, we shall have 

h 



, sin j4. = cos £ = - 
tan A = cot -S = -: 
sec A = cosee 5 = - 



COS A =■■ sin B = 
eot A = tan S ™ — 
cosec j1 = sec -B = — 



19. Since— is the reciprocal of — , it follows from the first and 

last of these equations, that the sine and cosecant of the same angle 
are reciprocals ; and from the other equations, also, that the cosine 
■nd secant, the tangent and cotangent are reciprocals. That is. 



(2) 



eoaeoA 




am A ■ 




--^ 




.ocA--l^ 




tan A = -^ 

cot A 




"°'^-s^ 




ire briefly. 

Bin A cosec ^ = cos ^ 


sec 


A = tiiaA<iotA — l 





(8i 



,db, Google 



PLAME TEIGONOMETEI. 



SiNEB, Slo. of ABCa 




20. The line, tangent, and secant of 
an arc are respectively the sine, tangent, 
and lecant of the angle at the center 
measured hy that arc. Thus, Fig. 6, 

SQ 
an AB ^Bva A OB ^ -r-^ 



The sine of an arc, therefore, does not depend upon the absolute 
length of the arc, hut upon the ratio of the arc to the whole circum- 
ference, (Art. 7.) It follows that the relations (2) and (8) are also 
applicable when A expresses an arc. 

21. If the radius = 1, all the trigonometric functions above de- 
lined may be represented in or about the circle by straight lines. 
Representing the arc AB, or angle AOB, by x, we have, when QA 
= 05=1, 

SO BO „_ 



OT OT^ 

and from the arc A'B ~ 90° — :e we find in the same way 
eos3: = -BZ>— 0(7 
cot x — A'T' 

cosec X = OT' 

Therefore, in the circle whose radius is unity, the sine of an arc, 
or of the angle at the center measured hy that arc, is the perpen- 
dicular let fall from one extremity of the arc upon the diameter 
parsing through the other, extremity. 

The trigonometric tangent is that part of the tangent drawn at one 
extremity of the arc, which it intercepted between that extremity and 
the diameter (produced) passing through the other extremity. 

The lecant is that part of the produced diameter which is inter- 
cepted between the center and the tangent. 

The cosine is the distance from the center to the foot of the sine. 

In 6 circle of any other radiua than unity, the trigonometria 
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FUNDAMENTAL FORMULAE. 17 

fanctions of an arc will be equal to the lines drawn as above, divided 
by that radius. 

The properties here stated have heretofore been used by most 
writers npon trigonometry as definitions, but without limiting the ra- 
dius to nnity ; and it is evidently from this mode of viewing thean 
functions that they have derived their names. 

22. Besides the functions already defined, others have been occasionallj' emplojed 
to fBoilitat« particular oaloulntions, as the veried sine, which in the circle is the 
pofUon of the dii^meter intercepted between the eitremit; of the a<-o and the foot 
nf (he sine; thas. Fig. 6, the vera ed sine of ^^is^C, or the radius beijig = 1, 

Terein^ = l-coe>: (4) 

b; measB of which formula we maj always substitute versed sines for ooBiues, and 
reciprooally. 

The coveried tma (ooTers.) ia the Tersed siae of the oomplement, and lUBtried tiiw 
(guTers.) is the versed sine of the supplement. 

The cherdt of arcs have also been used, and ma; be substitnted for sines b; the 
formula 

chi = 2Binii (5) 

which is eii dent ^om Fig. 6, where if the arc BB' = x, ne have chord BB"^ 
2BC=2amAB. 

23, From what has now been stated, the student will perceive that 
angles are to be subjected to computation by means of the quanti- 
ties sine, cosine, &c., commonly designated by the comprehensive 
term trigonometric functions.* It becomes necessary, therefore, for 
the computer to know the values of these functions for any given 
value of the angle. The trigonometric tables contain these values 
for every minute, and sometimes for every second, from 0° to 90° ; 
and with these tables all the numerical computations, of trigonometry 
are carried on. In practice, then, we are not required to compute 
the functions themselves, and we shall therefore defer the methods 
for that purpose to a subsequent part of this work, and proceed 
at once with the investig.ition of the formulse and methods by which 
these tables are rendered available. 

Fundamental Formula. 

24. Given the sine of an angle, to find the cosine. 
From the right triangle ASO, Fig. 7, we "<■''• 

have by geometry a' -^ 6^ = c' 
Dividing by c^, this equation becomes 



7 + ?-i 

* Also trigonemtlrie I»m>, &om Uie properties explained in Art. 21 . 
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or, b; the definitions of Btne and cosine (1), 

Bin' A + coa' ^ = 1 (6j 

in irhich the notation Bin* A significB " the square of the sine of A." 
From this formula, if the sine ia given, we find 

cob' A = 1~ 8in» ^ = (1 + Bin A) (1 - sin A) 
COB A = s/ (1 — Bin* A) = x/ [(1 + sin A) (1 — sin A)} (7)- 
and if the cosine is given, we find ..' 

anA = x/{l- cos* J) = %/ [(1 + eos A) (1 - cos A)] (S) 



25. Given the ti; 
Bj (1) we have 



I and cosine of an angle, to find the tangent. 



em A I 
cos A ~ I 

tan^ = - 



therefore 

And Btnce the cotangent is 
cot^ 



w 



e reciprocal of the tangent, 

^ (10) 

Bin j4 ^ ' 

26. Given the tangent of an angle, to find the teeant. 
The right triangle ABO, Fig. 7, gives 
, c* = 6= + a» 
Dividing by 6*, this becomes 

or, by the definitions of secant and tangent (1), 

sec'-d = 1 + tanM (11; 

This formula applied to the complement of A gives 

cosec*.^ = 1 + cot* A (12) 

j,^-^ __ 27. The preceding formulas are also 

directly obtained from Fig. 8. If the 
angle A OB, or the arc AB, be denoted 
by X, the right triangle OBC, gives 

/ BO^ + OC^-OB' 

or remembering that the radius is nnity, 

by Art. 21, 
«n' X + cos' x = l (13) 



\ 



M 
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FUNDAMENTAL FORMOL^. 
The triangle 0£0 gives bj the definition, Art. 16, 



or tan x = (14) 

cos a: ' ' 

Since the angle BCD ia the complement of BOO, tan -BOi>=« 
cot X, and the triangle BOP gives 

„^„ BB 00 
t.nBOD=-^^^ 

01 cot X = —. — (16) 

Bins; ^ ' 

[n a similar manner the triangles ACT, A' OT' give 

sec' a: = 1 + tan' a; (16) 

cosec' a; = 1 4- cot' x (17) 

28. The foI!owiDg eqitations are easily demonetriited by combining (18), (14), 
(15), (16), (17), and emplojing the property of the reciproeaU (2). They are of 
frequent use. 



(19) 
(20) 
(21) 
(22) 
(28) 
(21) 
. (2») 

■ ^(l-.o.-.) -^Iir— m 

29. To find the sine, ^a. of 30° and 60°. 

In Fig. 8, let the arc AB = 30°, and BB' = 2 ^£ = 60°. By 
Art. 21, aln AB = BO, and by geometry the chord of 60°, or of ono- 
sixth of the circumference, is equal to the radius =■ 1 ; therefore 

2Bin30°-2B(7-BB'-l 
whenoe 

Bin 30° = J = coa 60° f27) 

.Di„m,db, Google 



■^.-•(l— o.-.). 


COBr = v'(l— fl'"*^) 


MOl = v^(l + tan'a,), 


coaeoir = ^(l + eofi) 


t«i._v'("°'«- 1). 


ooti = v'(<'08eo*i— 1) 


Dtor,. •*"• 




v'(l + l" 


'I) v^(l + eot'j:) 


cot I 


1 


v/(l+'»' 


'I) ^(1 + Un'z) 


t.-- ■'" 


..^(I-eoB'r) 


V(i— "■ 


•i) eosi 




^^(l-^m'z) 



so PLANE TBIGONOMETRT. 

4nd by (7) 

co.SO°-v/[(l + })(l-M->^(!Xjl) 
ffhence cos 30° — J %/ 3 — sin 60° 

rhen, by (9) and (2), 

1 



(28) 



cot30°=-.— oTTo- %/? -taneO*" (30) 

tan dU * ' 

1 2 

sec 30° = — s?is => -rs — cosec 60= (31) 

cos 30° ■v/3 *■ ' 

■CDsec30° = -i^^QS =■ 2 = sec 60° (32) 

80. To find the sine, ^e. of 45° Since 45° b the complement of 
45°, we have 

sin 45° =i cos 45° 
whence by (13), putting x = 45°, 

- sin* 45° + cos' 45° ■= 2 sin' 45° = 2 coa* 45° ™ 1 
sin' 45° = cos' 45° = J 
sin 45° = coa 45° =s ^ J = J s/ 2 (33) 



■8 45° 
Bee 45° = cosec 45° = ■ ., 



(34) 
(35) 




These values are readily verified in the circle, 

Fig. 9, where OA TA' is a square deacribed upon 

the radius. The diagonal OT bisects the right 

- Jj angle, whence AOT = 45°, and tan 45° = AT 

OA - 1 ; cot 45° = A' T~ 1; sin 45° = BO 

0C = cos 45°, &c. 

31. The sines and cosines of two angles being given, to find 
the sine and cosine of the suTn, and the sine and cosine of the differ- 
ence of those angles. 

g^ i^ ,ig. iL Let the two angles he A OB 

' and BOC, Figs. 10 and 11. 
At any point B in the line 
B draw B perp. to OB. 
Draw BA and CD perp. to 
OA, and B E perp. to G2>. 
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Then the triangles B OB and BOA are mutually equiangular, 
the three aides of the one heing perp. to the three eidea of the other 
respectively j therefore the angle B 0B= A OB. 



Let 




x-AOB-BOE 
S-BOO 






Then, Jig. 10, 

Kg- 11. 
and in 

Fig. 10, 8iii(x + y) 


CD 

~co 


-COD 
-COD 

BA+OE. 

- CO " 


BA 

(75 + 


CE 
CO 


Kg. 
and in 


11, 8in(:»-y) 
botti fignres 


CD 

--CO 


BA-CE 
CO 


BA 

"co- 


CE 
00 




BA 

Vo- 


BA 
BO'' 


BO . 
^-smicosy 






ce 
W 


CE 
CB'' 


CB 


S 




whieh 


)eing substitute* 


in the above expressions of sin (x -\^ij) and 



sin (i - j) g 



Agai 



sin(a; + y) = sinxcosy + cosa;siny (36) 

sin (:!: — y) ^ sin a: cos y — cos x sin y (37) 



„. ,„ , , OD OA-EB OA EB 
Fig.lO, c»s(>; + y)-55 gj otf-flO 

„ „ , , OB OA + EB OA EB 

Kg.ii, cos(»-j,) = g^,= oo~~oo'*"oa 

and in both &gures, 

OA OA OB 

■ oo~oB''oa-°°"°°''' 

EB EB BO . 

oc-Bc''oa~'""'"''' 

therefore 

cos(i: +y} ="co8a;coay — sin x sin y (38) 

co8{a;— y) =co33;co8y + sinxBiny (39) 

and (36), (37), (38), and (39) atrthe required formulte. 

These may be considered as the fundamental formula of the trigo- 
noitetric analysis, and will form the basis of our subsequent inves- 
tigations. They are equally applicable to arcs represented by x and 
y (Art. 20). / 
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CHAPTER in. 
TBWOBOMETBIC FUNCTIONS OF ANGCLAE MAONIICDE IN GENERAi* 

32. The defiDitions of sine, ko. given in tte preceding chaptei 
apply only to acute angles, since the angle is there assumed to he one 
of the oblique angles of a right triangle. But we shall now take a 
more general view of angular magnitude and of the functions by 
moans of which it is subjected to computation. 

"s-i*- If, Fig. 12, we suppose the line OA to revolve 

from the position OA to OA' in the direction of 
the are AA' (or from right to left), it will describe 
Ja an angular magnitude of 90°; when it arrives at 
OA" it will have described an angular magnitude 
of 180° ; at OA'", 270" ; and at OA again, 860°. 
If it now continue its revolution, when it arrives 
at OA' again, it will have described an angular magnitude of 
360° + 90°, or 450° ; and thus we may readily conceive of an angular 
magnitude of any number of degrees. In like manner we may have 
arcs equal to or greater than one, two, or more circumferences. 

To obtain trigonometric functions for angles and arcs thus gone- 
rally considered, we shall avail ourselves of the fundamental formu- 
Ieb established in the preceding chapter ; first deducing their values 
anplytically, and then explaining their geometrical signification. 

33. To find the tine, ^c. of 0" and 90°. In (37) and (39) 
let a: = y ; the first members become Bin (a: — i) "^ sin 0°, and 
cos (a; — a:) = cos 0° ; and by (13) they are reduced to 

sin 0° = sin x cos x — cos x sin a: = 
cosO° = cos* a: + sin* * ■= 1 

and since 0° and 90° are complements of each other, Art. 12, 

sin 0° = cos 90° = (40) 

COS 0" = sin 90" = 1 (41) 

Irom which by (9) and (2) 

tan 0°.= cot 90° = -^^ = J = (42) 

ma (1° 1 > ' 
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t.nO» 0-" 


(48) 


1 ' 1 


(44) 


1 1 


(45) 
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cot 0° = tan 90° — 

sec 0° = coaec 90° = 
ooaeo 0° = see 90° =• 

34. To find the »ine, ^c. of 180°. In (36) and ' (38) let 
]• ns y SB 90° ; these equations become by means of the preceding 
values 

sin 180° =1x0 + 0x1 = (46) 

cos 180° = 0x0-1x1 = — 1 (47) 

whence by (9) and (2) 

= -Jl_ = cot 180° = Q- =00 (48) 

seo 180° - 33 == - 1 cosec 180° = ^ =- oo (49) 

35. To find the tine, ^e. of 270°. In (86) and (38) let 
a;=-180°, y= 90°, then 

Biii270°=0x0+(-l)xl==-l (50) 

cos 270° = ( - 1) X - x 1 = (51) 







cot 270° = — =0 (52) 



Bee270°= i-=oo cosec 270° = -^ = - 1 (53) 

86. To find the sine, ^. of 360°. In (36) and (38) let 
z—y= 180° ; then 

sin 360° = X (- 1) + (- 1) X = (54) 

cos360°=(-l)x(-l)-0 xO = l (55) 

the same valuca as for 0°, whence it follows that all the trig, funo- 
tions of 360° are the same as those of 0°. 

The Bame process continued will give for 450° ( = 360° + 90"), 
the same trig, functions as those of 90° ; for 540° the same funotiona 
ad for 180°, &c 
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ST. The precediDg values now furnish us at once with the valaes 
of the functiona for all possible values of the angle. In (36) aad 
(38) let X " 0°, they are reduced to 

sin ^ ™ sin 0° cos ^ + cos 0° sin ^ =- sin y 

cos ^ = cos 0° cosy — sin 0" sin ^ = cos y 

which are simply identical equations, and reveal no new property. 

But if in (37) and (39) we put x = 0°, we have, after substituting 

the functions of 0°, 

sin (—(/) = — siny coa( — y) —cosy (56) 

whence by (9) and (2) 

sinf— tf) — sinw „.~. 

t»°(-i') - „-■/_„ — sn^--*'"* '^^ 



"■ "' sm { — y)—smy " 

sec ( — y) = 7 s = = sec « (59) 

^ •" cos ( — Mt cosu " ' ' 



cosec (— v) = -■ — ; r = ■ — ■= •— cosec « (60) 

"^ ^' Bm( — 1/) — Biny " ^ ' 

or, the ain., tan., cot., and cosec. of the negative of an angle are the 
negative of the sin., tan., cot., and cosec. of the angle itself; and the 
COS. and sec. are the same as those of the angle itself. 

38.- In (3T) and (39) let a; = 90° ; we find after reduction 

Bin (90° — y) = cos y cos (90° — y) = sin y 

wluQh agree with the definition of cosine, but give no new relations. 
But in (36) and (38) let x — 90°, we find 

sin (90° + y) = cos y, cos (90° + y) « - sin y (61) 
whenc« by (9) and (2), 

tan (90° + y) = — cot y cot (90° + y) = — tany (62) 

Bee (90° +y) = — cosec y cosec (90° +y) = secy (63) 
or, the sin. and cosec. of an angle are equal to the cos. and sec. of the 
excess of the angle above 90° / and the cos., tan., cot., and aes, are 
equal to the negatives of the tin., cot, tan., and cosec. of the excess 
(^ the angle above 90°. 



cos 


(- 


y) 


cms 




^ 


''^ 


ir 


iMay 
-Bin J 


= — cot 




1 




1 

COSJ) 


= aecy 


cos" 


r- 


T)" 




1 




1 
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i9. Id (37) and (39) let x =- 180° ; we find 

sin (180° — y) = sin 2^ cos (180° — y) = — cos y (64; 

tan (180° — y') = — isxiy cot (180° — y) = — coiy (65) 

sec (180° — y) = — sec y cosec (180° — y) = cosec y (06) 

or, the tin, and cosec. of the supplement of an angle are the same at 

thote of the angle itself ; and the. cos., tan., cot., and sec. are the 

negative of those of the angle itself. 

40. If y is acute (that is, leas than 90°), all its trig, functions are 
positive ; and since its supplement 180° — y is obtuse (that is, great- 
er than 90°), it follows from the preceding article, that the sin. and 
cosec. of an obtuse angle are positive, while its cos., tan., cot., and 
tee. are negative. 

41. In (36) and (38) let x = 180° ; we find 

Bin(180°+sr) = — sm^/ cos (180° +jf) = — cos j^ (67) 

tan (180° +y) = tan y cot (180° + y) = cot y (68) 

sec (180° + y) =■ — sec y cosec (180° + y) = — cosecy (69) 

by means of wblch, if y is acute, we obtain the values of the sines, 

&c. oC angles between 180° and 270°. 

42. In (37) and (39) let x = 270° ; we find 

sin (270° —y) = — cQBy cos (270° —y) = —siiiy (70) 

tan (270° — j.) = cot ^^ ' ■ cot (270° — y) = tan j/ (71) 

sec (270° — y) = — cosec y cosec (270° — y) = — sec y (72) 

43. In (36) and (38) let x = 270° ; we find 

sin (270° + y) = - cos y^ cos (270° +y) = sin y (73^) 

tan (270° + y) = — cot y cot (270° + y) = — tan y (74) 

sec (270° + y) = cosec y cosec (270° + y) = — sec y (75) 

44. In (37) and (39) let x = 360° ; we find 

sin (360° — y) = — Bin y cos (360° — y) = cos y (76) 

tan (360° — y) = — tan y cot (360° — y) = — cot y (77) 

sec (360° - y) = sec y cosec (360° — y) = - cosecy (78; 

cr the functions of 360° — y are the same as those of — y (Art. 37) 

45. In (36) and (38) let x = 360° ; we find 

sin(360° + y) = ainy cos (360° + y) = cos y (T9i 

W, the functions of an angle which exceeds 360° are the same at 
thote of the exeett above 360°. 
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It foIIowB that the functions of 720" + y are the same as those 
of 360° + y, and therefore the same as those of y ; and in like 
manner for an angle which exceeds any multiple of 360°. 

46. Since y — 90° is the negative of 90° — y, wo obtain from 
Art, 37, 



(80) 






sin {y — 90°) = — sin (90° — y) -= — cos y ■ 
cos {^ — 90°) = cos (90^ — y) = sin y 
whence also tan., &c. ; and in the same manner we may find the func- 
tions of y — 180°, y — 270°, y — 360°, &o. 

47. We shall now give the geometrical interpretation of the pre- 
ceding results. 

^■J^ In Fig. 13, let the radius revolve from the 

position OA to OA', OA", &c., as in Art. 82, 
thus describing a continuously increasing an- 
gular magnitude; or, which is erjuivalent, let 
the arc commencing at A increase continuous- 
ly to AB, AA', AB', &e. Then the changes 
in the values of the several trigonometric lines 
may be traced as follows. 
Ist. TOe«me being, by Art, 21, the perpendicular from one extre- 
mity of the arc upon the diameter drawn tlirough the other extremity, 
we shall have sin AB = BC, sin AB' = B' C", sin A A" B" = B" C\ 
BmAA"B"' = B"'0, and if we make 

AB = A'-B" = A"B" = AB'" = y 
we have 

sin y ^BC 
sin (180° -y) = B' C 
»m{180°+y)=B"C" 
8in(360°-y) = £"'(7 

The lineage, B' C, B"0', S"' C, however, represent only the 
numerical values of the sines, and are here equal. But the results 
above obtained from our formulfe enable us to distinguish between 
them by means of their algebraic signs. Thus, by (64), (67), (76), 

sin (180° — y) = Bin y 

Bin{180°H-y) = -8iny 

Bin(360°-y) = -6iny 
BO that the sines from 0° to 180° are positive, while those from 180' 
to 860° are negative ; or the sines which are above the diameter 
AA" are positive, while those which are below this diameter %r9 
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negative ; or still more generally, the sines that hare opposite di- 
reotiont, with reference to the fixed diameter from which they are 
measured, have opposite signs. 

2d. The cosine being, by Art. 21, the distance from the center to 
tlie foot of the sine, we have 

cos^ = 00 

co8(180°-y)-O(?' 

cob(180='+^)=OC" 

eoB(860°-y)=OC 

but by (64), (67), (76), 

C08 (180° — y) ™ — cosy 
COB (180° + y) =■ — cosy 
cos (360° — y) = cos y 
so that the cosines on the riffht of the diameter A' A'" are positive, 
while those on the left of this diameter are negative ; or rather the 
cosines that have opposite directionSy with reference to the diameter 
from which they are measured, have opposite signs. 

We have here only exhibited a well-known principle in the appli- 
cation of analysis to geometry, viz, : that all lines measured in op- 
posite directions from a fixed line have opposite signs. 

To interpret the results (56), it is only necessary to observe that 
a negative arc will be one reckoned from A towards B'", or in the 
opposite direction to that of the positive arc, so that 

8in^5"' = sin(-y) = 5"'C = -5C=-Biny 
cos A h" = cos ( — y) ™ C = cos y 
as in (56). 

The same principle applies to the tangents, but it will be simpler 
ia practice to obtain their signs (as also those of the secants\ ana- 
lytically, from those of the sine and cosine, as has been already shown. 
It will be sufficient to bear in mind the following table, which is alsi^ 
expressed by Fig. 13. 



SiKB 
CCBINB 


Ist Quad. 


2d Quad. 


3d Quad. 


4th Quad. 


+ 
+ 


+ 


- 


+ 
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"*,,"■ 48, The particular values of the sine and 

cosine at A, A!, A", &c., or ain. and cos. of 
0°, 90°, 180°, &c., may aUo be found by 
Fig. 13, upon the eame principles; but ihiE 
we leave to the student. 

49. General Hemare. — In the demon- 
strati )n of the fundamental formulae for 
sin {x±l/), and cos {a;±^), Art. 81, the 
angles x, y and a;±y were all taken less than 90° and positive. 
In this chapter these formulie have been applied to angles of any 
magnitude, and the resulting functions have been shown to take 
opposite signs when the lines representing them take opposite direc- 
tioDfl. It follows that, in deducing trigonometric formulfe from 
geometrical figures, we need not embarrass our demonstrations with 
the consideration of the various cases of the problem, or of the 
various values of the angles of the figure. The formula deduced 
from any supposed position of the lines of the figure will be of 
general application, provided in the practical application of this for- 
mula to the particular cases, we observe those values and signs of the 
trigonometric functions which have now been determined. 

GO. ITbe resulU of tbis chapter ma; be eipreased \j a few general formulee. 
From (79) it appears that all Uie trigonometrio fuoctionB return to the sume values 
after one or more complete revolutiona of SGO°. If we represent the semi-circum- 
ferenoe, or two right angles, bj !r(Arl 11), and let n ^ any whole uomberor lero, 
we aball have 



r-l 



(81) 



a(4» + l)i_l 
m(4. + 2)5-0 



«(4.+ l)J = (82) 

1.(4. + 2)f 1 (83) 



l»4«5 
ttn(l. + 2)| 



.(4»+l)i_a> 
•»(4«+8)f-oo 



or the ton. or the even multiples cf— ^ 0, and of the odd malliplea ^ oo , so that 
ire Biaj' write more simply 

Un2fl^ = tan{2n+l)|.=.oo (B5) 
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lu theie formuliB we have only to give n one of the yolues 0, 1, 2, 3, 4, &o,, to 
obtain the fimctioaa of an; given mnltiple of the right angle. Thus, we Bod 

•in 450° = Bin 6 Y =s= wtn4 + I) Y = 1 1>J mabing n = 1, in (82). 

Sinc^ the Bubtracdon of 8 n -^ from the arc will not change th« functions, tM 

above formulw are also true when n ia a negative whole number. 

51. In a similar manner we obtain 

.m[(4»+l)J + j]-to,s. ... [(4»+l)|. + ,]=-d.,(87) 

.i«[(4» + 2)|- + »] •■-!■ '».[(4» + 2) J+,] 0..J (88) 

.m[(4-. + 3)|. + j] .«,, «»[(4» + S)|-+j,]_.m, (SB) 

l"[2»f + j] -UiJ t«n[(2« + l)-J+s] _-toly(9») 

In which n maj be any whole number, pOBitive oi uegaUve, and y an; angle, posiUTe 
or negatAe. 

52. A lUll more oonciae form may be given to the formnlce of the iwo preceding 
articles, as follows : i> being, aa before, any whole number, posidve or negative. 

Bin3™|l = oob2b^ = (-1)- (91) 

dn (2 « + 1) ^=(--1)' cos (2 fl+ iy^= (92) 

Bin [a n -|. + sr]=(-lj-«ny cos [a n |^ + y]= (-l)-coBy (93) 

•'ii[(2nHl)|- + y]B,(-l)-ccBy co8[(2«+l) |-+y] = -(-If sin, (91) 

and from these (86) and (90) may be directly dBiluced. 

53. We have seen that an angle being given, there is but one corresponding aloe. 
On the other hand, a sine being given, there is an indefinite number of angles cor- 
respiiniling ; for if a denote the given eine, ^ai y any corresponding angle, then a ii 
also the sine of all the angles 

rr — y, 2w + g,- 8 * — y, So, 

— tr — y, — 2 a- + y> — ^ " — V, &e. 

a = wny — siii[n.r+(-l)"y] (95) 

02 
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:t m&oner if a Ib a ^tbh co^nc, and y an; correspoutUng iDgle, 

o = CO. y = CM {2 B r ± p) (M) 

I iB ft g^TCD tangent correaponding to th« angle }/, 

a ™ tan y = tan (n »■ + ji) (97.'> 

Sine and Tangent of a Small Angle ob Arc. 

kbi*. 54. When the angle AOB='x, Fig. 14, :b 

very small, the sine and tangent are very nearly 
equal to the arc AB, which measures the angle, 
I the radius being unity ; and the cosine and secant 
are nearly equal to OA = 1 (Art. 21).' There- 
fore, to find the sine or tangent of a very small 
angle approximately, we have only to find the 
«ngth of the arc by Art, 9 ; thus 

sin 1" = are 1" = 0-000004848137 
log. sin 1" = 4-6855749 
and X being a small angle, or arc, expressed in seconds, 

sin X = tan a; = a; sin 1" (98) 

If X is expressed in minutes, 

sin a; = tan a; = a; sin 1' (99J 

If X expresses the length of the arc, the radius being unity, 

sin X = tan x = x (1^^) 

The employment of these approximate values must he governed by 
the degree of accuracy required in a particular application. It ia 
found, for example, that they are sufficiently accurate when the 
nearest second only is required in our results, provided the angle 
does not much exceed 1°. 

55, If X and y are any two small angles, it follows from the pre- 
ceding article that 

sin a: : sin J/ = a:Bin \":y9\a\" = x'.y 
that is, tlie lines [or tangents) of small angles are proportional to the 
angles themselves. The application of this theorem, however, like 
that of the preceding, must depend upon the accuracy required ic 
the problem in which it is employed.* 

• For a full discussion of tlie limils under whicli this theorem may he employed, 
fiee a piiper, by the author of thiii work, iu tlie Aatruuomical Journal, (Cambridge 
\\MH ) Vol i. r- ?*■ 
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OENEBAL FOEMl)L£. 



CHAPTER rV. 

GENERAL FOBMULX. 



/iC, Wb have already obtained fonr fundamental equations, (36), 
(37), (38), and (39), involving two angles, x and i/. From these we 
shall now deduce a numb^ of formulEe, either required in the .sub- 
sequent p^rts of thia work, or of general utility in the applications 
of trigonometry. 

57. The Bum and difference of the equations (36) and (37) are 

Bin {x-h^) + sin (a: - y) = 2 sin x cos ^ (101) 

sin (a! + y) — sin {x — y) = 2 cob x sin y (1*^2) 
and the sum and difference of (38) and (39) are 

cos (x + y) + cos (a; -^ y) = 2 cos x cosy (^03) 

cos (ir + y) — cos (a; — y) = — 2 sin a; sin y (104) 

58. If we put 

a^ + y = a:' 

a:-y=y' 

whence 2 x = 3/ + y', a; = J (a:* + y') 

2y = ^'-y', y = J(a:'-y') 
equation (101) will become 

sin a:* + sin y' = 2 sin J {x' + yO cos J (a;* — y^ , 

and (102), (103), and (104) admit of a similar transformation. Bat 
since 3/ and y' admit of all varieties of value, we may omit the 
accents and apply the formulte to any two angles x and y ; we have 
thus 

sin I + sin y = ^ sm J (a: + y) coa J (a; — y) 0-^^) 

sin a; — sin y = 2 cos i (a; -f y) sin J (a: — y) (1061 

coa a; + cos y = 2 cos J (a; + y) cos i{x~y) (lOT) 

cos a: - cos y = — 2 sin ^{x + 1/) sin J (a: — y) (108) 

Each of these equations may be enunciated as a theorem; thus 
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[/ (105) exDreascs that "the Bum of the sines of any two angles la 
equal to twice the sine of half the sum of the angles multiplied by 
the cosine of half their difference." 

These formulEe are of frequent use (especially in computations 
performed by logarithms), in transforming a, sum or difference into 
a product. 

5&. Dividing (105) by (106), we have by (14) and (15) 

sinar + Binw .-,/,,. i / , 

ainar-siny = *^ i (^ + ?) ^o* i (^ - y) 

or by (2) 

B Jax + mnjf ^ tan^(ai+y) 

Sina; — sin^f tanj(a; — 3^) *■ ' 

and from (107) and (108) ne find in the-same manner 

We find also 

Cosa: + cosy a \ j/ \ / 

■ —,-■ ■ -- = tan 1 (^ — y) (11 2) 

sin a; + sin V . , , , , „, 
^ «t 1 c- _ .,\ ( IX3J 

-cotJ(ar+y) (Ui) 

60. Divide the equations (36), (37), (38) and (39) by coe a; cos y ; 
then by (14) we have 

^('^-^^) = tan a; + tan tf (liSl 

cos « cosy " ^ 

Bin (a: — g) 



sm X— sm y 
coar — cosy 



(116) 

(117) 

= 1 + tan X tan y (US) 



COB (a: + y) 

— -'^ ^i = 1 — tan a; tan « 

co3a;coay » 

CW (j — ff) 
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S3 


61. Divide (36), (37), (38) and (39) bj sin* amy; 
cofl y; then 


>nd 


by sinai 


?l^)-«„.j,±o„,« 




(119) 


S?l^-«--y^' 




(1201 


£^-l*»'"-^ 




(121)' 


°?fe^-"— y 




a22, 



62. Divide (116) ij (117), md (116) by (118) ; then by (14) 

--('+*)-^??^^ ■ (^^«) 

, . tana: — tanw /injv 

tan (a; — «i = —--■ - ■ - - ^ - (124) 

^ *■ 1 + tan a: tany ^ ' 

by iThict, wten the tangents of two angles are given, we may com- 
pute the tangent of their sum or difference. To find the cotangent 
of the sum or difference when the cotangents of the angles are given, 
divide (120) by (119), 

-V cot(a;±y) = - — ^ ' _^ T (125) 

^ "^ cotyztcota; ■ *■ ' 

63. Dividing (115) by (116), and (117) by (118^, (or from the 
equations of Art. 61), we have 



sin {x + y) tan x + tan y cot )/ + cot x 

sin (a; — y) tan x — tan y ~ cot y — cot x 

cos(ar + y) 1 — tana;tany cota;coty— 1 

eoB(a: — y) l + tana;tany cota;coty + l 



(126) 
(127) 



64. Formolie for secants are obtained from those for cosiuea b; meatiB of (2) , 
thus we find 

and miiltipljiiig nnmarator and denominator by sec z boo y. 
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AIh lince 



e tad by (lOT) and (108) 



:aHz + y)<io,Hx-s) 



COB z COB y 

COS I COS y 
Id il>e Bsme manner trom (105) uiil (106) 

......+ ..■„, ^''■""■tJ^'°""'-'" • (IS., 

3 COB i fi 4- yl sin * f« — Sl 
ooseo I — coiec y = sin ic sin / f'*^-' 

These formuliB, altboagh generally omitted in treatiBaa on trigonometrj, will b« 
Toand nBeful in a subsequent part of this work. 

65. The product of (36) and (37), and of (38) and (39), are 

flin {x + y) sin (a; — y) = sin' x cos'y — cos* x sin'y 
COS {x + y) COB {x ~ y) = cos* a; cos'^ — sin' a; sin'y 

By (13) we have cos' x = \ — sin' x and cos' y — 1 — sin* y, 
which substituted in the preceding equations, give " ■ 

sin {x-{-y) sin {x — y) = sin'a: — sin*y = cos'y — cos* a; (133j 
COB (a: + y) COB (a: — y) = cos'a; — sin'y = coa'y — sin* a; (134) 

66. In (36), (88) and (123), let y =■ a:, we find 

Bin 2 a: = 2 sin x cos x (135; 

cos 2x = cos' X — sin' x (1^^) 

(137; 

by which the functions .of the double angle may be found from those 
of the simple angle. 

67. To find tlie functions of the half angle from those of the 
whole angle, we have, from (13) and (136), 

cos' a; + sin'a; = 1 
cos' X — ain' x ■= cos 2 x 
the sum and difference of which are 

2 cos' a; = 1 + coa 2 z 
2 sin' ^ =" 1 — cos 2 x 
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As these express the relations of an angle 2 x and its half x, their 
meaning will not be changed by writing x and \ x instead of 2 x 
and x\ whence 

2co8'j37= 1 +coaa: (138) 

2 sin* J z = 1 — cos x (139) 
the quotient of which is 

tan'Ax^i T""'^ (140) 

= l+cosa: *■ ' 

68. The faUQwing may be proposed s 



(Ill) 

_ ■Vil- ...l.-^t. ('«) 

Uin' J I + 2 oot I tan i I — 1 = (143) 

tan' J T— 2 cosec i tan ^ i + 1 = (lli) 



" ^ ^ ri- tan' i I — cotii+t»ni* 
2 tan i I 



ton i I ^ coseo i — cot r = — ~. (146) — 

cot J I = coaeo i + cot i '= ^ "t '"'— (147) 

""^^^ l + sia^I + Z' ^^*^' 

69 Several useful fonnalfe result from the preceding, by intro- 
ducmg 45° or 30". If i = 45° in (36), (37), (38), and (39), we 
have, bj (33), 

'^nd 4/ _i_ Bin u 

(149) 

(150) 

iri which either the upper signs must he taken throughout, or the 
lower signs throughout. 

If we divide the numerator and denominator of (150) by cos y or 

1 ± tan tf cot w -b 1 
tan (45= ± ») = n , - ^ , (1511 

^ ^*'' l:T:tani/ coty^l *■ 



cos y ^ sin y 



DgitizedbyGoOglC 



dU PLANE TRIGONOMETET. 

Prom this, by (57), 

tan y — 1 „ 

t.n(,-45»)-jjj^ (152) 

70. AgBin, let I -= 90" =fc y in (188), (189) (HO), and (146), 

^(4!-=ti,) = .o,(45'Tl»)-J(5-^i^) («") 

U.(46'=tJ,)-J(i0i^) (1S4) 

Inn (45- =!=)»)- ' f„,'" " - f^.f^ (IM' 

From Uie la«t ire find 

1>« (45' + i ») + tnn («f - J ») - ;^ - 2 «. J (150) 

(157) 



(158) 



the quotient of irhich is 

tan (46° + i y) - twi (46° - } y) _ 
tim(45° + iy) + Wa(45°-is') - ^ 

Tl. Id (101), (102), (103) and (104), let a: = 30° ; then by (27) 
and (28) 

sin (30° + y) + ein (30° - y) = cob y (159) 

sin (30° + y) — sin (30" — y) — sin y ^/ 3 (160) 

cos (30° + y) + cos (30° —y) = cosy s/ 3 (161) 

coff(30° + y) — cob(30°— y)= — Biny (162) 

and in a similar manner we may introduce 60° ; but it is unneces- 
sary to estend these substitutions, as they involve no difficulty, and 
can be made as occasion demands. 

FosmTLs rOB Multifli AHaLie. 
72. From (101) and (102) we haT<i 

Bin (y + I) = 2 dn y ooi x - sin (y — i) 
Bin (y 4- I) = 3 coe y ein z + aiu (y - x) 
in which let y ^ (m -- 1) i ; then " 

Bin nix = 2 Bin (n — 1) z cob z — aln (n — 2] z (1B3) 

Bin mz = 2 cos (m — 1) I Bia J + Bin (m — 2) I '104) 

which, are the general formulfc for computing the sine of Kaj multiple mi, horn th« 
lower multiples (m — 1) z aud (n — 2) z, and the aimple angle z. 
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FOEMULS: FOR MULTIPLE ASGLES. 
If He make m suocesaiTsly 1, 2, 8, i, &c., these formolie give 



sin 2 i: = 2 8ia T COB X =2 cos z »iii x 






_ Bin 3 I == 2 sin 2 jr COB I — Bin I = 2 ooa 2 i Bin i + sin 


X 




sin 4 X = 2 Bin S X CM z — sin 2 z c:. 2 COB 8 X Bin X + Bin 


2x 




&c. &a. 






73 From (108) and (104) 






ooB[y + i) = 2coBycosx— ■ooa(jf — X) 






COB (y + X) = - 2 sin y sin X + cos (j, _ x) 






which, if we put y = [m — 1) i, become 






COB ™x = 2 COB (m _ 1) X OOB X _ COS (n, - 2) X 




(165) 


eoB mx = - 2 Bin (m - 1) X sin x + ooa (m _ 2) x 




(166) 


If m iB token ancces^Tely equal to 1, 2, 8, i, &,o. 






OOS X = cos X 1=3 COS X 






COB 2 X = 2 flos X CDS X _ 1 = — 2 sin X sin x + 






COB 8 X = 2 COS 2 X cos I — 008 X = — 2 Bin 2 X Bin X + 


OBX 





74. In (123) let v = ("> — 1) X ; then 

tan(,«-l)x+t, 



75. If in the expression for sin 3 z, Art. 72, we sabstituh. the Tolao of sin 2 x, 
ire find 

sin 3 X = 4 sin x cos' x — sin x 
by which we find the sine of the multiple directl; from the functlonB of the s1mpl« 
angle. If this be Bubstitnted in the eipressioii for sin 4 x, the latter will also b« 
expressed in terms of the simple angle. B; these successive suhBUtutiooB we eadlj 
obtain the following tables : 



COB 8 X = 4 cos' X — 8 COB z 

COB 4 X =. a cos' I — 8. cos* x+l 



Digitized byCoOglC 



38 FLAME TKiaONOMETEY. 

77. If in theie eqaationa ve substitute for cob* z ^ 1 — ^' i they beoOM* 

■m8« = 8siD« — Isin's 

lin 4 1 =s (4 sin * — 8 Bin" i) v' (1 — nn' *1 

78. COB i-=y (1— rin'i) 

oob2z = 1 — 2un'i 
COB 8 I = (I — 4 Bin* i) ^ (] — lin' x) 
eos 4 1 = 1 — 8 sin' X -I- 8 bIq* « 
Slc. 

From the preceding tablea it appearg that the cosine of Uie muitiple angle div 
olwajB be expressed ratiouall; in terms of the cosine of Ihe simple angle ; but that 
the sine of only the odd multiples snd the cosine of only the e'en multiples can b« 
eipressed rationally in terms of the sine of the simple angle. 

79. By Bnccessive BubsUtationB ve find from the fcrmulie of Art 74. 



1 — 8t 
4tanx 



80. The preceding results are but particnlat appliontions of general formula to 
be given hereafter, (Chapter XV.) Tliey are intioduced here for the convenienoo 
of reference in elementary spplicationa. The powers of the sine or cosine of the 
simple angle may also be eipresseil in the multiplea of the angle: but they ore most 
readily obtained from the general formula of Chapter XV. 



Bbiatiohs Of Thbei Akqlis. 
[, y, and i be any three angles ; ire have, by (86) and | 

^ sin z cos y cos I + cos x sin y coe 

-J- COB z cos p sin z — sin x Bin ^ aiu 

CM(. + y + .)_oo.(. + ff)m..-.ln(.+y),i, 



and in the same way we may develop the sines and cosines of z -f- jr — i, z — g -{• x, 
&c. ; but we may Sad these directly from (168) and (169) by changiug the sign «f k 
y, &o., and obBerring (50). 
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RELATI0H3 OF THREE ANGLES. 

The qnotient of (188) diridod by (169) j^rea, after diyiding the numerator 
denomiDatar bj coa x cos y eoa x. 



t«'(i + y + ^) = 



tan g + tan y + tan J — t>o I tan y tan » , ^„, 

1 — tan X tau y — tan x tan g — tan y tan * 

82. Let X, y and z be any three angles, and fram the eqoatione 

sin (i — z) = sin z cos « — ooa i sin i 

let cos z be eliminated ; we find 

Bin y sLn (i — i) — ain r Bin (y — z) = sin z (sin i cos y — eoB z sin y) 
= ain.Mn(^_y) 
If ain z ie eUminated, we find 

coa y ain (j; — z) — coa * sin {y — z) = ooa z ain (x — y) 
These equationa may be more elegantly expressed, aa follows : 

un . .In (J - .) + -ta » .In (. - .) + .ta . .In (. - J) _ (171) 
oosisin(y-^) + May8m(i — i) + eoaism{i — y)=.0 (172) 



83. Let 

._!(. + , + .) 
we have by (IM) 

2.«.«n(.-x)_o»._OT(2,-.)_.o,._.o.(, + .) 
2«n(.-jr)oi.(.-.)_e.!(»-.)-eoe(2.-s_.) 

the product of wMoh ia ^ 

4 ain t. Bin {.. - 1) sin (.. - y) sin (r - z) = cos I toes {y - z) + cos (y + z)J 
-cos'ir-oOB(y + z)0O8(y-zt 
Bedncing the second member by (108) and (184) ; 

4 sin « MQ (o — I) Mn (o ~ y) ain (r — z) =. 2 coa i cos y ooa z — cob* i 

— cos'y — cos'z+l (173) 

In the same manner we find 

+ cos" y 4- cos' z — 1 (174) 

84. The following may be proposed aa exerciaes. 
wnz4.Biny+ainz-ain(>: + y + z) = 4sinJ[z + y)sinH^ + ')amJ(y+')(1751 
eoBi<.|-cosy + coaz + coB(i+y + z) = 4ooai(»:+y)coaJ(i + ')coai(s' + ')(176J 



tani + tany+tanz — tan i tan y tan z = LJCJLTU (177, 

' ' ' " cos 1 COS « cos z ^ ' 



t+JL+J> 
COS X COS y cos z 



.«i. + ..., + ,.U-ool...l,„.._-?it±|4;^ ,178! 
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4 [dn (H-y+»>T-2 Bin I Bin y dn .]■ = 4 [Bin (^y) COB . + CM (a^-y) ib «J» 
= [l-o<»(2;t + 2y)](l+oo82/) + [I-foos(2i-2y)](l-oM2«) 

+ 2(aii.2a! + Bm2K)Biii2. 
i=2(l+Biii2zsm2y-]-Bm2xBiii2i4-Bin2y^2( — ooE2xooB2yco82«), 

86. Let the Bum of three angles z, y and i be r, or a multiple of r, Uiat is, an « 
mnltiple of -^ a oondition irhioli ii axpresBed bj the equation 

i + y+.-2« * (18 



tan I + tan y + tan I =Jm> i tan y tan a (181) 

an equadon, it must be remembered, that is true only under the condition (180). 
Since z, y and ; maj be selected in an infinite Tarietj of ways so as to satisfy (160), 
it follows from (181) that there is an infinite number of solutions of tike problem, 
" to find three nombers whose sum is equal to their product." 

Let tlie Bom of Qiree angles x, y and z be .^ or an add mnltiple of — ; that is,- let 

!>i + y + » = (2n + l)|. (182) 

then, tan {t -j- y + z) = cc, and the denominator of (170) most be lero, or 

tan X tan y -(- tan x tan i -\- tan y tan i e= 1 
which, dirided bj tan x tan y tan a, giyes 

cot X -^ cai y -{• aol z ^ cot x cot y cot • (1^8) 

a relation that holds onl; under the condition (182). 
86. Let 

x + y + . = n*=2»|: a84) 

We h»Te by (98) and (Bl) 

co8(x + y-z) = cos{r.^-2i) =(-1)-oob2« 
ooB(z-y + i) = cos(n,_2y) =(--I)-cos2y 
80B(y + s — x) = cos(n»- — 2x) =(— l)«oos2i 

C0B(y+J+x)=0O8fl» =(_1)- 

ihe tmniB of the first two and of the second two are by (103) 

a 00,. ™, (,-.)_(-!)■ (CMS. + 00, 2s) 
2 m . CO. (S + .) - (- 1)- (m. 2 . + I) 
and the sum and difi'erence of these equations are 

4 cos X cosy COB I = (— 1)" (ooa 2 z -|- cos 2 y + cos 2 a+ 1) 
4 COS X sin y Bin z = (— 1}" (cos 2 z + cos 2 y — cos 2 x — 1) 
.n ±4 cos X cos y cos s = cos 2 i + cos 2 y + cos 2 i + ] (186) 

rt4ooaxBiny sini = — cos2i+co82y + cos2i — 1 (180) 
the upper sign being taken when o in (184) is evea, the lower when n is odd. 



,db, Google 



mVEKSE TRIGONOMBTEIC FUNCTI0N8. 




a 


In the sune maimer ire obtain 








qz4BiDZ Binyeiats aiii2i+Hii 


.2y + .U,'2t 




(187) 


IP 4 ain I COB y oo« « = — em 2 I + eii 


.2y + am2. 




(188) 


the BigoB lieiDg tafcea ae aboTs. 








Agato, lot , 








• + y + a-(2»+l)J 






(189) 


we Bhall find by the eame prooeaB 








±4ainiBinyBinB= OOB 2 « + oo 


e2y+«>B2. 


— 1 


(190) 


d:4flinicoBycosi« — 0082i+co 


B2y+c<»2. 


+ 1 


(191) 


=t4eo..eoByeo.._ .102. + «, 


.2y+,m2, 




(192) 


=t4c08IBmsBinj=— Bin2l+Bi. 


i2y+Bin2f 




(19S) 











Inverse Trigonometrio Fdnctioks. 

87. If 

^ » Bin :i; 

y 18 an explicit fuDctioD of x, aod, since x and y ore mutually d^- 
pendent, x is an implicit function of y ; but to express x in the 
form of an explicit function of y, we write* 
X = Bin "' y 

which is read, « a; equal to the angle (or arc) whose sine is y," and 
X is called the inverse function of y, or of aine x. 

In like manner tan ~' y is " the angle or arc n hose tangent is 
y," ie. 

68. Manj of the formula) already given muj be ooiiTeiiientlj ezpressed with the 
vd of thia notation. Thus, hj (IG), 

or if we pat y ^ tan x 

lan-y-B.e-'^(l+j^ 



* This notation was snggeated by tbe use of the negative exponents in algebra. 
If wc havey :m nz, we also bitTO x = n~' y, where jr is a function of x, and x ia 
the coTTespondiiig inverse function of y. The latter equation might be rend " z il 
a qaantity wMch molliplied hj n gires y," It mnj be necessar; to caution the be- 

ipnner against the error of supposing tbat sin ~* y is equivalent to — : • 

For a general view of the nature of inverse functions, see Peirce's Diff. Calo. 
Arts. 13, et seq. 
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And in tha tame way tli« formnln of Art. 28 give 

Bin-' u = ooaso— _. = coe- ^"(1 — »*) — t 



'y = 



.i = ^-.^<i-^,_.„-.^a2^ 



tan-' = oot-'- = ain-'— -?— - 

y 00 ^ am ^ ^^ _|_ ^,j cob 

Formuln (123) and (124) maj be written 

, _, tan X rt tan u 

I ± y = tan ' , —^ 

1 ^ tan X tany 



or putting 1 ±= tan X, C* ^ tun y, 

tan-' ( ±tan~' f^ tan"' — ? (194) 

Also the formulae of Arts. 67 and 68 give 

....... ..>.-.J('^)_.,„-.J(4^)..».-.j(;-=i) 

bS. We may also employ tlie notation sin- '(coax) or "tba arc whose sine ii 
equal to the coaine of x," i. e. "fhe complement of x" ; and ^n (coa— ' t/) oi "th» 
Bine of the arc whose cosine is g," &c. We shall have accordinslj 
Bin (sin -' y) = y tan (tan -' y) = y &c. 

ain -' (ain z)=.x tan -' (tan x) = x ko. 

But it mast be observed that ^nce the same sine or tangent 'orresponda la an 
ioGnito number of angles. (Art. 53,1 these last equations should be WJutteu 
.to-(,m,)_.,-4.(_l)-., ■ Un-(t«..)_..H . 
which are equivalent to (95) and (97). / 
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TEIQONOMETKIC TABLES. 



CHAPTER V. 



TBiaOHOMETGIC TABLES. 



90. Before proc :eding to the numerical computation of triangles 
and to other applications of the preceding formalse, the stadent should 
make himself acquainted with the arrasgemeot of, and the mode of 
conauUiog, the trigonometric tables. We shall here speak of those 
points only that are common to all tables, but it will he necessary 
to consult also the explanations that are always prefixed Co a tahle 
in order ^to understand any peculiarity that may attach to it. We 
suppose also that he is acquainted with the nature and use of the 
common tables of logarithms of numbers. 

There are two principal trigonometric tables;* the first, called the 
Table of Natural Sineg, ^c, contains simply the numerical values 
of the sines, tangents, &c. for each given value of the angle; the 

* The most coDvenieot Beven-Sgure tables jet published in (his coaotry are SSaii- 
ley'i, alreadj meotioDed, p. 12. Attached to these are also file-figure tables, and a 
table of anti-logarithms. 

Computers, engaged in ezteDsive and raried calcolatioDS, generall; provide tbem- 
selves not ddIj with tables of seven figures, bnt also with those of sli, of fire, and 
even of four figores — the aelection and use of a particular table in any caee being 
determined b; the degree of precisioD sought for in the reaulta. We might, indeed, 
emploj seTea-iigure, or even ten-figure tables in all caaes, and reject the final figures 
of our resalts, when a lower degree of approximation is thought sufficient; but it is 
dearly a loss of time and labor to employ other figures besides those which are ne- 
cessary io arriving at the proposed degree of preoision. 

Tho best sii-figure tables are to be found in Bremiker's Nova Tabula Berolinentit, 
(Berlin, 1852,) whicli are distinguished for simplicity of arrangemeat, as well as ae- 

Bowditch's five-figure tablet, la liis Epitome of Navigatdou, are valuable on aooount 
of their undoubted ai|anracy. 

Fonr-figure tables are to be found in various collections, as for instance, iu Schu- 
macher's Hiilfitofeln, (edited by WanUorff.) 

Qt the Qerman seven-figure tables we may cite thoae of Vegn, of which Bremiker's 
edition is the best; of the English, Taylor's, Hutton's, Babbage's, Sbortrede'sj and 
if the French, Callet'a, Bagay's, Borda's. Tnylor'a, Shortrede's, and Bagay's give 
the log. functions to every second of the quadrant; Borda's ipvo the functions corre- 
sponding to the centesimal divisioa of angles, (Art. 6.) 

For computations requiring more than seven figures recourse must be had to the 
ten-figure tables of Ylacq. Thetaunu LogaTWimorvn CojnpUtiu, edited by Tegs, 
I'Lcipiig, 1T94.) 
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Becond, called the Table of Logarithmic Sines, ^c, contains the lo- 
garithma of tfie numbers in the first table. As the greater part of 
the computations of trigonometry are carried on by logarithms, the 
latter table is by far the most useful. 

Table 'op Natobal Sines, &c. 

61. The arrangement of this table ^ill be understood from a sim- 
ple inspection. It contains the sines, &c. of angles between zero 
and 90°, generally for every minute, and the functions of angles 
consisting of a number of degrees, iiinutes, and seconds, have to be 
found by interpolations similar in their nature to those that are re- 
quired in using tables of logarithms qf numbers. This interpolation 
is based upon the supposition that the differences of the sines, &c., 
are proportional to the differences of the angles; and this propor- 
tion, though theoretically inexact, gives, in general, a sufGcient ap- 
proximation, provided the differences of the angles of the table are 
sufficiently small. When the greatest accuracy is desired, the tables 
should give the angles to every second, or at least to every 10", and 
the sines, &c., should be given to at least seven decimal places. 

92. As every angle between 45° and 90° is the complement of 
another between 45° and 0°, every sine of an angle less tlian 45° 
is the cosine of another greater than 45° ; every tangent is a cotan- 
gent, &c. ; hence the angles at the top of the tables generally extend 
only to 45°, and the same functions answer for the remaining 45°, 
by giving them at the bottom of the table the names of the comple- 
mental functions. 

93. As the sines, &c., pass through all their possible numerical 
values, while the angle vairies from 0° to 90°, the tables are not ex- 
tended beyond 90° ; but we easily deduce the function* of all other 
angles by the principles of Chap. III. 

For the functions of an angle between 90° and 180°, we may tak> 
the same functions of its supplement, observing to j^refix the propel 
algebraic sign, Art. 39. Thus, from Hutton's Tables we fini 
sin 140° 16' = sin 89° 44' = 0-6392153 
cos 140° 16' = - cos 39° 44' = - 0-7690278 
tan 140° 16' = - tan 39° 44' - - 0-8311992 
cot 140° 16' = - cot 39° 44' = - 1-2030810 
. ' sec 140° 16' = - see 39° 44 =i - 1-3003431 
oosee 140° 16' =- oosec 39° 44 =■ 1-5644181 
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TABLE OF TRIGONOMETRIC SINES. 4S 

remembering that in the 2d quadrant all the fuQCtiooB are negative 
except the sine, and its reciprocal, the cosecant. 

Or, we may (Art. 88) deduct 90° from the given angle and take 
from the table tbe complemental functions of the remainder, prefix- 
ing the signs as before; thus 

Bin 140° 16' = ca 50" 16' « &o. 
cos 140° 16' = — sin 50° 16' =. &c. 

vliich is the better practical method, as the subtraction of 90° may 
be performed mentally. 

94. For angles between 180° and 270°, we deduct 180° and take 
the game functions of the remainder, prefixing the signs that belong 
to the 3d quadrant, Art. 41 ; thus 

sin 220° 26' = - sin 40° 26' 
cos 220° 26' = — COS 40° 26' 
tan 220° 26' = + tan 40° 26' &c. 

95. For angles between 270° and 360°, we may deduct 270° and 
take the complemental functions of the remainder, prefixing the signs 
that belong to the 4th quadrant, Art. 43; thus 

sin 331° 27'= - cos 61° 27' 
COB 331° 27' = + sin 61° 27' 
tan 331° 27' = — cot 61° 27' &c. 

Or we may take the aame functions of the difierence between the 
angle and 360°, Art. 44, observing the signs. 

96. Above 360° we deduct 360°, and take the same functions 
with their signs, Art. 45 ; and if the angle exceeds 720°, 1080°, &c., 
we deduct 720°, 1080°, &c. ; thus 

cos 840° 45' = cos 120° 45° = — sin 30° 45' 
tan 1372° 13' =■ tan 292° 13' = — cot 22° 13' 

Table of Logabithhic Sines, ka. 

9T. In this table we find tbe logarithms of the numbers in the 
Table of Natural Sines arranged in precisely the same manner ; it 
will therefore require but little additional explanation. 

As the sines and cosines are all less than unity (being bylheir 
definitions proper fractions), their logarithms properly have negative 
ind'ces; hut these are avoided in the usual manner by increasing the 
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index by 10, so that we find the index 9 inBtead of — 1, 8 instead 

of — 2, ^c. The tangents nnder 45° being also lesa than unity, 
ilie intlices of their logs, are also increased by 10. 

In some tables, to preserve uniformity, the indices of the logs, of 
all the functions are increased by 10, so that the log. secants and 
cosecants are always greater than 10. In using these tables, we have 
the general rule that for each log. function added in forming a sum 
we must deduct 10 from that sum. 

98. Since 

1 
eec A =^ J 

COB A 

we have log sec j1 = — log coa A 

or since the tabular log. cos. is increased by 10, 

log sec ji =s 10 — log cos A 

that is, the log. seeant is the arithmetical complement of the tabular 
log. cosine. For a like reason log. cosec. ia the ar. co. of the log. 
sin. ; and log. cot. is the ar. co. of the log. tan. 
Also since 

sin^ 
tan A = T 

cos -a 

log tan A = log sin A — log cos A 

by which property, together with the preceding, we may obtain by 
subtraction only, the log. tan. cot. sec. and coaec, from a table con- 
taining only the log. sin. and cos. 

99. When the natural sines, &c. are negative, we shall in this 
work indicate it by prefixing the negative sigQ also to their logar- 
ithms ;* thus we shall write 

cos 140? 16' = - 0-7690278 

and log cos 140° 16' = — 9-8859420 

* Strictly epeukiag, negative uumbers have no logarithma, but in practice, the 
nmltipliciitiun. diviBion, &o. of nombers is performed without reference to their aigna, 
I. e. as if they were all positiTc, and the sign of the result ig then deduced from the 
BignB of the factors nccarding to the rules of algebra.. We employ logarithms aitn- 
ply to effeot the first of these operotions, i. e. the multiplication, division, &C. of 
the numbers conaidereil as positive ; and to facilitate the second operadon, or thi 
determination of the sign, ire prefix to the logs, the signs which ix« prefixed to tht 
niunhefB to which they belong. 
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As the logs, of all the trig, functions are positive i^'heing rendered 
80 by the addition of 10 where necessary), it will easily be remem- 
bered that the sign in the latter case is not that of the logarithm, 
but of the number to which it belongs. 

Elementary Mbthod op CoNSTBUCTraa the TRiaoNOMEiRic 
Table. 

100. By dividing ir = 3-1415926 by the number of Beconds in 
180°, we found (Art. 9) the length of the arc 1", and (Art. 54), the 
rine of 1", which is sensibly equal to the arc. In the same manner 
we find, by dividing by 10800, 

Bin 1' = 0-0002908882 
and by-(7) 

cos 1'= ./(I - Bin^') =%/[{!+ Binl') (1 - sinl')] 

= ^ (1-0002908882 x -9997091118) 
or performing the arithmetical operations 

cos V = 0-9999999577 
Then by (101) and (103) , 

ain [x -\- y) = 1 sin x cos y — sin {x — y) 
cos (x -\- y) = '2. cos x cos y — cos (a: — y) 

in which we can suppose y to be constantly equal to 1' and x to be- 
come successively 1', 2', 3', &c. Thus, first substituting y = 1', 

sin [x + V) = 2 sin x cos 1' — sin {x — 1') 
cos (a; + 1") = 2 cos x cos 1' — cos {x — V) 
(ben if a: = 1', 2', 3', &o., we find for the sines 

sin 2' = 2 cos 1' sin V ~ sin 0' = 0-0005817764 
sin 3' = 2 cos I' sin 2' — sin 1' = 0-0008726646 
sin 4' = 2 cos 1' sin 8' — sin 2' = 0-0011635526 
Bin 5' = 2 COB 1' Bin 4' — sin 3' = 0-0014544407 
&c. &C. 

»r4 for the cosines 

cos 2' = 2 cos 1' cos V— coa 0' = 0-9 

cos 3' = 2 cos 1' cos 2' — cos 1' = 0-9 

cos 4' = 2 cos 1' cos 3' — cos 2' = 0-9999993232 

COB 5' = 2 cos 1' cos 4' — cos 3' = 0-9 



.d by Google 



(8 PLANE TEIGONOMETRT. 

The whole difficultjin this operation oonsista ia the multiplication 
of each Buccesaive sine or cosine by 2 cos 1' = 1.9999999154 ; but 
this multiplication ia much shorteoed by observio'g that 

2 cos 1' - 1-9999999154 - 2 - -0000000846 
BO that if we put ^ 

m => .0000000846 
we have 2 cos 1' =■ 2 — m and therefore 

sin 2' ^ 2 Bin 1' — sin 0' — m ein 1' 
sin 3' = 2 sin 2' — sio V ■— m sin 2' 
sin 4' " 2 sin 3' — sin 2' — m sin 3' 

&c 
cos 2' s= 2 C09 1' — cos 0' — «t cos 1' 
cos S' — 2 cos 2' — COS V — m cos 2' 
cos 4' = 2 cos 3' — cos 2' — m cob 3' 



which are computed with great facility. 

101. It is not necessary, however, to continue this process beyond 
50° ; for by (159) and (162) we have 



sin (30° + ^) = COB y — sin (30° — 


s) 


cos (30° + y) - cos (30" - y) - sin y 


so that the tahle is continued above 30° by the sii 


nple subtraction 


of the sines and cosines under 30° previously found 


Thus, making 


y successively 1', 2', 3', &c. 




sin 30° 1' - cos 1' - sin 29° 69' 




sin 30° 2' - CO. 2' - sin 29° 58' 




sin 30° 3' - COB 3' - sin 29° 57' 




Sc. 




COS 30° 1' =_C08 29° 59' — sin 1' 




cos 30° 2' - cos 29° 68' - sin 2 




cos S0°'3' = cos 29° 57' — sin 3' 





This last process requires to be continued only to 45° since the 
Bines and cosines of the angles above 45° will be respectively the 
cosines and sines of their complements below 45°. 
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102. The tangents and cotangents ma,j be found from ths sines 
and cosines bj the formulae 



and the secants and cosecants bj the formulEe 

1 1 

sec X = cosec z ^ ~. 

cos X Bin X 

103. In so extended a computation as the construction of the en- 
tire table, it is necessary to verify the accuracy of the work from 
time to time, by separate and independent calculations. By means 
of (138) and (139) we can find from the cosine of an angle the sine 
and cosine of its half; hence from the cos. 45°. =■ v' J we can find 
sin. and cos, of 22° 30', and from these the sin. and cos. of 11° 15 
by the same formulse ; and from cos. 30° = J %/ 3 we can find sin. 
and cos. of 15°, 7° 30', and 3° 45'. If these agree with those found 
by the first process, the whole work may be considered as correct. 

104. There are T&riooB other anglea whose functions can be eipreased under flnit* 
forme more or less simple, and maj therefore be emplojed far the purpose of verifi~ 
eaUon. 

Let X = 13° ; then 8 z + 2 z = 90° and cos 3 x = sin 2 x, whence, by Art. 70, 



4 cob" X — 8 o< 






4(1 — sin'z) — 3 = 2Biiiz 
sin'z+Jsini _l 
which eqnaUou of the 2d degree being rcsolTod, gives si 



whence 



fl 18= = ^ 72" , 



From these by (138) and (139), we find the sine and oosine of 9° and SS' ; then 
by (37) and (39) those of 86° — 30= = 6°, whence those of 3°; after which it 
will be eaej to form a table of the exact valaes of the sines and coBines for every 
8= of the quadrant.* These eipressions, howerer, are not of much nae, directly, 
in the construction of tables, as we hare much better methods; bat they lead to a 
ftmivla of verification which is of some importance. We find 



> A. table of this kind is ^tcq by Cagaoli in his TrigonoiMlrit. 
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JLnd hj (102) 

rin (72» + y) — dn (72" — y) — 2 w» 72» dn y — >:^^^ ri« » 

Eon (Sfi" + y) — Edn (SS" — y) =■ 2 oob 8S° mn y m ^ "^ dn y 
thadifferenos of these equatloiu giTea 

Bin (S6- + y) — an (36° — y) aa dn (72= + y) — rin (72" — y) + «ln j 
irhlah U Euler'tformala of ver^aUiMU By giving y anj Tulne at pleasure, the oor- 
reatnesa of fire Bines of the tablea is ezemiasd. By labetituting 90° — y for y in 
this formnle it is easily reduoed to the following 
Bin {»0° — y) + Bin £18" + y) + ein (18»-.y) = sin (M' + y)4- Bin (M" — yj 
-which is known as Legeadre's formnla, though not essentially different from Enler's. 
106. The method that has here 1>een given for oompating the trigonometric table, 
tbongh aimple in prinoiple is neTertheless sufficiently operose. The method by in- 
finite series, to be ^ven hereafter, will be fotud to be mochmore rapid and simpU 
inpraetioe. 
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somriorj of plane eioht triangles. 



CHAPTER VI. 

SOLUTION OF PLANE RIGHT TEIANGLES. 



/ ' 106. In order to solve a. plane right triangle, two parts in addition 
to the right angle jnuBt be given, one of which must be a aide. 
The solution is effected directly by means of our Fig. la. 

definitions of sine, &o,, which are expressed by 
the equations (1). As three of the six functions 
are only the reciprocals of the other three, we 
shall base the solutions upon the following three ; 
(Eg. 15): 

,0 ,6 , « 

era A = ^ cos .a = — tan J. = -r 

e e b 

Since each of these equations expresses a relation between three 
paiis — an angle and two sides — it follows that in order to apply them, 
or in order to solve the triangle trigonometrically, there must be 
given two of these parts ; and that of the three parts considered, 
one must be an angle while the other two are sides. Thus, if an 
angle and side are given, the third part sought must be a side; but 
if two sides are given, the third part sought must be an angle. 

In every instance the choice of the proper equation will be doter- 
nined by the precept, — employ that trigonometric function of the 
angle which it equal to the ratio of the two tides considered. 

107. Case. I. Given the hypotenuse and one angle, or e and A. 

To find a. We consider a, c and A ; and since the ratio of a and 
e is given by the sine, we have 

ain A = — whence a ^ c sin A (1^5) 

To find b. Considering 6, e and A, we have the ratio of b and e 
nzpressed by the cosine, or 

(196) 

Te find B. We hoTe B — W — A. 
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TLti icquired quantities a and b being equal to the product of tvti 
factors, the computation is convenientlj performed b; the addition 
of the logarithms of these factors. 

Examples, 

1. Given <; = 672-3412, ^ =» 35° 16' 25"; to find the other parts. 

By (195) By (196) 

c - 672.8412 log 2-8275897 log 2-8275897 

A — 36" 16' 25" log sin 9-7615382 log cos 9-9119049 

o - 388-2647 log' 2-5891279 S - 548-9018 log* 2-7394946 
Am. a - 388-2647 
J = 548-9018 
£-64° 43' 35" 

2. Giren c = 42567-2, S = 87° 49' 10"; find the other parts. 

Am. a •= 1619-626 
i - 42636-37 
A- 2°10'50" 
108. Case II. &{ven the Jiypotenuie and one side, or e and h. 
To solve this case trigonometrically, we must first find an anglo. 
To find A. We have 

COS ^ = - (197) 

To find a. We have, by the preceding case, 

sinJL = - o — csinA (198) 

But a may be found by geometry from the equation 
a' +i* = c* whence i^ *= i? — i* 
a-^(o--V) = ^\ie + b)[o-b)-\ (199) 

Examples. 
1. Given c - 672-8412, 6 - 548-9018; find A and o. 
By (197) By (198) 

S - 548-9018 log 2-7394946 

e - 672-3412 log 2-8276897 log 2-8275897 

A - 35° 16'25" log cos 9-9119049 log sin 9-7615382 

a - 388-2647 log 2-5891279 

* Tm is rejected from each of these ludloes be«aiue Uie logarithms of the ^« 
and oosiiie in the table ore ten too great. Ait. 97 



D,.i.,cdb,Google 



60LTJTION OF PLANE RIGHT TRIANGLES. §§ 

By (199) 

ff— 672-3412 

b= 548-9018 

e + b = 1221-2430 log S-0868021 

e~ b= 123-4394 log 2-0914538 

2)6-1782559 

a - 888-2647 log 2-5891279 

Am. A -35°16'25'' 
B = 540 43'35'' 
a = 388-2647 
2 Given c =■ -092357, 6 = -058018 ; find a. 

An». a = -071859 
109. Case in. GHven an angle and its adjactnt tide, or A and b. 
To find a. We have 



To find c. We have 

cos J. «= — Tf 

c 
or directly from the secant 



cos J. «= — whence, by (2), e = -j — & sec J. (201) 



Examples. 

1. Given A = 88° 59', h = 2-234875 ; find the other parts. 

Ans. a = 125-9365 
c = 125-9563 
£ = 1" 1' 

2. Given B = 60°, a ■= 10 ; find c. (See Art. 29). 

Ans. c = 20. 
110. Case IV. Given an angle and its opposite side, or A and a. 
To find e. We have 

Bin j1 = - « -A^ = a cosec A (202) 

e BmA ^ ' 

To find b. Wetave 

tan A — -r 
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Examples. 

1. Given A = 25° 18' 48", a - -085623 ; find J. 

Am. b - -1810278 

2. Given S = 39° 17' 5", 6 - -01 ; find a. 

Am. e - -0157&S4 
111. Case V. Given the two tidet, or a and b. 
To find A and B. We have 

tan J. — cot £ — J (204) 

To find a. We have 

Bin j1 =■ — c ■» -.; — 7 = a coseo A (206) 

e em A ^ ' 

Wo may alao find e directly by geometry, from 

c* — a' + J* whence c "> */ (o* + S*) 

but this IB not readily computed by logarithms. 

Examples. 

1. Given a = 30, i = 40 ; find c. Am. c — 50 

2. Given a ■= 8-678912, b = 2-463878; find A and e. 

Am. ^-74"9'4"-l 
c = 9-021875 

AnDiTioxAi, T0BMXT1.M roa Biqbt TaiANaiiiB. 

112. By ingpectiiig the tables it irill be aeea that when the anglaa are Tery bihbU, 
the ooBinea differ very Utile from each other ; coaaequently a small angle cannot b« 
found with very great accnracy from its cosine. For a similar renaon an angle that 
is nearly 90° cannot be accurately computed from its sine. It ia therefore desirable, 
when a required angle is small, to find it by Its sine, and when near 60° by its oo- 
Bine, or in either case by its tangent or cotangent; and for this purpose special for- 
mulie are BomeCimes neccBsary. We shall deduce several such formulce, l^om wMcl) 
ooe adapted to a particular case may be selected. 

118. From (197) we find, by (ISei 

i e—b 
1 — EOB J =. 2 Bin* J ^ = 1 = 

«1°M = JC-^) (206) 

which may be used instead of (137), when A is small, thatis when b is nearly equftl 
to e. It cpves also 

« _ i =.,2 e sin" i ^ (SOrj 

by which e — b may b« accurately found when A ia email. 
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A1m> from (197), %7 (140) 

-M-jG-fs^)-j(:-^:)-'-^ (-1 

111 From ths aqitfttion 

we deduM b7 (168) and (164) 

wbL (45« It i J) = J {^) (209) 

00.(45«=tl4) = J(-i^) (210) 

tMi(45'±M)=J(^) (211) 

tuod from tan J ^ -r WB find b; (161), . * 

t»n(45'=t^) = ^ (21.) 

116. Bj (186) we have 

COB 2 A = 00^ ji — ^* A ^ — ^3 — 
which, nnoe 24=.i + 80' — 5 = »0» — (B — ^), pyoa 

^(i>-^)=.ti+y-°) (218) 

B7 (186) 

DM (B — A) >=i an2 A = Z On A Mi A = ^ (2U) 

Md from (218) and (214) 

u.(^-^)- " + ;'.':-' (m, 

bj which B — AU found with great accnrac; when b and a are near); eqnal 
ExucFU. GiTGn e = 4602-836, b = 4002-21059 to find A. 
Bj (208). 
e-~b = 0-62541 log 9-7961648 

2 =. 9205-672 log 8-9640556 

2) 5-8321098 
iA = 2ff 20"<18 log un } J _ 7-9160547 
A = 66' 46"-86 

The ordinary process ^res log cos ^ => 9-9999410, whence A sm 66' 40". These 
lesnlts are obtained bj Stanley's Tables, in which the log. sines, &c., are giytai for 
CTerj 10" for the first 16°. A greater discrepancy between the two results would be 
fonnd by tables in which the functions were given only for eaoh minute. 

A slight error remains in the value of } ^ = 28' 20"-18, on account of the largo 
dUFerences of the log. wnes in this part of the table, or rather on aoconnt of the 
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rapid chnnge of these diiFerences. We aToid the aie of these large differeoceB, and 
l^ain Bamevhat In ftconraoj, bj smplojiDg the approximate Talae of Bin. } A giTen 
by (98), whence 

ThoB ire h^ve fonnd aboTe 

iA^ 170O"'I2 >. 28' 20"'I2 log M =- S-2301798 

But to obtain } A with th« utmost precision, recourse must be had to the follow 
ing proceas, which is constantlj employed in obserratorieB, and wlierever sma'I anglel 
are to be computed with extreme accnracy. Special tabloB are prepared ooutaining 
for every minute from 0° to 2' tlie logsrithms of 

^ = A and ^^=^k 






and therefore in the column marked q — n we find the log . Thus In the aboT* 

example we have found log ^ ) ^ = 9 = 7-9160647 

and from the table j— n = 4-6855700 

}^ ai 1700"-14 = 28'2r-14 log i ^ -^ n = S'2S(Mt»47 

which Ib the true Talae of } ^1 witbin 0"-01. 
Stanley's Table nontaina also the Talves of 

log __ BB ; — n (j = log tan I, b = log s^ 
log ^ = ? + n (? = 'og "OBM '• n = 'og ') 

log j^ = S + « Cs = log cot I, B = log X) 
the tue of Irhioh may eauly be Inferred ^om the example jnst giien. 
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FORMULAE FOR OBLIQUE TRIANGLES 



CHAPTER VII. 
Y FOEM0La FOE THE SOLUTION OF PLANE OBLIQXJB TEIANGLES 

116. As every oblique triangle may be resolved into two right 
triangles by a, perpendicular from one oF the angles upon the 
opposite side, we are enabled to deduce all the formulae for their so- 
lution from those of the preceding chapter. 

117. The sides of a plane triangle are proportional to the ttnet 
oj their opposite angles. • 

Denote the angles of the triangle ABO, «e-i«- ^ 

Fig. 16, by A, B and C, and the sides oppo- 
site these angles respectively by a, b and c. 
From draw OP perp. in AB and put ■ 
GP = p. Then in the right triangles A OP, B OP, we have, 
by (195) 



= b sin A, 



whence 



^A 



jp = a sin B 
s atna B 



which, converted into a proportion, gives 

a : h => Bva. A : &m B 

and in the same way we may prove that 

a : c = sin ^ : sin 
J : c -■ sin 5 : sin Q 

and these three proportions may be written as one, thus : 



•.b:e = BmA:&vaBiaaQ 



sin A sin B sin O 



or thus, 



When the perpendicular falls without the 
triangle, Fig. 17, the angle CBP is the sup- 
plement of B, but by Art. 39, it has the same 
Bina, 80 tiat the triangle GB P gives 

p ■= a sin GB P ^ a&m B 



(2161 



(217) 
(218) 
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the same m was found from F!g. 10. The proposition is therefore 
general in its application.* 

118. The Bum of any two stdeB ofaplane triangle w to their dif- 
ference ae the tangent of half the turn of the oppciite angtei it to 
the tangent of half their difference. 

For, by the preceding article, 

a: b = BmAiaia B 

vhence, by composition and diyision, 

a + B : a — h ^ ^a A + sin S : Bin A — sin B 

But from (109) if a: ™ j1, y =■ 5 we obtain the proportion 

sin ^ + Bin B : flin j1 — sin B == tan J (>1 + 5) : tan ^[A — B) 

which, compared with the above, gives 

a + i : a - 6 — tan i (A + jB) : tan J {^ - j?) (219) 

Hub may alao be written 

a + b ta.ni(A + B) 
a — b~tRni{A — B) 



(220) 



and we may infer the same relation between b, c, B, and a, c, 
A,0. 

llf. The tguare of any side of a triangle ii equal to the rum of 
the squares of the other two sides diminished by twice the rectangU 
of these sides multiplied by the cosine of their included angle. 

nB.m In the triangle J 5 (7, Figs. 16 and 17,* 

we have either 

BP-c-AP otBP='AP~c 
but in both cases 

5i" - A P» + c' - 2c X AP 
Adding CP' to both members, we find 
a' = 6« + <j»-2cX^P 
But the triangle A CP gives by (196) 
^ /* ■= S cos J. 



* Th« conaidertttioii of Fig. IT VM not ctrietl; neceBiar; according to the prin. 
eipic etated in Art. 49. It may, bowereT, be nseM for the student to Teril^ that 
principle irhen conTenieot. 
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which Bobatitated in the precediDg equation givea 

a'=-i^ + c' — 2becoBA l2211 
M was to be proved. We have in the same way 

fi» = a* + c* — 2 ac COB 5 (222) 

c' = a^ + b^ - 2 ab COB a (228) 

120. The lame reault U obtuoed tiom the foUowing «qu&tiona (irliicli are endent 
from Fi)^ 16, -where e = AP+ PB) 

a c= b aos O '\- e coa B I 

bw^eeoBA + acoeC I (221) 

e = ae-aB+beonA ] 

From the first of these 

whence i^ oob" JJ = o* — 2 ai co» (7 + S* co«' C 

and from (218), «» flm» B ™ P an* O 

the mm of nhich two equations is, bj (13), 

c'e.o' — 2<tiaoBff-{-&■ 
121. From (221) we 6nd 

(225) 

by which an angle is found when the three sides are given ; but to 
adapt it for convenient computation by logarithms, the foUowing 

transformations are necessary : 

Subtract both members from unity ; then 



2hc 



2 bo ' 2bo 

But, by (139), making a: = jl, we have 

1 — cos j1 = 2 sin* J A 

Also, the numerator of the second member being the diScreace of 
two squares may be resolved into two factors, viz. : the sum and the 
difference of a and b ~ e; thus, 

(i'-(6-c/=.[a-(S-cj]x[a+(J-c)]-(a-5 + e}(a + J-c) 

Substituting these values in the above equation and dividing by 2 

^.-jA-^ '-'-^'l^^ + ' rA (226) 
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Tliis mny be simplified by representing the half snm of the three 
Bides by «, or by putting 

a+b+e—2g 

whence 

a-6 + <;«a + S + c — 2J = 2«-2&-2(t — ft) 
a+6 — c = (i + J + c — 2o — 2«— 2e — 2(« — c) 

which snbstituted in (226) give 

In the same manner ve should find from (222) and (223) 
..■M- '-t"-" . .in-ia-il^^irJ ,228) 
122. Add both membera of (225) to unity; then 

l+ooa4= jrj- = * g4- 



^ 2fc 2So 




But bj (138) 

1 + co»j4-2co«'Jj1 




Also, (J+o)--»« = (J+» + a)(5+o-o) 




therefore 




^ ., , (8+. + a)(S+e-a) 




""M- 4fc 




Substituting ■ in the numerator as in the preceding article 




■ cnn'l 1 .'('-") 


(229) 


coaJJ- j^ 


and therefore alao 




^•iB^'-<^, ".H.-ii^ 


(230) 


123. Dividing (227) by (229), we hare, by (14) 




tm-lA .('-')(•-«) 


(231) 


tan 14- ,(,_^j 


and in the same manner 




tan- JB™'' -'■"—''' tanMP- ''-'<•-*' 


(232) 


^ «(« — i^ ' «(« — «) 
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124. The preceding formulie are sufficient for the resolution of all the usoal eSBe* 
•f plane trtsnglea ; bat there are others thst are oooasionallj uaefiiL From (218) 
m find, iij (106), (106) and (135), 



a+b eiaA + sinB gin 


>'1Y^°IV^" 




* "- sine 




a~b Bin^A— sin£ eoa 


ii(A + B),mi{A-S) 




c ^ Bin C ■ " 


Bin } ooB ) (7 




.CBA + B+ C=3 180", 






A + B =,160° — a, 


HA-i.B)^w-ia 




»inHvl + -B) = ooal(7, 


»»i(^+^)-"l«i<' 




of wMoh we find 






4+i MBi(A-B) 


.M}(^-i) 


(288J 


t -' Bin i C 


-- .o.l(''+-B) 


c-b »mi(A~B) 

e ~ cos i 




(2M) 



The qnotient of (233) divided hj (284) gives (220). 

125. Adding unit/ to both members of (233), or subtracting it, we have, oj 
(108) and (104) 

a + b + c _ COB i{A + B)+ nog j (A — B) 2 eog } .1 eoa j .g 
e ~ <ioaHA + B) " siniO 

a + i — J 008 i (■< — -g) — cos } (-i + £) 2 dn } A Bin t -B 
e "" COB i (-1 + -B) " Bin 1 C 

Similuly flrom (234) we find 

c+a~b gin HA+B) + aln j (A ~ S) 2 gin j ii eoa j J 
« "" gin i\A'-(-'ej ~ ooB 1 (7 

> — a+i do } (^ + B) — Bin } (A — B) 2 eoa M gj" t -9 
« °" Bin i (^ + £) ~ oog i 

BkbaUtating t ^ } (a + & -]- «), these equations become 

'-'- ■'°*-< '"'^ (287) 



' — " „ COB j^ rinj-g ^28S1 
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From these eqnationE n 



vhich, mnltipliad bj (236) pTM (227). 

126. Four timea th« product of (227) ud (220) U bj (ISS] 

■In ^ « -^ ^[. (. — ) (# - i) (. - *)] (289J 

Esobangiitg A tor B and C EueoessiTelj, tUl pves also 

•lii(7--i- •['(■-«)(•-') (.-•)] P«) 

la thete eqaadoiia pat* 

K=^i.i*~a)[.-h){,-t)1 (242) 

riB ^ = ?j^ Hin J) =» H-^ .in (7 = ^ (248) 

ie <« o4 ' ' 

TIm qvod«it of the fi»t of theso cliTided Ij; the aeoond U 

An A at a 

ain B be b 

which brings tu baok to the theorem of Art 117. 

127. The sum of A, B and C being 180°, and the sum of } .i, } A and } £7 being 
90°, we hare, b; Arta. fifi and 86, the follawingrelatioueunongtheiuiglesof Af.-..* 

tMiA-{- tan£4- tuif7.>tiiB.itim£t*Q£7 
«ot } .<< 4- cot ) £ + eot } (7 H cot ) j1 cot J £ cot ) (7 
ain A+ ain £ + ain C ca 4 coa j J cos ) ^ oob ) C 
ain ^4- ain£— «n (7= 4 sin } ^ «n ) 2cos J (7 
COB ^ 4- cos £ + COB C — 1 = 4 Bin j Jl gin } A gin i 
cos ^ + cos £ — COS <7+ 1 -> 4 cos } .^ cos i i) Bin j (7 

m tlie last of which we may inlerchange A, B and 0. These relations ma; ba sub* 
stituted in the equadona of An. 125. 



* £ ia the area of the triangle. 
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1S8 The foUoiriDg eqnatiooB are added aa eieroises. 

ton i ^ tan } £ ■• — 




taai^tani^tan^C — -: 
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CHAPTER VHL 

SOLUTION OF FLAKE OBLIQUE TBIANQLES. 

129. Case I. G-iven two anglet and ons 

, 5 and a. Fig. 18. 
To find the third angle. We have 
C=180°-(^ + 5) 
To find h and e. We apply the theorem of Art. 117, and state 
the proportions thus : the sine of the angle opposite the given side is 
to the sine of the angle opposite the required side, as the given aide 
is to the required aide. Thus we have 

&m A : &m B ^ a:h 
astaB 



whence 


{ - "S^J -atmB coiee A (244) 


and 


iaaA:^nC=a:e 




wbence 


« — -: — -J- = asinCcoae 
E}UMPLES. 


A (245) 


1. Gi»en A - 50° 88' 62", B - 60» V 25" 
to find C, h and c. 

A + B- 110° 46' 17" 


and a = 412-6708, 




- 69° 18' 48" 




A - 60° 88' 52" 


By (244). 
log coeec 0-1116730 


By (245). 
log 00860 0-1116780 


B-W 7' 25" 


log ein 9-9380702 




a - 69° 13' 48" 




log Bin 9-9708129 


a - 412-670S 


log 2-6156037 


log 2-6166037 




log 6 2-6668469 


log a 2-6980896 




6-462-7505 


«- 498-9875 
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2. Given A — lOO" 16' 35", B - 25° 16' 13", and S - 29-167 
find a and e. 

Am. a — 67-22857 
- 55-59178 



180. Cask L Qiven A, B and a. Steond loLulioi 
Omo, b; (233) nnd (234) 

. , , „ CMlJB — C) 

• + '-'■«■■ J (i+o) - 

°-sml(.B+0) 



»i(J-g) 



Hi A 



-lA + H): 

(248) 
(247) 



whjcli g^Te Qi« 8um and difference of the required sides ; adding half the diffarence 
to half the sum, we find the greater side, and sabtracting half the difierence from 
half the earn, we find the less side. 

181. Cask L Oiren J, .S and a. Third Sobiivm. When.^and.0are nearlyeqaal, 
and great accorao; is desired, we ma; compute the difference between a and b % for 
we h»Te, from (244), 

a%mB sin^ — linB 



i\{A-\-ir,»a\{A — B) 



(248) 



5" 37' 48"-a, and a 


= 26246 -91 


»ee 0'2S42442 


0-23424 


g2 O-3O1030O 


0-80103 


cos 9-9008720 


B-909B7 


sin 6'6423038 


6-54230 


log 4-4190788 
log 1-4065288 


4-41908 
1-40652 



ExavFLi. OWen A = SS° 40' 12"-3, B — SS" 37' 48"-e 

A = SS" 40' 12"-3 log CO 

B =. 85° 87' 48"-6 lo| 

HA + B)m, 85° Sff 0--5 log 

'HA — B) = 0° l'ir'-9 log 

a = 26246-948 

a — i= 25-499 

6 = 26221-449 

One of the advantagea of this process ia, that a — b taa.y be foond with aufGcient 

accuracy with fiTe-figure tables, as in the second column of logarithms aboTC. If a 

had been given to ten figures iiiatend of eight, we should still haTe been able with 

the seren-fignre logs, to find a — b tu seven figures, and therefore b to ten figures, 

which could not be done by the ordinary methods without ten-figure tables. 

132. Cask II. Given two sides and an angle opposite one of 
them, or a, h and A, 

To find B, To find the angle opposite the other given side, we 
apply Art. 117, and state the proportion thus : the side opposite the 
given angle is to the side opposite the required angle as the sine of 
the given angle is to the sine of the required angle. Thus, with the 
preeent data, we have 



a : ( sa sin ^ : Bin .,& whence i 



aB~ 



b sax A 



(249^ 
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To find 0. We have C => 180° ~{A + B) 

Tn find c. Having found C, we now have the data of Case L ' 
therefore, by (245) 

c " a Bin C coaec A (250) 

133. It is shown in geometry that when two fi^.m. ^ 

Bides and an angle opposite one of them are 
given, there may be constructed two triangles, 
as in Fig. 19, whenever the given angle is ^^ 
acute and the given side opposite to it is less 
than the other given side. In one of them, the required angle B is 
acute, and in tie other it is obtuse, and the two values are supple- 
ments of each other ; for 



= 180° 



-AB'O 



B~BB'0 = 

These two values of B are given in the trigonometric solution by 
,he consideration that sin £ found by (249) is at once the sine of an 
ttcute angle, and the sine of its supplement, Art. 39. 

In general, when an angle is determined """^ 

only by its Bine, it admits of two values, supple- 
ments of each other, unless the conditions of 
the problem are such as to exclude one of these 
values. In the present case, the obtuse value 
of S is excluded when a is greater than b, and 
there is but one triangle whether A is acute or 
obtuse, as in Fig. 20. 

134. If the given parts were such that 

a = hsiiiA 
a would be equal to the perpendicular &om O npon the side e, and wa 
should have but one solution, namely, a right triangle, B and its 
supplement both being 90°. 

135. If the given parts were such that 

a < 6 sin ^ 
a would be less than the perpendicular from O and the problem 
would be impossible^ It would also be impossible if a < & while 
A > 90°. 

136. When there are two solutions, represent the two values of B 
hj B' and B", then the two values of will be 




C ~ 180" -(A + B') - 180° 
C - 180° -{A + £") = 180° 



■B' ~l 






(251) 
(252) 
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and the two values of c will be 

e" = asin C cosec A c" = a sin C" cosee A (253) 



1. GiYen a — 31-238 
and c. 

a — SI -23879 

b - 49-00117 
A- 32° 18' 
S'- 56"66'56"-8 
.B"-123» 3' 3»-7 



Examples. 
79, i- 49-00117 and ^ = 

ar. CO. log 8-5053058 

log 1-6902064 

log Bin 9-7278277 



. 32° 18'; fiud B, 



O'- 



90° 45' 3"-7 
24°38'56"-3 



g sin 9-9999627 

log cosec A 0-2721723 
log a 1-4946942 



n 9-620196Z 
0-2721723 
1-4946942- 



log e' 1-7668292 

c' - 68-45601 

Ang. 5 = 56°56'56 

0—90° 45' 3 

c = 68-45601 

2. Giren a - -061284, h - -042356, A 



log </' 1-3870627 
c" = 24-38163 
£-123° 3' 3"-7 
C- 24°38'56"-3 
e- 24-38163 

6nd.B, Candc. 



■55' 



Jn«. £-42°3T'32".7 
0- 82° 22'27".3 
c= .06199202 



8. Given o - -042356, } - -051234, A 
Am. .B-82°14'35"-7 
0-42»45'24"-3 
c - -03510331 
4. Given a = 40, ft = 60, A = 53' 



. Given a — 40, 6 — 50, 4 = 
. Given J — 40, e = 50, .B = 



55°; finds, Oandc 
£ - 97° 45' 24"-3 
- 27° 14' 35"-7 
c - -02366993 
; find B. 

Ana. B = 90°. 
60° ; solve the triangle. 

An8. Impossible. 
100° ; solve the triangle. 

Ant. Impossible. 
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1S7. Case II. QItcd a, b frnd A. Stamd Soliiiieit. V« 
may aolve, separatelj, the two right tnanglei A F C, B PO, 
Fig. 21, whicli is a conTenieiit method when there ua 
, two BolntioBS. We first End B bj (249) ; then we hsTe 
■'" " AP = b COS A, BF=a<soa£ 

and CM=AF+BF 

The cosine of tbe obtDBeislne of £ is negatiye, (Art. S9), so that.Si'igtheu nega- 
tile. Mid we have the two laluea of t from the formula 
e^AP-ihSP 
There will be but one solatioo, if B J'> A P, toi e oannot be negative. 
138. Case III. Criven two tides and the included angle, or a, ba^ndO, 
To find A and B. We have first 

A + B = 180° - 

from which we next find the half difference of A and B hj th* 
theorem of Art. 118, which gives 

a + h:a — h = tml{A + B):t&D^{A~-B) 

Um^{A-B)- ^~ Uiai{A+B) = |^ cot J C (254) 

The half difference added to the half sum gives the greater 
angle, (opposite to the greater given side), and the half difference 
Bnbtracted from the half sum gives the less angle. 

To find c. We have the data of Case I., and therefore 

c = a ein C coaec j1 =■ J sin C cosec B (255) 

Examples. 
1. Given a =- -062387, 5 = -023475, and G - 110''32'; find A, B 
and c. 

A -f 5 = 180°- (7= 69° 28' 

a + 5= -085862 ar. co. log 1-0661990 

a — h~ ^38912 

i(^ + £)= 84^44' 

\(A-B)'~ 17° 26' 33" 

A= 52° 10' S3" 

B= 17° 17' 27" 

C=110°32' 

6 = .023475 

c - -0739635 



log tan 9.8409174 
log tan 9-4972000 

log cosec 0.5269189 

log sin 9.9714931 

log 8-3706056 



log 8-8690176 

Ant. A - 52" 10' 33" 
B = 17° 17' 27" 
<; - -0739636 
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2. Gmn o ■= 31-0005, J - 16.1101, - 10° 16'; find A and B. 
Ant.A-\W\rir-1 
B— 9° 27'40"-S 
8. Given a - 24638T8, 6 - 9.021875 and </ - W 9'4".2 ; find 
A and B. 

^lu. j4-16°50'55".8 

B - 90° 0' 0" 

4. Given J-I5-1101,c-31.0006, ^ = 10°15';8ndSandC. 

Am.B- 9°2r46".3 

O - 160° ir 13".7 

139. HaTiDg round A utd B as above, the meet coDTenieot mode of findieg o ia bj 
('.133) or (234), which givo 



, oo. HA + Bf) 
• K^-il) 



-(-+') 2i; p««) 



for we h&TB, from the process of finding A and B, the log, of a -^ £, or of a — b, 
and the values at\[A-\- B) and } (-4 — B), so that we hare onlj two new logs, to 
find, which are taken out at the same opeaiug of the tables with the taogenta of 
} (A + B)»indHA—£). 

140. Case III. Given a, h and C. Second Solution. When a 
and 6 are given by their logarithms, which occurs when they are 
deduced by a logarithmic process from other data (as, for example, 
in the computation of a series of triangles in a survey), we proceed 
as follows. Let x be an auxiliary angle, such that 

tan 3:= I" (258) 

an assumptioc always admissible, since a tangent may have any 
value from to oo . 
We deduce 

tan x—\ __ a — 6 

tan a; + 1 a-\-h 

or by (152) tan (x - 45°) = ^^ 

•rliich substituted in (25-4) gives 

tan J (.1 - B) .= tan (3^-45°) tan \{A+B) (269) 
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■We find X from (258) and employ its value in (259). Aa this 
netltod doea not require the preparation of a + i and a — 6, it ia 
•|uite as short in practice as (254), 

Example. 
Given log a =• 8-7950941, log h = 8-3706056, and C- 110° 32'. 
(Same as Ex. 1. Art. 138.) 

log a B= 8-7950941 

log b ° 8-3706056 

X - 69° 22' 46"-8 log tan 0-4244885 

I _ 45° = 24° 22' 46"-8 log tan 9-6562825 

i(A + B} = 34° 44' log tan 9-8409174 

; ' 1{A-B) = 11° 26' 32"-9 log tan 9-4971999 

141. Cabb IIL Oiven a, b, and C. Third SoiuMon. To BipresB A or S direoUy 

in tonus of the data, we have, from (218) and (221) 

f Bin J =. o Bin C 

etloaA=i b — aco»C 
the quoUent of which ia 

and in the same mumer 

a — b 009 C 

142. Cabb IIL Oiren a, b and 0. Fatirtk Solution. To find e directly from tha 
data, we ha-re, by (223) 

C=i o*+i» — 2o*coa C 
which, however, ia not adapted for logarithnuo computation. It may bo adapted u 
EoUowB. Subatitnte bj (139) 

COB (7 = 1 — 2 Bin' ) (7 

Uioa ^„fl.+ j'_2<ii+4<iifdn'Jff 

„ fo _ *)• + 4 ai Bin" J (7 



-(« 



->J(>+i^^?^°) (-) 



Let z b« ui .aUliarf angle, such that 



i Bb BID' I a 



^v/= 
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thsD Uie radical in the above equntiou becomes ^^(1 -|- tan* x) es seo z ; '.henfore, 

< = (a — 6) Beo I (264) 

143. Wo may also adapt (223) for logaridunlo oomputatiou b; mesua of (138) 
wbioh givta 



M 

Uien the radioal beoomea v' (1 — Bin' x) ^eoax; IharefiiTe, 

e-(»+i)cosi (267) 

144. It 1b to be obserred, that the snppoBitioii (268) is always poesUle, trince a 
tangent may have any value between and oo , and therefore an angle x may al- 
ways be foand having any given number as its tangeal. As tbe greatest value of a 
aine is nnity, it ia not so obvious that the euppoaition (266) is always posaible; but 
whatever the values of a and b 

(a-i)'gO 
therefor* (o + 4)'S 4 a* 

. 2>/^-., 

vhenoe \_ ■ S 1 

therefore the aeeond member of (266) is never greater than unity. 



Oiveu a c3 -062387, b = -023475, = 110° 32'; (same as Ex. 1, ArL ISH) 

By (268) and (267). 

a E> -062887 log 8-7950941 

( _ -02847S log 8-3T0606S 

2)7-1668997 

log v'^— 8-582S4S9 

a+b= -08e»«2 ar. co. log 10661900 log 8-938£010 



J e — 65" Iff 



loe2 0-8010300 
L Bin I 9-7067691 1. uoe x 0-fiS 



c M -07396344 log 8-8690171 
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■2 PLANE TRIGONOMETRY. 

145. Casb IV. Given the three ndea, or a, ( and e. 
To find A, B and 0. We have from (227) and (228), 






or by (229) and (230) 

•r by (231) and (232) 

In these formulae g *= ^ (a + b + c). Either of these three 
methods may, in general, be employed, but (268) is to be preferred 
when the half angle is less than 46°, and (269) when the half angle 
ia more than 45°.* \Vhen all the angles are required, (270) will be 
the simplest, as it requires but four different logs, to be taken from 
the tables. It ia accurate for all values of the angle. 
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solution of oblique teianqles. 78 

Examples. 
1. Qiyen a = 10, 6 = 12, a = 14 ; find the angles. 
Bj (268). 

a = 10 ftrcol 9-0000000 arcol 9-0000000 

J -12 «rcol 8-9208188 «rco 1 8-9208188 

0-14 .reel 8-8538720 »r oo 1 8-8588720 
2>-86 

>-18 
.-o- 8 log 0-9030900 log 0-9030900 

,_}- 6 log 0-7781513 log0-77815m 

t—c- 4 log 0-6020600 log O-60206OO 



2)9-l.'>49021 2)9-3590220 2)9-6020601 

logmeB }^ 9-5774510 JB 9-6795110 J 9-801030G 
i ^ - 22" 12' 27"-6 lB=28°33'39"-0 J (;-39°18'53"-5 
^_44'>24'65"-2 fi = 57° 7'18"-0 C- 78° 27'47"-0 
rerijkation. A + B+O— 180° 

2. Given a - -8706, 5 - -0916, e - -7902; Snd the angles. 

Am. A - 149° 49' 0".4 
B— 3° 1'66".2 
0- 27° 9' 3".4 

8. Giren o - -6123864, i — -3538971, o - -3090507 ; find (7- 

Ana. C-36°1810"-2 

14S. Hiq computntioa b; (270), wbeD aU (La anglea are required, irill be mueb 
faoilitatel b^ tbe iutroduotion of an aoxiliar; quantity* 

r-J( '-°"-7"'— ' ) (^'.1 

truta wUek we Qud b; (270) 

\xa\At= ^-^, tan i B =3 ~—^, twi J = j-^ (27»- 

* This quonii^ r is th« radius of the inscribed clrole. See (289) 
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74 PL.ISE TKIGONO-atrET. 

ExAxru. GiTsn a = 6053, b = 4082, c = TOGS. We find 

« B 8601-6 ar. eo. log 6-0664268 

( — da J54S-S log 8-4062840 

* — 6 = 4619-6 log 8-6660904 

< — c b: 1688-6 log 31856838 

2)6-8124846 
logr =3 8.1562423 

iA^2V>2ffbi''i7 log tan M =. log -^ » 9-7499677 

j £ ■= 17' 86' 81"-70 log Un i fl = log j^ = 9-6011619 

) (7 Es 4SO 8' 83''-8S log taa } C => log -^^- _ 9-9706686 

90" O* 0"-00 
ig- U Vl 147. The case where the three iddeB are giT«B is Mm«- 

tJmea Boiyed as foUowB. From C, Pig. 22, draw Of 
perp. to c. Thea 

AC^=mAP*+ OP", SC*:=BF'+ CI* 



the dlfferenee of irhich is 

Aa*-~BC^=^ AP*~BF* 
or (AO+BC){AC — BC) = (AF + BF) {AF~BP) 

and if AF — BF => d, this equatioo gives 

Then.dnaa.ii'+.BPes e, snd-4P~ 5P= rf, we haye 

^ P = i {e + rf), £ /- = j {e - rf) (274) 

and in the right triangleB A CF, BCF 



■0 that (278), (274) and (276) Bolre the problem. When rf> «, BP ia negatiTe. 
EOB £ iB uegatiie, and £ U an obtuse angle, (Art 89). 

Abba or a Plane Tbiaholi. 

' 148. RepreB«nU&g the area by E, and the perpendicnlar CP, Fig. 22, hjj>, we 
have, by geometry, 

Km.icp (276) 

In the triangle A OP, we have; ^ i Bin A, whence 

K=ibesmA = btBliiiAeasiA (277) 

by which the area is compnted from two sides and the included angie. 
Substituting in (277} the values of Bin } .1 and cob J A by (268J and (269), 

JT =. v^ [. (. - a) (. -*)(.- «)] {278)_ 

by which the area is computed from the three sides. 
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CHAPTER IX. 

UISCELI.AI<EOX;S FB0BLEM9 RELATINQ TO FLA^ TBIANOLES. 

149. In a givmplimt triaagle, to find the perpendteular from one of thi angUt bjMM 
the oppotUe tide. 
Let ; be the perpendicular ftom C wpon e. Wo h»Te 



or b; (239) and (278), 

^ -!■%/['('-'•)(»-*)(•-')] =-V ^280) 

the expresdoii toi p in terms of tlie thiee tides, where t m ) (i -f* ^ ~l~ ') ""^ ^'^ 
the areft of Uie triangle. 

If w« snbatitnte in (279) On A s — un (7, it beoomes 





!• = 


= — sinC 




tinB 




tin A »Id S 


sin J tin .5 


' 


"' dnC "= 


-'»n[A+B) 


Vhta tlie triangle 


1 U right-angled at C, (282) becomes 




;> =. sin ^ 1 


jos^=|«n2. 



the expresdon for the perpendionlar upon the hypotemiB 



respectiTely. 
(281) 
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n PLANE TRIGONOMETRY. 

ISX 3^ find Iht Tttdau of tht drcU eireumicribed about a plane triangU. 

Ilg. m The c«nl«r of the circle, Fig. 23, lies in tho p«rp«D 

dicular erected tram the middle point of one of the side*. 
»* AB. Let the rsdius = R. We have, b; geometry, 

AOD=^)tAOB=i C 
and in the tiiimgle AOD, 



SnbBtitntiDg the Tulne of sin Oitom (241), 




From (229) uid (2S0), ve easil; find 

008 1 ^ COB J J cos J C = ^ 

vbioh oombined -with (285) i^Tes 



.Sj^COBi-BoOBjO 



(280) 



. Til jtmf lAf rmft'iM o/' (At drclt imcribed in a plonf triangU. 

^ Fig. SI. The required center O, Fig. 24, ia in the in- 

tersection of the three lines biaecling the anglei, 
and each of the perpendiculars D, OB, OF, !■ 
equal to the required radius ^ t. The Tiilue of 
O/'in terms o! A B = c, O d B = \ A, A 
^^ OB A = J Sis by (282) 



KVi\A6m\B Bin j .^ sin i .g 

*■"'• An^iA + B) ""'■ COS iff 

TUi b ledDoed by meaos of (2S6) to 

r = (.-c)t«.lC 
Substitating the Talae of tan } 0, 



-J( '-"'-T""-' )- 



TH« If reduced by means of (281) and (282) to 

r = ( tan } .1 tan i £ tan i (7 
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77 



153. Bciidefi the inBcribed circle, atriotly so called, there are three other circlet 
tlitkt touch the three lides, (or aides produced), nnd are exterior to the triangle, al 
in Tig. 2fi These hare been Damed aeribtd oirclea. Their ceatera are fi'nnd 




geometricallj, by bieecting the eiterior angles B CO', CBB!, do. Designate the 
centers of the circles Ipng irithin the anglea A, B, and respectiTely, h; Ct, 0''. 
•ud O"', and their radii by r', r", r"'. We find the perpendiculars from (/, &o.. 
np<iiif(7,&D by (282) to be 



™i J! .0.1(7 


.o.!i!o«ii(7 


...M...iC^ , 


.0. M CO. 1 (J 


'■.ini(^+0) 


00. ii 




O.M0-M 
•ooiC 


By mean, of (285) wo reduo. tboae vbIhob to 




r' = . tM M. f'' = . ton } B. 


r™3,,t»nl 


Sutatituting the Yftlw of ton J J, &c. 




1 .-J(lii:jilfc^)). 


jr 
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78 PLANE TEIOONOMETRT. 

Also, by meotia of (236) applied ineeeiBiTety to a, b and c, ir« maj redoee (291) 
>fl tli« fallowing: 

f/ .« (» — b) tan J J oot J J oot i C 

r" = {i — 6) cot i J tan J S cot J £7 (294) 

r"' =(* — ■') eot i ^ oot J B tan i C 
164. Rtlalkint btlieeat the rmfit o/ the dretitmtribtd, iiucribtd, and tSnt eter&ed eircUl 
o/ iht prteeding arlitU, and iJu three perptndiailari /rom tht angltt upon tht oppotiU 

Tlie roar eqaatioiu of (289] aod (29S) pve 

"--^■- .(.-.)(f-.)(.-.) °g-^- «> 

Diriding this BUCCBBBiTely by r*, r*, Sc. 



Again, ire hare, (Art. I2T), 

tanl.dUni£+taDiJUn}<7+taa}£tAii}(7» 
and sabitituting in tliit the Tatae of the tangents ftom (292) 



From (292) «e End 

taniJl'= 



n} J cr'tan} J 



from which it followB tliat in Fig. 26, the distancea ^ D and BIT, are eqnal {D, ly 
being the points of contact of the circles 0', &' with A B produced), and therefor* 
BD^ABf. Other cnriouB geometrical properties may be traced with the aid of 

our equationa. 
From (284), 

4 Mn J ^ COB i X ^ 4 sin J B COB 1 J Hin } CoaB}(7 
which combined with (287) and (291) giTc, by Art 127, 

^ ts 4 Bin } ^ sin j fi Bin } C Bs cos X -|- cos ^ 4- oca (7 — 1 
^a4rin}.^co«)£eo8j<7B — oosJ + aos£ + eoa<7+l 

^ =1 4 «0S ) .i UD ) £ COB } (7 = cos J — COB £ + COB (7-f 1 

^■B4coa).^coB)Jttiii}(7Ea eoB^-fcosiJ — oosC+l 
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PROBLEMS RELATING TO PLANE TRIANGLES. 
Ckanj^Dg th« ligDa of the first of these equations, the sum of the four is 



Finally, if p', ^', ^" denote the three perpendioulnra from the angles npon the 
nlsB a, b, e respeotiTely we have by (283), (289) nnd (297) the following relfttion ! 



7+^+^-7 + ^ + ^=7 P-) 

155. Tofindthi diMane» btlaetrt the cenleri of tkt circunucribed and aucriitd dreUi.* 

Let F, Pig, 26, te the center of the droumsorihed, ^ig- 28- 

ud 0, that of the inscribed circle. Put PO = D. 
By Arts 161 and 152, 

PAB = 'i(!P—C, OAB=:\A 
whence 

. PAO^W — C—^A = \[B — C) 
and by (221) 




FO't=PA^+ 0A* — 2PA. OAooiPAO 



By (298) 
therefore 



■^ Bin" i A I 

4 Pr gJB i £ 



liA 



2Rrco.i(B+C) 



166. Let PO* = ly. Fig. 26, 0" being the center of the eacribed oirole lying 
within the angle A. If r' ^ radius of this circle, ire hate, as in the preceding 



■•i.1 



T* 2Rr'e 


^i(S-O) 


iA 


uiA 


iR/ooBiBc 


MiO 



iniA 
iJ"" = a* + 2 J&« 



• HymerB' Trig. Appendix, Art. 68. 
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80 PLATTE TKIGONOMETET. 

Ili« •xpresBioDH for the diatoncu at Qi« cenUn of the tliree eteribed cirolBB from 
UiBt of the circuiQBcribed circle. 
The Bum of (300) and (801) gives bj (299) 

D'+ly*^ IT* +D^=„ 12 S' (802) 

157. Given loo lidtt of a plant Iriangtt and Iht difference of their cppoiUe anfflea, (or 

0, b, and A — B), io eoltie the triangle. 
We hare \ {A-\- B) directly from (220), which nlso BoWes the cue where two 

ftnglee and the sum or difference of two sidesi are giyec 

168. Given the angUt and the turn of the lidei, (or A, B, C, ar.d a -(• i -|- e = 2 i). 
By (235) 

nn }C 
""' DMiAcot\B 

uid a and h are fonnd b; eiinilsr foTmulas. 

169. Given one angle, t!u oppotite tide, and Ih- turn i^ the tgtiaret tf the other lai« 
nifo., (or C, e, and o" 4- P = e"). 

In the identical equatiou 

(a+ *)• = (•+ 2 fli, (a — by=sf—2ab 

•abatitate tbe value of 2 ab g^ven by (223), namely, 



which determine a-^- b, and a — b, and therefore a and b. 
To oompute these equatioos by logarithms, let 

^^f^^ C + ^J'-') (808) 

then (a + 6)' = ^ + /. (a_i).= ^_/ 

that ie o + i U the hypotennse of a right triangle wlioae fiidea are e and j ; and 
a — A is one aide of n right triangle irhoae other aide is y, and whoae hypotenuse is t. 
Let the angle opposite d be denoted by i in the first triangle and by }f in the aecond, 
tlsn by the formula of right triangles 

tan X ^ — a+i^=eaeoi 

i (SOiJ 
Bini'=.^ o — i = «008i:' I 

BO that the problem ia aolved by logarithms by finding log g from (803) and em- 
ploying ita value in (304). 

The above may serve aa an example of a geometrical method of Introducing tha 
anziliary quantities, which ia occasionally useful. The analytical process in the 
present iuatance is similar to that of Art. 143 ; thna 



« + 
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PEOBLEMS RELATING TO PLANE TBIAHGLES. 
tan > = £. w« h.y« 






irheDoe the Bnm« formalte as before. 

ISO. Oiven an angle, it» oppotitt tide, and the d^^atce of the ijuaree 0/ the other two 
tide,, (or C, e, a,d a* — P = /•). 

We hsTe bj mnltipl;)diig (233) b; (234) 



whence' .d — B, and Binoe A + B = 180' — C, the angles are determined Ther* 
will be two soluUonfl given bjeia (A — B) except where the obtuae vain* otA — B 
is greater than A -\- B. 

16]. Oiven the three perpen^ailari fiom the three angUt upon the oppoette adee. 

Denote tlie perps. upon a, b and e respectively by a', b' and ^, and let 



If 1 ^ 2 area of the triangle 

a/^ = by = a^ = k 
and therefore 

assa"£, b = ^'k. e = ifk 
Snbstitnting these valneB ot a,b and e in (225), (227,) &o. 



ti+f:^, ...,._ (-!=Q^:=£>,, 



In which 2»"=so" + »"+c". 

162. Otven the radii of the circumeeribed md ineeribed circlei, and thi perpendieular 
Jrom one of the anglet tipon the oppoiite tide, to tolve the triangle. 

Let e be the aide to which the perpendicular (p) is drawn. We have found fur S, * 
knd j> the ezpresBions 

^ ~ 2 Bin ~ 2 flin (^ + £J = 4 sin 1 (-^ + -B) 008 \{A-^B) 

rin } ^ Bin t J 
'"'• «inU^+B) 
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PLANE TKI00NOMF.TRT. 



EUmin&liDg e, we Iiave 



— = 4 CM 1 {-l + B) "in M "n i^ W 

be fonnd. Devaloping «oe HA + S), 



from which two 
Ch) beooDies 


eqoBtions A and S 


aetc 


be f 


i 


= 4 Bin; 


JcOBi^ 


BIB 


Bcc 




= SiD^ 


un5— 4 


Bin* 


Jai 


which »Dbtracted ^m (•» 


jgivea- 








s* 


=x 4 Bia' 


M 


Bin* J 


Wyiding the 


qnare of ( 


») V (0), 


we find 




?• 


=z 4 cos* 


I.A 


cosM 



*''"'''- J(T«")~2v'[2«(j.-2r)] 



The difference and Bum of these two equations ^ve 



-v/[2A(p--2r)] 



which determiDe i(A + B) and i {A 
are then foiind by the formula 



luicl therefore A snd £. The gidea 



e = 2EKnC 

ISH. In a given plant triangle A P. C, Fig. 27, to finii n 
point t nch thai the three linea drjtcit Jrom lAii point io Iht 
tmgla A, B <:id C ihall make /r-oen angltt vHth each other. 

Let the given ^igles beP.PC ^t and APC i= ^ 
imd the required nn^'iep PAC:=x FBCc=y 

The Miin of the angles of the quadrilateral A CBF ie 

j (^ + y) = 180- _ i (, + ^ + n (806) 
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PBOBLEMa RELATISa TO PLANE TEIANGLEa. 
In (La tritmglei APG,BPO,iit hays 

bom vMoli 






Bin I — BJny tan i (i — y) m — 1 



To oompnte this sqnation bj logarithmB, Ist 



then by (162), tan i (i — y) = tan (> — 450) tan i (« + ») 
■0 that tlie angUs x sod j/ are faund bj (306) and (SOT). 

154. Ths foUoning problems are proposed Bs siercises. 

I» a plane irianglt AS C — 

1. OiTen e, the perp. upon <; =3 p and a-\-i i=m. 






-i =e 



■ (m + <)(m_.) 
2. Given e, the perp. npon e = p, tnd a — b = n. 

(c+n) (c-T,) 



(' + ")("- 
taniC 
8. QlTen C, t, (md a£ 1= 3*. 

tan x^— G09j(7 a-(-^ = *BM« 

rina:' = — sinjC a~J=a(Oo«l' 

4. Glren C^, the perp. from = p, and n -f- ^ = ">■ 

);anz=~tim}(7 c^tntiuiiz 

y 

6. Gixen C, the perp. ftom C := p, and a — 4 ;= n, 

tanz = — cotjC esnootla 

6. QiTen c, C, and a -(-£=: n. 
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M PLANE TRIGONOMETET. 

7. aiTSD e, A, Aod a +• i = IK. 

tao J J = " ^ Dot } A 
P 

ir with an auxilisTy uigle 



*UI A ^ ^ J jT-^^ -"TV b ^ m uv* * 

("• +d){m~ d) 
Uni(A+S)~^3u,xlanx tu. i (-* - -S) =- j 

9. QiTSn the ptHmetet =: 2 t, (7, and the perp. ft'om C s=p, 

ton* a: 1= ^ cot } e a = i oob» i 

10. OWsn e, a -f- ^ ^ "■ ^"^ ^^ radiag of tlie inscribed circle = 



11. Qiren t,a — h^n, and the radiua of the inscribed oirole =s r. 

12. Qiven the radii f', r", r'", of the three eecribed cirolei. (Arts. 168, .M). 

16S. Q^n thttidaqf a gvadrUateralinieribtd in a drcle, to find iU oKgla and area. 
n»18. InFig. 28, letX^ = a, BC=b, C D iw^e, D A s= d. 

l.fMt^(i-\.b + e^dxikAK = ».rtMatABCD; then 

flrom the trianglea ^£(7, ^DC, obBerrlng th»t ii s= 180°— i> 
efind 

(,_„)(,-t) ,,,.,»_ ('— 'X'-rf) 
ui + trf • " I 06+73 
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BOIDTION OF TRiaONOMETRIC EQUATIONS. 



CHAPTER X. 

SOLDTION OP CERTAIN TRIGONOMETRIC EQUATIONS AND OP NU- 
MERICAL EQUATIONS OF THE SECOND AND THIRD DEQREES. 

166. The solution of a problem in which the unknown quantity 
IS an angle, often depends upon that of one or more equations, in> 
volving different functions of the angle, which cannot be reduced by 
merely algebraic tranaformationa. We shall select a few simple ex- 
amples of such equations from among those that most frequently 
occur in astronomy. 

167. To find zfrom the equation 

sin{» + z)=msiaz (309l 

in which » and m are given. We have, by (119), 

sin { » + z) = sin « sin z (cot z + cot ») 
vMch becomes identical with (309) by taking 
sin » (cot z + cot ») = n» 
whence the required solution 

cot 2 = —. cot at (810) 

If the proposed equation were 

8in(»-z)=m8in« (311) 



cot 2 = ^^ + cot* (3121 

sin* ^ 

Unless z is limited by the nature of the problem in which these 
equations are employed, there will be an indefinite number of solu- 
tions ; for all the angles z, z + 180°, z + 360°, z -f- 540°, &c., in 
general all the angles z -t- n w have the same cotangent. [See 
(68), (T9).] In moat cases, however, we consider only the first two 
of these solutions, taking the values of z always less than 300°. 
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S^EQilar remarks apply in all cases where an angle is determined 
by a single trigonometric function ; but if the problem is Buck as to 
give the values of tieo functions of the required angle, aa the sine and 
cosine, the solution ia entirely determinate under 360°, since there 
cannot be two different angles leas than 360° that have the same 
sine and cosine. 

168, The solution of the preceding article requires the use of a 
table of natural cotangents ; to obtain a formula adapted for logar< 
ithmic computation entirely, we deduce from (309) the following 

sin (a + g) + sin g wi + 1 
sin (» + z) — sin a m — 1 

But by (lOfl), if X = a + z, J/ = z, "-e have 

sin (a + z) + sin z tan (a + ^ a) 
sin (a + a) — sin a tan J « 

which substituted above, gives 

tan (a + J a) = ■■ — - tan J » 

which determines a + J a, whence a is found by deducting J «. 

The computation of this equation ia facilitated in most cases by 
introducing an auxiliary/ angle, such that 



an assumption always admissible, since while the angle varies from 
to 90° the tangent varies from to oo , BO that an angle $ may 
always be found having any given number as its tangent. 
We have then by {152), 

m + 1 tanip+ 1 

IT ==» ^ J = cot up — 45") 

m — 1 tan <p — 1 '•^ ' 

and the preceding solution becomes 

tan $ = m, ■ tan (z + J «; = cot ($ -• 45°) tan | » (313) 

The logarithmic solution of (311) is found in the same manner 

to be 

tan (p = WI, tan (z — J ») = cot ($ + 45°) tan J » (314) 
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SOLUTION OF TRIGOHOMETEIC EQUATIONS. h? 

169. To find z from the equation 

tan (« + 2) =■ m tan z (315) 

We deduce 

tan (» + 2) + tan 2 _ m +1 
tan (« + z) — tan 2 m — 1 

so that by (126) and (152) the solution is 

tan (p = TO, sin (» + 2 z) = cot ($ — 45°) sin » (SIC) 

170. 1*0 find, z from the equation 

tan [et + a) tan z = m (3171 

We deduce 

1 + tan (at + z) tan a 1 + wi 
1 — tan (» + z) tan z 1 — wi 

HO that by (127) and (151) the solution is 

tan (p = m, co8 (» + 2 z) = tan (45" — $) cos « (318) 

171. Tafind* from thi efoation 

wii(<t±i)Hiiii = m (819) 

Bj (108) wa find 

oos« — CM(«=t:2i) = =b2sm(d±i)^i = ±2m 
vbenoe oob (a =i= 2 1) = cob « :^ 2 id (S19«j 

which determineB n ± 2 i, and lience 2 2. 

From (319*) we haTB four Tslnes of «±2» between 0» and 720O! therefore, foni 
Taluea of 2 z between tlie same limits, and four Talaea of i between 0° and 860°. 
In general, we shall have faor solutions under 360° in all cases where the i&uiJe 
' anglt is determined by a tinglt fiinction. 

The logaritlimio soluUon of (819) varies with the signs of m and i. Thus, if tht 

Bin(< + z)^n>=.ni 
R b^g eueutddlf podUre, we have by (1S3) 

oos'l — cos- (» + }-) = Bin (« + .)ein« = « 
COB* (z -f> } a) ^ cos* I s — m 
«i] by (133) again this is soWed by 

ooB'# = .n, C0B''{j + J-) = sin(f+ J«)iin(# — J«l 

and the other oases are BolTed by similar methods. 
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172. 'Che pree«dinE eiomplei will Boffica to imUcate tlie method to be folloirad 
with ill tlie eqaation* at the following table. The salutioiu of the eqiutlonB IhtoIt* 
lug oosinei may be obtained f^om thoBO involnng sinea, bj ei6baiigiagitoiW±t, 



EattATIOMR. 


SOLtTlDNB. 


1. sin(<(±i) Biiii;=m 


oos(*±2^) = ooB:.rp2« 


2. coB{«zt;i)eos» = m 


ooa[«±2i) = 2m — cosa 


8. Bin(a±i)0OB. = m 


Bin{,±2i)=2m_Bin« 




siD(<.±2z) = Bin.±2i» 


6. Bin(i:t;i) .^nisini 


tan^Ein, Un [z d= ) .) »i cot (« =p 46°) ton } . 


6. oo>(»±z) = ™co8i 


tan# = ™, t»n(l,<±j) = tBn{45= — ♦)<»tt« 


7. iin{.±i) = meos. 


tUlf =»>, 




tan (46» — J . ip i) = tan (45' — *) tan (15' + J «) 


8. O0B(»±«)«».iin^ 






tan (45» - i . zp ») = tan (45« z^ 0) tan (i — 45=> 


6. tan(<t±z] tuii = fn 


t»D* = m, cofl(»±2a) =taD(45''zp#)-*B« 


10. tan(a±i)nimtuiz 


tan ♦ = m, Bin (2 » ± «) = cot (^ qz 45») Bin x 



Id the namerical «olationa the signa of the angUa and tbeir fnnctionB mnat be 
earerullf abat (ved. The signs of the functiona should be prefixed to their logar- 
ithms, according to Art. 99. 

The auxiliary angle <f ma-j be taken numerical!]' less than 90° in all Cbbcb, but 
positive or negatjie according to the sign of its tangent. It oan easily be ebown 
that we shall thus obtain the aame ralues of i aa b; taking f in the 2d quadrant 
when its tangent Ib negative, or in the 2<X quadrant when ita tangent is positive 

Find ■ from (817; when a = 65° and m » 1 '5196164. By (818) 

log tan # >B log m* -f. 0-1817887 

46° — # — ll-Sg- ft" 

log tan (46" — ^) — 9-8143426 

log coa a + 9-6259483 

log tan (46' — #) cos a = log oos {.+ 21) — 8-9402909 

■ + 2 * ge*" or 266= or 465° or QaS" 

« 65° 

2 I 80" or 200° or 890° or 660" 

f 15" or 100= or 195' or 280» 

* It must be remembered thnt in this employment of the signs 4- and — , theaa 
ngns belong to the natural numbers ; and when the logs, are addeo or tublraded, tha 
■ign of the result is to be detennined according to the rulea of muUfliealion uid 
diDOTrn in algebra. 
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t78. Tb find tfr/m Iht tquation 

™<. + .)_«.ln («+.). 

Fat y^^-f-JiK'^s — 0, then this eqnatioa becomeH 

tin (a' 4- z') = IB Bin / 

wUch is of tbe form (SOS) uidmajbe aoWed by (309*) or (Sll) ; theaiaf' — ^ 

In the same manner eqnations of thia form, involving ooainea or tsogonts, maj be 

Todnoed to those of the preceding table. 

174- To find k and zfrom the equations 

'=™'-'» \ (820; 

k COB a ™ n J 

We have, by division, 



which gives two values of z, one less, the other greater than 180°; 
whence, also, two values of k from either of the equations 



The solution becomes entirely determinate {z not exceeding 360°) 
BB follows : 

lat. When the »tgn of k is given. For if k is positive, sin z has 
the sign of m, and coa z the sign of n, and z must be taken in the 
quadrant denoted by these signs. If k is negative, the signs of sin z 
and cos z are the opposite to those of m and n, and z must be taken 
accordingly. 

2d, When z is restricted by either the condition z<180°, or 
z > 180°. For under either of these conditions the tangent gives 
but one solution. If z < 180°, k has the sign of m ; and if z > 180° 
Je has the opposite sign to that of m. 

3d. When z is restricted to acute values, positive or negative. For 
under this condition a positive tangent will give z between 0° and 
+ 90° ; and a negative tangent, between 0° and — 90° ; and ft will 
always have the sign of n. 

It follows that m and n being any given numbers whatever, wo 
may always satisfy the conditions expressed by (320), Ist, by a posi- 
tive number k and an angle z between 0° and 360° ; 2d, by a num- 
ber k (unrestricted as to sign) and an angle z < 180° ; 3d, by a 
Dumber k (unrestricted as to sign) and an angle z > 180° ; and 4th, 
by a number k, and an angle zin the 1st or 4th quadrant. 
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ksinz 


- 0-3076258 


kcoaz 


+ 0-4278735 


log A BJa z 


- 9-4880228 


log ft COB Z 


+ 9-6313147 


log tan z 


- 9-8567081 




324° 17' e".6 


bgBin. 


- 9-7662280 


logt 


+ 9-7217948 




+ 0-5269808 



PLABB TRiaONOMBTEr. 



To find k ai.d z from (320), (k being ft positive nuuiber), vhp\ 
n - - 0-3076258, i. - + 0-4278785. 



m 
(■>)-(») 



Upon this problem and tbo deductions we have made from it, rests 
the method of introducing the auxiliary angles required in solving 
many of the formulas of spherical trigonometry. It is applicable 
to any equation that can be reduced to the form of that solved in 
the followiDg article. 

175. To tolve the equation 

m cos z + n sin z = 5 (321* 

m, n and q being given. 

The first member will be reduced to the form ft sin ($ + z') by as 
snming ft and (p such that 

ftdn$ = m, ftcos9 = n (322) 

whence 

ft sin cos z + ft cos $ sin z « j 

.in (» + 8) - -| (328) 

Therefore, if ft and ^ be found from (822) by the preceding ar- 
ticle, {ft being limited to positive values), we can then find by (323) 
the value ^ + z and therefore of z. There will be two aolutiona 
from the two values of f + z given by (823). 
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If we restrict :p to values less than 180°, (as we maj do accord- 
mg to the last article), we may find it by the equation 



tana = — 
n 

and then sin (ifi + z) =» — sin ffl = ~ cos $ 

and in this form it will be unnecessary to find k.' 
£xAMPLB. 

- 1-0498332, n - 



To find z from (321) when m = - 
and } = - 04316893. 

By (322) and (323). 

log m = log A sin IP — 0-0211203 

log n— log A cos (p +9.8731402 

log tan ip -0.14T9801 

^ 306° 26' 20' 

log sin ip -9.9111059 

logi -f 0.1100144 

log} —9-6351713 

log sin (^.-fz) -9-5261569 

f 199° 34' 40" 

* I or840»25'20" 

, f -105° 50' 40" 



(324) 



+ 0-7466898, 



By (324). 

log™ -0-0211203 

logn -1-9-8731402 

log tan <p —0-1479801 

» 125° 25' 20" 

log sin » +9-9111059 

log J —9-6361713 

arcologm -9-9788797 

log Bin (» + a) + 9-6251569 

( 19° 34' 40'- 

^'^' I or 160° 25' 20" 

f - 105° 50'40" 

' \ or 35° 0' 0- ' \ or 35° 0' 0" 

To avoid the negative value of s, in the first of these solutions, 
we may take for the first value of 

» + z, S60° + 199° 34' 40" - 569° 34' 40" 
whence 2-559° 34' 40" -305° 25' 20" -254° 9' 20". Those 
oond solution gives a like result. 

If we suppose $ in (324) to be limited to acute values positive or 
.negative, we take ^ — — 54°34'40", which gives(p + s= 199° 84' 40," 
or 340° 26' 20", whence the same values of z as before. 

We may repeat the latter part of the work with cos ^ for vorifi- 
cation. 

• The solution is, by (828), impoMibU whan -^ ia groster than nnily; and bj 
adding the aqnaiee of(S22),l^^Di*+n*; therefore the aolntiou b impoasible wliea 
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176. Sb uhe thi t^uUion 

Dereloping hy (3G) and pntUiig 

a un a -\- b tia fi -\- e un y -]> £0. a: m 

a cos » + i cos ^ + " oofl > + to. = n 
Qua beeatDBB 



vbieli U BoWed in the preceding article. The same proceu applies if any or »U of 
tha terms contain coaines. 

177. To fy>d k aiul t from tht egaatioru 

The inin and differencs of tliiue aquutioDS are, b; (105) and (106), 
2 » »n n <■ + H) + .] c». i (■ - ffl - ■• + » 
2i.«U (■ + ») + ■].!•( (■-«-"-" 



2'aln [)(• + »)+'] = 
2iM. [((. + » + .]- 



■■K.-") 



■i( — « 



from which 2 jt and ]- (a -f- j) -|- s are determined b; Art. 174. The logs, of the 
lecond members of these equations should be computed separatel;, for the purpose 
of readilj diecorering the signs of the sine aod cosine in the first members. The 
Kilution it determinate (according to Art 174) when the Bign of A ia given. 
From (327) we find, b; divialon, 

«»H(' + i') + -]-J±^i»i(--i') («28) 

which requires a less number of logs, than the separate computation of (327), bat 
we are obliged to refer tc (327) to determine (bj an inspection of- the second mem- 
bers) the signs of the una and cosine. 



we may compute (828) bj the formula 
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"^ Example. 




In {S2S) giTen . : 


= 200» 


, li =. 140°, m = — 0-42346 and R = — 0-20128, ts 


Bd » and *. * being 


posiUY( 












By (827). 








m + B 


— 002468 








m — B 


— 0-22222 








i(- + ^) 


170* 








ii—H) 


W 








log (n. + n) 


~ 9-7956676 








log COS i("-^) 


+ 9-9376306 


w 






.log2ts!n[i(- + ^) + »] 

Iog(m-«) 

log Bin J (._^) 


— 9-8581270 

- 9-3M7831 
+ 8-6989700 


(«) 






log2*coi.[l^ + ^) + '] 


— 9-6478131 


f-)-(*) 






Iogt«n[i(. + ^) + 


+ 2103140 

238''21'88''-6 
68°21'38"-a 


w 






log Bin H (" + *) + «] 


— 9-9801171 


f)-W 






log3t 
2 t 


-f. g-9280099 
0-8472107 



17S. A mote general solution of (S26) is the foUoiring.* Let y be anj angle ai- 
■omed at pleasure, and in (171) let 

(distingalsbing tlie t of (171) b; an accent) ; then ire shall find 

«in(.-^)Bin(j+l)= sin(.-j.)8in(^+j)_Bin(^-,)»in(a + «) 
la this let y (whole value is arbitrary) be exchanged for y + 90° ; then 
««(._« 00. (> + .) ™ - 00, (.->), in («+ + •"■ (»->)•!«(• + ■) 
Mnltipljing these equations by k and aubstituting ra and n front (826) 

i.ln(.-fl.l.(> + «)-".to(>-«-"*.(>-.) ) ,„., 

»d.(._«.o.(>+.)_™oo.(,_<)-.o..(,-.) ; 

wbioh (> being ngsumed at pleaaure), determine I end >■)-*■ 



..e.(. + .)- --i--j-- |(»" 

\t y ^ S, ve baTB a similar resnit. 

\t y ^ i {a -{. I)) ve obtain the solution of the preceding article. 

If i U required, without first finding i, we have, bj adding the sqnarefl of (830) 

tain C--g) =»%/[■»■+ "'-a^n'O'C'-ffl (882) 

* Qavsi. Theeria Molut Corporum Ccctatium, Art 78. 
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1 79. 7b find k and i front tht tgaaiiom 

These are rednoed to the form (326) b; anbetitating W-\-%KaAWl''-{-$tois uid B. 
Ve finil, howETer, b; > piooeBi umilar to that of Art. 177, 



(W) 

.otHC + ») + .]-i»(«-+»)t«iJC-C) J 

EuKPLi. la (S33] giTCD . =. 280° 16', B = 200° 10", m « — 062312, and 
« -= 0-69725, find i miJc, k being posiUTe. 

Am, t = 207» 5' 31"-4 i = 1-0273648 

180. The more general eolation ef (883) may be fonnd directly H-om (172j, bnt 



wiU be aimpler to obtain it from (880) liy BubatituUng 90» + <. for . 
>r 0, whence 


and 90" + ^ 


4Bin(.-/J)oOB(r + »)= msin(y-^)-nBin(y- 


i },8.0, 


bdng arbitrary at before. 
If y B 0, we find 

,._. -moo«fl+««o»- 




*^'--m,inJ+flaii,. 




«r-^ 





iBin (, + «) = 



-mcoa(» — g) + n 



".{.-C) [ C8»" 



iooB {, + .)_■„ 
It Y~i(' + 0), we obtain the solution (884). 
If £ Ib required directly, the aum of the BquoreB of (836) gitei 
i sin (a — fl) = ^ [m» + n» — 2 nn COB (■ — (J)] 
•> in Art. 178. 

■81. The solutions of the preceding artiolea may be applied to a single equation 
ot the form 

nsin (■ + .) = main (/? 4-0 
which Is ft more general form of (309). For if we assume 

i«n (. + .)_., 
wa have iaa (0 + x) i^ n 

whence t and j are foond by Arts. ITT, 176. 
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tSS Ja lihe miuuier, if the proposed eqnatioD is 

ire Mgnine 

whence k<soH(g + z) = n 

knd k and i are found by Arts. 179, 180. Aa the sign of k (in this and the prea»d< 
ing article) inajbe arbitrari); assumed, there will be two Bolitiong. 

Numbbicai. Equations of the Second add Tqibd Deoaeeb. 

IBS. To lolvt the equation 

a* + px+q = (888) 

»Afli J U eeienfiaUif potiiive, and p alhtrpoiUivt or negattnt. 
We haie ft'om (111), exchanging x for i, 

tan* J » — 2 coseo ^tanJf+lsO (339] 

and (338) may be reduced tc this form by Babstituting 

In which ve ma; take the radical onl; with the poaitiTe sign, nnce we maj Mtom* 
X and 1 to hare the same aign. We thos reduce (838) to 

^•+—'+1 = 

which compared with (339) i^tcb 

— 2 cosec * ^ 



^#=3- 






which gives two ralnes of # less than 360° and consequently two vslnes of z. If 
e be the least of these two Talues of # lesB than 360° (= 2 sr), all the TalucB of « whioh 

9, r — », 2 ff + ^ 8 a- — «, &o. 
ftnd all the Talaes of tan } # are 

tan \ e, cot } 9, tan { % cot \B, to. 

Hence the two roots of (838) are found by the formolie 

■n which 9 may be alwayf taken < 90° with the aigi: of its sine, and ^ j ie to be re- 
garded as a positive quaDtitj. 

ABlongaB2 v' 7 >B not greater than p, this solution is possible.but when 2 v'?'^I'> 
•in 0is not possible, and both roota are ima^nary ; which agrees with what Ib shown 
Id algebra. 
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184. Ta tolve Ihi equaiion 

whtn — g u emailiaUy ntgaUvt, p being either poiitive or negaUxt. 
Wa hfito, by (148) 

tan* }#-|-2cotftaii}# — I_D 
and (342) is reduced to this form b; gubatitatinj^ 

wIwum i* + -^ I — I MM, a 

The leqoired aolation is tberefore 

2 cot ♦ = -^, I = tan i # 

or Un 4 = ?.i:l?, 1 = ^7un J ^ (348) 

If Ih the least valiie of $, all the values of i which h:ile the same taagent are 
e. It -ire, 2 r -|- s, 3 ?-{-«, &o. 
and all the valaes of tan } ^ are 

tea } C, — cot } 6, tan J 8, — oot { B, &o. 
Therefor* the two tooU of (342) are foand hj tbe formulae 

taiiB = ?-5:^, i;,=^7t«i'i9, . i, =s — ^Too' i* (S**) 

In wMeh, m before, the radical is to be taken ai podtire, and 9<W with the sigo 
of ita tangent. 

In this case both root« are real, since tan 9 is always possible. 

185. To lolvt a numerical eqaalion of the thirddegrtt. It is sbown in algebra tliat 
any equaUon of the third degree maj be reduced to one in which the 2d term ia 
wanting; we need consider therefore only the form 

jt" + 01 + S ;= (845) 

To resolTB this, put 

we find (8y,+ „)(y + i) + y'+^+4„0 

Now I may be decomposed into two parts, y and i, in an infinite variety of waya, 
and we may therefore suppose that y and e are enoli as to satisfy the condition 

8y» + a=.0 

which reduces the first term of the preceding equation to 0, and gives the two ooB 
ditions 

»• = — f, a•■^-f•=—l 

Put y* = („ ** = (,: then we hsre 
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M tiiat, by the theoi? of eqiutions, I, uid ^ are the two roots of an equation of thg 
•ecoad degree in wMch the abnalnte l«nD is — -^ aud the coefficient of the aeoond 
t«Tm ia b i that is, t^e; are the roots of the equation 

l'+»l-J- = ■(.) 

If then we find &» two roots (, and ^ of (m) by the preceding methods we ahali 

It will be neeeaaaiy to oonsider the sign of a in the equation (m). 
Ist. Whm a it poiitive, (m) oitmes nnder the form (312) and the aolationhj (844) 
pre* 



Jl.y{«) 



2 / o" r^ r^ 



•nd if we asaiune 
thia beoDinea, by (142) 

Collecting these reanlta we haye, for the solution of (345), aAai a Uporitht, 

In which the rftdioals I — and 1 — are to be conddered podtiTe, and S Is to b* 

taken <90° with the sign of the tangent But two of the three valaes of -^ tan) I 
being imaginary, the given equation has but one real root.* 

_* ! 

* If r represent the real value of ^ tan ) e,and a„ s^ the two imaginaij roots of 
nuitj, the real Talue of i !■ 

and the imaginary TaloM are 

'•-Jri'-'-k) •■-Jt('--s-) 

•r linee a, ^ ^ 1 

» I 
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2^. When a u tuffotae and — 4 a* < 27 t*. Equalian (mj beaoUM 

'■+"+(-5-)-" 

knd IB of the form (SSS) ; its roots ara therefore fotmd by (841) irhich givet 
""* — yJ-27 = -J-27 6' 

matyW i -= /--I (^tan J 8 + ^oot i fl) 

n if wa .put, m before, tfui}ra^taDje,tlie eolution of (845), uAm a ii mgalh*, u 

I =1 2 / — -s- coaeo * 

whieli gtves one real root, (the other tiro being imapnarj, ai above), when ain 6 ia 
poaaible, i. e. when — 4 a" < 27 4*. • 

Substituliiig the Talaea of a, and a. 

">" ^: «.= ■ 2 

and b1*o r ^ tan J # — = aol\t 

we find I, =3 \ -^ [oot # + coseo ^ ^ — 8) 

z, =3 I ^ (oot t — coseo ^ v' — ^) 
•r Gnallj, x^ being the real root, the imaginarj roots are 

J, '.•/} ,' ._-y • 



*- The tno imaginary roots irill be faand, by a pmcest Bimilai to that emplo;e« 
u the preceding note, to be 



». = --r- 



*. = — -2" + -i-^co8*v' — 1 
in vbb:h z, ii the raU root found b; (847). 
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84 When o m luyaiine onrf — 4 o' > 27 S". In thisciiaeBinS, in (347), ia imposaihU 
tnd tJiO preceding solution fails. This ia the itriducible cast of Cnrdan's rale, llie 
roots appeariDg iioder imaginsr; Tonus, although it ia known that they are all three 
wal. It ia, however, readily solved trigone metric ally. 

In Art 77, pntling t for x, we have 

Bin- * — i sin # 4- i sin 3 ♦ =. (»") 

knd (34S) may be reduced to this form by substitating 



whence ^ + _i+_=0 

*o that we most have 

, so that X ftod I 
}«n3* = - or „n3* = -J-^=J— j7 



is which the radical is to be taken po^tiye, so that z ftnd i shall have the same sign. 
Compsriiig (W] and (n'] we have also 



which is a possible sine in the present case. We may therefore tate 
and the solution is 






which pres three real roots by the different valnea of 8 ft which have the hi 
If 8 ia the least of these values, all the values of 3 ^ are eipreaaed by 

2 n » + fl and (2 n+ 1)^ — 6 

n being any integer or ; and all the values uf « are expressed by 

Sm+i and 3 m — 1. 

whence 

If n ^ 3 nt -f- 1, we find in the same way 

Hat ^ Bin J (it — e), sin f ^ i S 

Ihe same as before. , 

If n =r 3 m — 1, we find both values to be 

•in » .in 1 (' + •) 
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■0 Uiat tner« are but three different ralues of lin #. Sabstitating tbese 
Uie three roots of (34S), tclun a u ntffath-t and — 4 a* > 27 i*, aze found 1 

s:,= 2 J— |. rinj{ir_fl}=. 2 / - | Bin (60» — } fl) 
i.= -2j-|Bmi(r+(i)--2j— I wn{60"+JS> 
in which S < 90° irith the sign of its sins, ukd the radicals are taken with the pon< 



1. SoWe (815) when a m 



EXAKFLBI. 

- e-lOlSlS, i _ — 6-766578. We find 



log 



i J 27 



which being greater thao vaj log. sine, we take its arithmetie«l complement and 
proceed b; (849). Then 

log ^ e = — 9-9974849 
fl = — 88''46'44" 
is — 27"65'84''-7 
logua —96705671 

0-4651B11 

logz. 0-4648966 



-2. Solve (345) when a _ — 7, and 6 = 7. 

Am. X. = 1-SQ68S6, i. c^ 1-692021, x, =a — 8-048917. 
a. SoIt* (846) when a _ 16, and i .= — 46. 

Aiu. The real root = 8'41tl8S7S. 
It may be observed that the algebraic earn of the three roots is always lero. 1b 
conaequence of the abeenoe of the term in i* from the given equation. This is eautj 
shown, from (849) where there are three real roots, and from the forms in the note* 
p. 98, where there are imaginary roota. This principle furnishes a simple verifica- 
tion of the valnee found by (349), 

< The sign — here belongs to the nnmber of which this is th« logarithm 
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DIFFEBEXCES AND DIFFERENTIALS. 



CHAPTER XI. 



186. In the applications of trigonometry, it ia often required to 
compute a function of one angle from that of an angle which differs 
from the first by a small quantity. In such caaes it ie generally 
moat convenient to compute the difference of the two functions, 
which may be applied to eittter to obtain the other. 

187. To find the increment of the sine or cosine of an angle, eorre- 
iponding to a given increment of the angle. 

Let the angle x be increased by i x, (this notation signifying dif- 
ference, or increment of x), and let the corresponding difference or 
increment of the sine be expressed by A sin x and of the cosine by 
a cos a: ; we have, by this notation, 

A sin X — sin {x + Ax) — sin x 
A cos a: =■ cos (a; + A a;) — cos x 
and by (106) and (108) 

A sin a; ™ 2 cos (a; + J A a;) sin J A a; (350) 

Acos a; = — 2 sin (a; + \ A a:) sin } A a; (^^I) 

which are the required formulae. 

We here consider the difference always as an increment, i. e. an 
increase, and give it the positive (algebraic) aign ; its eaaential sign 
may, however, be negative, and it will then he in fact a decrement. 
Thus, in (351) the second member will be negative ao long as 
i<180°, and therefore the increment of the cosine is negative ; 
that ia, from 0° to 180° the cosine decreases as the angle increases. 
In like manner A sin x is negative when x > 90°, and < 270°. 

188. To find the increment of the tangent and cotangent. We have 

A tan X = tan (a: + A a^) — tan x 
A cot a: = cot (a; + A a;) — cot x 
and by (116) and (119) 

A tan a: =< -, — r ; — — = secfa!+ Aa;) seca: siaAa: (352) 

cos \x + iix) cos X ^ ' 

- = — cosec (a: + A i) cosec z sin A a; (353) 



i(a;+ A2;)sin j; 
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180 njindlhtineraamto/thtMeantandaiaecant. We haye 
orb7(iaO)aiLd(lS2) 



2 8in( 


+ («.)B.il. 


COB 


(• + . !)<».. 


-2m 


(«+)»•) «»!»■ 




.(« + •»)"» 



100. To find the iaertmenli of 'h* >2uarei of the trigoHometrie fanetiaiu carrtipanding 
to a given inertmttU oj the angle,^ 
We have 



A Bin* I = Bin* (I + A i) - Bin' « 




= «■»! — MS* {I + 4 ») 




whenoe by (188) 




A Bin' X Es — A DOB* Z = UD (2 z + A z) nn A X 


(■M) 


From (116), (116), uid (119) we deduce 




u.-..>,--°<-jyit!r" 




..f. ..fj- -««("+>)"•("-») 








aw.-"'^' + "'''"'" 


(867) 


""'' "- oo,-{"+a.)orf. 


A..1-. -.>«P'+")«"» 


(868) 


""••■- d«-(. + ..).■.•. 


From (16) wc liaTS 




■..•(. + ».)-••»• (> + l') + l 




Beo»i=itan'i + l . 




the difference ef whiob giTcs 




48eC»I=4t«Il*I 


(868) 


end in die eeme menner, from (17), 




«ce.».'x_sonf. 


(860) 


and the Tttinee of 4 ten" I. a oof I. may be BubBtitnted in (869) and (86 


)• 



191. When the increment of an angle, or arc, ia infinitely amall, 
it is called the differential of the angle, or arc ; and the correspond- 
ing increments of the trigonometric functions are the differentials of 
these function 8. 

The differential of i ia denoted by da: ; of sin a: hj d sin x, &.o. 
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DIFFERENCES AND DIFFERENTIALS. 103 

192. To find the differentials of the trigonometric functioTts from 
the differential of the angle. 

Let the angle x and its increment Ax be expressed in the unit of 
Art. 11 ; or, which is equivalent, let x and Aa: be the arcs which 
measure the angle and its increment in the circle whose radius =• 1. 
It is evident that the less the arc, the more nearlj does it coincide 
with its sine or tangent ; therefore, whon Ax ia infinitely small, or 
becomes dx, 

sin dx = dx sin J da: =" J da: 

This may be demonstrated more rigorously thus. When dr is 
infinitely small, we have coa dx = 1, whence 

sind:c , , 

T T- = cos oa: = 1 

tan ax 

sin dx = tan dx 
hnt the are cannot be less than the sine, nor greater than the tan- 
gent, and therefore 

dx = sin dx = tan dx 
Again, when Ax is infinitely small, or becomes dx, we must, ac- 
cording to the principles of the differential calculus, reject it when 
connected with finite quantities by the signs + or — ; thus we must 
substitute a: for a; + dx, or for x+ ^dx. 

Upon these principles we find the differentials directly from the 

finite differences (350), (351), (352), (353), (354) and (355) as follows : 

d sin a: =• cos x dx (^^^) 

dcosx= — eiuxdx (362) 

dtan X = sec* xdx = {X + tan* x) dx (363) 

d cot a; == — cosec* a: da: = — (I + cot' x) dx (364) 

d sec X = tan x see x dx (365) 

d ooseo X = — cot a; cosec x dx (366) 

IBS. Id the same mumer the eqaatiooa (356), (35T), (368), (359) and (860) giTe 

d no' z =, — d odb' z = Bin 2 I dz (867) 



(8<0) 

(8711 
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194. Althoogh the equations (361), (362), (363), (364), (365) and 
(366), are rigorously true only when dx ia infinitely small, they may 
be used when dxia a. finite difference, instead of tte equations, (350), 
(351), (352), (353), (354) and (355), provided dx is aufficiently small 
to be considered equal to its sine without sensible error, and is also 
very small in comparison with x. Thia is very frequently the case in 
practice, and the differential equations are then preferred on account 
of their simplicity. It is only necessary to observe that dx must 
be expressed in arc, i. e. in terms of the unit radius ; if it is given 
in seconds, it may be reduced to arc by Art. 9. 

195. To find the differential of an angle from the differentiaU of 
tt» fvnetiona. 

Fiom (361) we have 

dx =■ (872) 

but it is conreoient in this case to employ the notation of inverse 
functions, Art. 87. Thus, if y = sin a:, a; = sin ~>y, and the preced- 
ing equation becomes 



*•"-!' -^TTftls (873) 



lb the same manner from (362), &c., we find 



<">«"-!' -;7(i^ <8") 



i'^^'V-^, (876) 

ii«ec-'y= ,% ,. (S771 
" y ^/ (J - 1) 

<ico.«c-'y- y^'j^.^^ (378) 
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CHAPTER XIL 
DIFFEBENCES AND DIFFEHENTLllS OP PLABE TEIANGLES. 

196. Ih trigonometrical investigation B it is 
often necessary to determine the effect of a 
small change in one of the data, upon the com- 
puted parts. Thus, Fig. 29, if A, AB and 
A C, of the plane triangle AB C, are the data, ' 
and AO is subject to an error of CO', the required parts will he 
subject to errors which are respectively, the differences between 
A OB and AG'S, A B Cand ABO', BO and B 0'. In the same 
figure, the data may be supposed to }>^ A, AB and AB 0, and the 
angle ABO may be regarded as subject to the error B C which 
produces the corresponding errors in the remaining parts. In the same 
manner, the data may be A, A B, and A OB, A OB being variable , 
or, A, A B, and B 0,B being variable. In all these instances, A 
and A B are congtant, while the remaining four parts are variable, and 
may be considered as receiving, simultaneously, certain increments 
which are related to each other. We propose, then, to solve the 
general problem : 

In a plane triangle, any two parts being eonttant, and the real 
variable, to determine the relations between the increments of the 
variable parts. 

It is evident that the solution of this problem resolves Itself into 
an investigation of the differences of two triangles which have two 
parts in common. We shall consider the several cases successively ; 
distinguishing the triangle formed from the given one by the appli- 
cation of the increments, as the derived triangle. 

197. Case I. A and c constant. Thesixpartsoftheglven triangle, 
ABO, Fig. 29, being A, B, 0, a, J, c, those of the derived triangle 
formed by varying all but A and c, s^e A, B + L.B, + aO, 
a + AO, b + a6, and c. In these two triangles we have 

A-\-B + aB+0-\-aO^ 180° 
whence aB + i^O = % aB A(7 (379) 
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AIbc in the two triangles we have 

a — c am A coaec C (ra) 

a + &a = c am A cosec {0 + A(7) (») 

the half difference of which by (355^ is 

, _ CBmAeoa{0+ jaC) am^aO , ^ 

* ^ " siaC8m(CTJG) ^^' 

niniAB " Bia^AO " Bia{0 + aO) ^ ^ 

The half sum of (m) aad (n) by ;i31) is 

csin AHiii(C+ ^aC)cos^aO 
'* + »^"^ BinCsin{(7 + Aa) 

which combined with (p) gives 

|Aa ^ _ jAa ^ a + i A« 

tan J iB " tan ^ A(; " tan (C + J At/) 

From (260) we haTC 



b — e COB j1 
whence 

b — ecoe -4 = c sin j1 cot 
b + a6 — c cos J. = c sin ^'* cot (C + A(7) 
the difference of which by (353) is 

csinA sin ^(7 

'^ 8iE(78iii{(;+AC) ■ 



a6 



aAB sin AC Bin(C+ A(7) 



(381) 



(382) 
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DIFFEKENCKS OF PLANS TRUKQLES. 
Thifi equation gives b; (135) 



Bin J aC cos J AC tin {0+ AC) 
and dividing (380) by this 

A»_oo. (C + iA g) 

Zi eSTjAO" * ' 

It is to be observed that the increments (or lialf increments) of 
the angles must be deduced from their sines or tangents, since it is 
only by these fanctioas that a small angle can be accurately deter- 
mined. Moreover, a small arc being nearly equal to its sine or tan- 
gent, the equations (880), (881) and (382) express very nearly the 
ratios of the increments of the sides to the increments of the angles, 
or rather to those increments reduced to arc by Art. 9, or Art. 54. 

198. Case II. A and a constant. We have ns in the preceding 
case &B — — £^Q; and in the two triangles 

bsm A= a sin B 
(S + Ab) 6mA='a sin {B + aB) 
the diSerence and sum of which give 

J a6 sin J, = a cos (5 -f J aB) sin J aB (p) 

(6 -f J Ab) sin ^ = a ein {B + ^aB) cos J aB 
whence by division 



(384) 



tan ^ aB 


jAi 

tan JaC 


J+JAJ 
tan (S + } AS) 


In the same way 






iAfl ^ 


tan Ja5 


C+}A« 


tan J AO 


tan (C + i At') 


From the equations 





(385) 



c sin X = a sin (7 
(c -f Ac) sin J. = a sin {0 + aC) 
iAcsin^— aco3{0 + J aC) sin J AC 
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which combined with the equation (p) girea, since sin JaC=— aia^AB, 

From (p) we also have 

^a6 _ _ jAi _ 6coa(g + ^AB) 
sin J a5 " (da J AC "" sinB 



(387) 



which, when A & is to be fonnd from aB, is more convenient than 
(384). In the same way from (q) 

JAO ^AC C 003 (g+^ AC) ,„„j-, 

BiniAt? " ~ Bia^AB "' '^~G .^^^^' 

199. Cask III. h and o con»tant. We have 
esm B =s b ain C 
« sin {B + aB) « J Bin (C + aC) 
the Bum and difference of which give 

c Bin (B + i aB) cos J aB = S ain (C + } aC) cos J aC {p) 
ceoB (B + J aB) sin i aB = J cob (C + i aC) sin J aC (3) 
the quotient of theae givea 

*""i^g ^ tan (B + ^aB) 

tan J AC tan (C+ J AC) '^ ^ 

By (22k) we have 

a —■ ft cos C + c cos B 
a + Ad — J cos (C+ AC) + c cob(B +AB) 

the sum and difference of which give 

a + } Aa = S cos (C + i AC) cos J aC+ e COB (B + i aB) COB I aB 

— }Aa=.ft8in(C+ jAC)BinjAC+ <;ain(B + JaB) ain J aB 

These expreasiona are reduced by (p) and (5) to 

a + iAa=ccoB(B+ jAB)cosjABcot|AC(tanjAB+tanjAC) (r) 

— J Aa=c sin (B + J aB) coa J aB (tan J aB + tan i aC) («) 

and by division 

JA fl ^ a + \Aa 

tan iX? cot (B f i A-B) ^**''"' 
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In the same way we have 

tan JaB " cot (C + J A(7) 
Since the mun of the three angles is constant, 

i (aS + AC) — - i aA 
therefore hy (115) 

" ' cos J Aflcos JAU 

sin J aA 



cos^ AScos^aC 
which substituted in («) pves 

^Aa _ c sin (-B + ^ A^) 

sin ^ A^ cos ^ AC 

and in the Bame manner 



jAa 
sin J a3~ " 


iainCC + jAC) 
cosJiB 


n (r) we find 




Bi„li(7_ 


<;coa(S + jAB) 


sin JaA 


a + iAa 


sin } A£ 


Seoa(<7 + jAC) 


sinjAX 


+ jAa 



whence also 

By differencing the equation 

(i» ™ J* + c* — 2 Jc cos A 

we find instead of (392) aud (393) 

^ Aa _ he sin (A + ^ A^) 
sin J aJ "" a + jAa 



(892) 



(393) 



(394) 



(89ff) 
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200. Case IV. A and B constant. We have 



em j1 ^ ' 

whence M ^ - — -j Aa 

In this case the tMrd angle is also constant and there are bat 
three variables related by the equation 

sin ^ sin £ sin C ^ ' 

This case is not strictly included in the general problem as stated 
in Art. 196, since the two triangles have not two parts in common. 

201. The second members of the equations (380), (381), (382), 
(383), (384), (385), (386), (387), (388), (389), (390), (391), (392), 
(393), (394), (395), (396), involve the increments themselves, which 
are the quantities sought. It is therefore necessary, in many cases, 
to solve these equations h-j luccessive approximations. 

For &Jlrgt approximation we consider the increments in the second 
member to be = 0, employing 5 for 5 + ^ aB, &c., and tiiking 
cosj AB= 1, &c. This will evidently produce but a slight error 
BO long as the increments are small as compared with the entire 
parts of the triangle. We then obtain a seeond approximation, by 
recomputing the equation in its complete form, employing in the 
second members the approximate values of the increments. With 
these second values we may, in the same way, obtain a third approxi- 
mation, &c. Theoretically, it requires an infinite number of such 
approximations to arrive at a perfect result ; but in practice, the 
tenths or hundredths of seconds being the limits of accuracy, it ia 
rare that more than a second approximation is necessary. 

It is also to he observed that in computing the values of small 
quantities such as the increments in question, we may employ logar- 
ithms of only four or five decimal places and take the angles to the 
nearest minute. This is in fact one of the chief advantages of com- 
puting by differential formulae, rather than by the direct formuln 
applied to each of the two triangles successively. 
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Example. 
In & plane triangle whose parts are 
^«58''41'48"-9 5 = 35" 11' t 
a = 6053 b = 4082 



(7=86° T'T-T 
c = 7068 



let A and a be constant while b is diminished hy 50-5 ; to £ 
change in the angle B. 
We have in this case a5 = — 50-5 ; and by (887) 



ajAB = 



J i& sin B 
h cos (5 + J AS) 





1st Approx. 


2d Approx. 




JaJ 


- 26.25 






S 


4082 






• B 


85° 11' 


85° 11' 




}iB 





-15' 




B+ Ji£ 


35° 11' 


34° 66' 




log J AS 


- 1.4023 


l 




«r. CO. log. b 


6-3891 


V - 7-5520 




log sin B 


9.7606 


/ 


U. Co 


.1.003(5+ JAB) 


0.08T6 


0-0863 




log. .in J aB 


- 7-6396 


- 7-6383 




JaB 


-15'0" 


- 14' 66".8 



It is evident that changing the angle B + \ &B by only three seconds 
would not affect the fourth place of its cosine ; a third approxima- 
tion is therefore unnecessary, and we have finally aB = ~- 29'53"-6. 
As the log. sines of small angles do not vary proportionally with the 
angles, it will conduce to accuracy to employ the methods explained 
in Art. 115. 

Differential Variations of Plane Triangles. 

202. The equations (380), (381), (382), (383), (384), (385), (386), 
(387), (388), (389), (390), (391), (392), (393), (394), (395), (396) and 
(897) become differential by making the increments infinitely smalt, 
that IB, by omitting the increments when connected with finite quanti- 
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ties by the signa + or — , and substituting tte increment itself for its 
sine or tangent, and unity for its cosine, (Art. 192.) The character 
d must also be substitnted for a. These changes being made, we 
easily deduce the follovring diSereotial relations. 
Oasb I. A and e corutant. 

dO 
— a cot (7 





dB 


= 


da 
dB~ 


da 
~dO 


- 


db 
JB~ 


db 
dO 


- 



sin d 



(898) 



Ca8B n. A and a eonitant. 



dB - 


-dO 


db db 
dB~ dO~ 


bootB 


de dc 
da~ dB" 


ecotO 


db 

de ~ 


cosS 

COtO 



(399) 



Cabb in. b and e eonttant. 

dA + dB + dO'-O 



Y^esinB^imnO 



(100) 



dB 

dA' 
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Case IV. The angles. A, S, 0, constant. 

da dh dc 

sin A sin B sin Q 



(401) 



208. Theae differential relations are often employed when the in- 
crements are very small, instead of the equations of finite differences. 
We have already Been that the equation of differences often requires 
to he solved by successive approximations, the first approximation 
being in fact obtained by employing the corresponding differential 
equation. In all cases therefore where a second approximation in the 
use of finite differences could not alter the result of the first, it is 
plain that the differential equation is sufficiently accurate. 

The increments of the angles must generally be expressed in arc. 
Thus if dB is given in seconds we must divide it by R" = 206264"'8, 
or substitute dB sin 1" for dB. 

But in such fractions as -jnt this substitution is evidently uano- 

cessary provided the two increments are always expressed in tho 
tame unit, as minutes, seoonds, &c. 

Example. 
In a plane triangle whose parts are 

^ = 58°41'48"-9 5 = 35°11'3".4 = m° T 7"-T 
a = 6053 h = 4082 c = 7068 

suppose b and c to he constant and the angle ■A to receive the incro- 
ment dA = 20".6 ; find da and dO. 
From (400) we have 

da = dA sin 1" c sin £ 
,_ — dA ecosB 
a 
hgdA 1-8139 log (- tLl) - 1-3139 

log sin r 4-6856 logo 3-8498 

logc 3-8493 log cos £ 9-9124 

log sin B 9-7606 ar. co. log a 6-2180 

log da 9-6094 logdC - 1-2936 

da 0-407 dO - 19"-7 



16 
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204. The error af emptojiag the differentialB id any CD.se ma; be determiaed ap- 
proiimately bj developing the equation of finite differences and comparing it with 
the oOrreaponding differential equation. We shall select a simple eiample. 

Wb hdTB from {387) and its oorresponding differential equatjon in (899) 

ab= i cot £ oB sin 1" 
the first of which when dereloped ^tob 

or BnbBtitnting aia i e^ = i Ul Bin 1", sin ( aS =a ( a£ sin 1", and also B for 
S 4- ( aS in the second term, which will afieot so small a term bnt slightlj, 

b 
ai =s b cot B &B Bin 1" — -^ (aB sin 1")* 

Comparing this with the differential equation aboTe, the error of employing th« 
latter is approximately 

-l(ABBinVr 

which for iB _ 1° is — -000016 b. 

It appears from this example that the error is expressed by a term involTing the 
tjuare of the increment; and if we deielop all the equations of finite differences we 
shall find that they differ from the correBponding Uifferenlial equations by terms in- 
volving the squares and higher powers of the increment. Hence, employing tkt dif- 
fertntialt xiutead of the jintie difftreneei amovnii to neglicling the termi involving Iht ipiaret 
and higher poweri of the increnunti. 

205. The differential relations abore obtained conld have been deduced more di- 
rectly from the formulce of plane triangles by differentiation, employing the values 
of the differentials given in Art. 192. Thus in Case I, A and c being constant, if 
we differentiate the equation 

a ^ e sin .^ coseo C 
we have da = eain A deoMcO 

= ~e6iaA cot (7 coseo Odn 
= —amiCdG 
w in (891?) 

The Btod^nt may exereiw himself by dednotng the other relations of (B08), (SWH 
and (400) in a gimiUr manner. 
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CHAPTER Xm. 



206. The investigation of trigonometric) series ia most readily 
carried on with the aid of a few elementary principles of the Differ- 
ential Calculus. All that will be required here will be no more than 
is generally given in the first chapter of a treatise on that subject, 
namely, the differentiation of simple algebraic functions, and Taylor's 
Theorem. We shall employ the following expression of this theorem : 

f^+ *)=/. + ^^4 + ^-S + ^S4a ^*«- W 

in which fy denotes what f [y +K) becomes when A = and 

-^, —^, &c., are the Baccessive differential coefBcients, or de ■ 
dy dy^ 

rivatives o( fy. 

207. To develop am x and coax in terms of x. 

We shall first develop sin (y + x) and cos (if + x) by (402). By 
{361j and (362), if 

/y = Biny 



eP.fy d cos y 



da' 


d sin tf 

d, " 


d'.fv 
dy' 


d cosy 
dy =* 



• The leading reaulta of thli Chapter being of yery general ntility and oonBtsnt 
application are printeil in the larger tjpa, but as they are not refetreJ to in the ?nb- 
aequent large print of tbia worli, and moreover reifuire a limiteil acijaainiance with 
the Differentin] Calculus, the student can omit them at the first perusal, and pasa 
directly to Part U 
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BO tbat the values of the coefficients of the serius (402) recur in th« 
order + sin y, + cos j, — siny, — cosy, and therefore/(y + i) " 

Bin{y + a:) = 8inj/ + co8y-j- — siny-j-^ — cosyj-g^ + ftc. (403) 

If we commence vi.th 

/y — cosy 

the coefficients will recar in the order + cosy, — amy, — cosy^ 
+ siny, and (402) will give 

X x* x^ 

cos {y + x) = cosy — Mny -j- — eosy-j^g- + sin y y;2^ +^*'' (*"*) 

If now we put y — in (403) and (404), sin y =. 0, cosy — 1, the 
alternate terms of the series vanish, and we^have 

™ "^ - T - rM + 1-2-3-4-5 - l-2-3-4-5(i-T + ^ ("'> 

•»• » - 1 - T2" + H^fi - 1-2-3-4-6-6 "■■ *°- (*™) 

It may he observed that (406) can be deduced from (405) by dif- 
ferentiation, 

208. The series (405) and (406) are directly available for the con- 
struction of the trigonometric table. For thb purpose a: in the series 
must be expressed in arc, since (361) and (362), upon which the pro 
cedmg demonstration rests, require a; to be in arc. Art, 9, 

ESAHFLE. 

Find C08. 10°, Reducing 10° to are, by Art, 9, we have 
21 = 10 X .01745329 = -1745329 
and computing separately the positive and negative terms of (406), 

1 " 1- - ■— = - -01523086 

** _ nftArtoftftfl _ J£_ ^ _ .00000004 



1-00003866 — -01523090 

- -01523090 



cos 10*= -98480776 
agreeing with the tables, which ^ve -9848078. The student may, 
for practice, verify any other sine or cosine of his table. 
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SOB. 7b detrtlap t&n x m termt 0/ x. 

Bepreaentiiig the coefficients in the Mtlea (406) and (406) bj lett«rB, ire hsTs 

...,.- — •■■' + '■-•— ■■• + »'■ <«: 



InwMoh 



1-2- 



- ho. 



If we perrorin the diTision of the nnmerator by the denominator, we percei re that 
the result will be a series contunihg only odd powers of z, and conimenc[ag with the 
term x. But as the law for the auccessiTe formntioa of the ooefficienta is not eaail; 
shown in this way, we ahall resort to the following process. AsBome the series to be 

tanis=c.i+=.i*+c.i'+&<J. («i) 

And differenU»t« it; we find, by (303), after dividing by dx, 

1 + tan' I = c, + 8 e. »• + 5 c. I* + &o. 
or, ainoe from the diiiaion of (407) we know that c, es 1, 

tan* I = 8 e. I* + 6 <!, »:* + 7 e, I" + Bti !■ + &o. (•) 

The sqaaie of (in) is 

tan'i = e. c.I'+e, c, I I'+e,!;. I 4.'+e,c i" + &c. 
+ e, e, I + e, e, + c c, + &o. 

+ «,(. +&» 

which compaied with (a) gives 
1 



(i=l(B, «,+ .,*.+ =. e, + ., 



&c. 



&e. 



where the law of derivation is obvious. We have preserved the factor <„ although 
It is equal to unity, in order to render this law more apparent. 

Since the first and last terms of these eipressions are equal, as also the Ums 
vqnally distant from them, we may write them as follows ; 



-jT (<■ '0 
(2 4.,) 

(2..i,+ C«J 
(2 .,.. + 2...,) 
j(24,,+ 2c, ., + .,.,) 
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in wbleh form aoj ooeffiolsiit «,, ^ , ichm n it evtn. Is ezprBSBod \>j — temu aQ o) 

whose coefBcieala are ^ 2 ; uid vA«n n U odd, by ■ ~\ ■■ terms all of irhoaa coeffi' 

oieats are 2 eicepC ibe last, which ia I.* 

If we now BubaUtute the value of e, =: 1, and deduce the numerical values of the 
ooefGcieiita auccessivelj, we ehall find 

.» — + ^ + 4f + ^+^^+aSlil + - '-) 

210. Tb devtlop cot x in termt of %. 
If we iDTert (407) we have 

and the first teim of the actnat diTision ia — , Uia aeoond term — (a, — a,) x, and 
the sneeeeding terms evidently iDvoIve only the odd powers of i. Therefore let 

cot a: = — — d, I — ^ x* — rf, I' — 4o. (o) 

The ooefficienta cannot be determined by the method of the preceding article In 
consequence of the negaCiTe eiponent in the first term ; bat they are directly de- 
dacibia from those of the series for tan z. We have by (142) 

tan I = cot j; — 2 cot 2i (p) 

Now the series (o) being true for any value of z will pve cot 2 z by aubstituting 2 x 
for I, whence 

2 cot 2 « = i- — 2- rf, 2 — 2* rf, i:* — 2* J,!- — &o. 

Bubtractlng this from (o) we have by {y) 

tanz = (2»— l)<f,!i;+ (2' — l)rf,«'+ (S- — 1) J.i' + 4o. 
Designating the coefficienta of (408) by e„ t^ t„ &c. we have also 
tani= «,« + CI- + "^^ +&0 

and the comparison of 'these two valnes of tan x gives 



2'_l (2 — 1) (2+1) ~ 1-8 

a. '' ". «. 

^ 2* — 1 (2'— 1)C2*+1) 8-6 

**' ~ 5'"=rT " (2'— 1)(2'+1) '^ Ta 



* Enter, and after him Cagnoli and others, malie these coefBcients depend upon 
those of the series sin x and cos i, but the number of given quantities by which 
•ach coefGcient is expressed ia double the number required in the method of the t^xk 
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flubsUtating the t&Iii«s fiwm (403) 

c =1 = -i c ^ ^ te. 

utd rednoiDg the coeffioients to their 8ijBplo»t fonoB, we Gad the aeries (o) to be 

°" ■ - 7 - f - A- - fIt - 8W - i-'i-va-u - *•■ '■"•l 

211. B; ft process Nmilar to that of Art 209, but which we leave to the etudeni, 
wo find 

eeo ^ = 1 + - + ^ + ^j:^^ + ^,:^ + &o. (411) 

And from (408) and (410) by means of the formola 

. ooBeci=.i{coti«+tanix) 

we find 

'^**'^=r + W+2W+ 2'-SSt + 2W7 + *<^ t"^' 
212. To develop sirT' i/ in terms ofy. {See Art. 87). 
Let X =■ iiiT'y (or aia a; =^) ; then by (373) 

dx 1 „,, «_i 

Developing the aecond member by the Binomial Theorem, 

As this contains only even powers of y, the series from which it 
would be obtained by differentiation must contain only odd powers 
of y ; therefore, let 

X'=a^ + a^ + a^' + a^y' + &c. [n) 

There will be no term independent of y if we limit x to values be- 
tween and ± 90°, for then when ^ = we must also have x = 0.* 
Differentiating, we have 

dx 

^ = «i + 3 «,!/» + 5 ajjf* + 7 '1,3''' + &c. 

which compared with (m) gives 

a,= l 30,-2 ^"^^^i ^ = 2^6^"- 

* The series (418) obtained aader tbis limitation eipresBes but one of the lalues 
of Bin~'y, but if we denote the eerieB by i, we sholl have by (95) the following ei- 
preeeion, including all the Tatnes, 

■in-S _»,+ (_!)•■ 
n bciDX aa integer, peeitire er uegntiTe, er lerp. 



D,.i.,cdb,Google 



120 PLANE TEIGONOMETEr. 

therefore (n) becomes 

, 1 w» 1-8 tf* l-S-5 V* 
,_8in ■y-y + -.Z: + ^.^ + __.Z. + te. (418) 

It is unnecessary to develop co8~'y since we have 
cofl-y--|--Bin-y 

213. To develop tan-'y. Let x => tan-'y, then by (375) 

dx 

^ = (1 + y*) -» = 1 - y» + y* - y« + &c. (mj 

from vhich we infer, as in the preceding problem, that the required 
series contains only odd powers of y ; therefore let 

x = a^ + a^ + ay •{■ Ojy' + &o. (») 

dx 
then ^ = a, + 3 Ojy' + 5 a^ + 7 a,^ + Ac. 

which, compared with (m), gives 

a,=.l 3aj--l 5fl,=»l 7aj--l&c 
■0 that the scries is 

a: = tan-'y=y — jy' + iy' — 4y' + ic. (414) 

214. To compute the ratio (= tt) of the circumference of a circle 
to ttB diameter. 

We have heretofore assumed this ratio to be tnown from geometry, 
where it b found by means of circumscribed and inscribed polygons 
which are Made to differ from the circle by as small a quantity as we 
please; but (414) enables us to express its value in a seri^g. We 

have tan -J- — 1, therefore if we make y ■!> 1 in (414) we have 

But this series converges too slowly to be of any use. To obtain a 
npidly converging series ymust be a small fraction. We might em- 
ploy tan ^ = '— (Art. 29), but in consequence of the radical, it ii 
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umpler to resolve -j- into two or more arcs whose tangeota are known, 
and to compnte the value of each of these arcs hj ihi series. To 
effect this let 

-^ — tan-' ( + tan-' if {416l 

then by (123) 

whence ^'^T^t f*"' 

from which, assuming any value of ( at pleasure, the corresponding 
Talae of f is found. 
If we take * = J, we find C = J ; therefore by (416) and (414) 

— ™ tan"' J + tan~ 'i 
4 

= {i-|(i)'+M)'--} 

+ {l-l(4y+4(i)*-*4 '*''* 

A few terms of these series give 

JL. = .4636476 + -3217606 - -7853982 
4 

T = 3-14159 

more accnrately jt =■ 3-14159 26535 89793 

If we take ( = -j, we find t'=-r, but the above suppoution la 
evidently the best adapted for rendering both series sufGciently cod- 
vergent.* 

215. To retaba sin x and coe z into/acloTi. 

The MiieB (106) ahows that z is a factor of riu x, and gi<rM 

* 8«e Kon at the end of tlui ohaptet, p. 124 
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uid &« faotoH of the seriea irithln tlie parentheiiB mast eridentl; be of tlie form 

• '-J (») 

A beii^ a conatiuit, bat haTiiig a diSeTent value in each factor. The required factors 
muBl be SDoh aa to reduce the second member of ( j>) to zero whenever tbs first 
member is zero. Now ein z is zero for the value z ^ 0, whence z is a factor as al- 
readT seen, and also for x ^ diznt, n being any integer / therefore the general 
vatsj of (q) is 

whence ■!=.«■•' 

wbioh, substituted In (;), pves as the general factor 

Making n Bueeessirel; ss 1, 2, 3, &o., the equation (p) becomes therefore 

•^-'i'-^^)i'-A-){'-^)■■■ ' . <«" 

The factors of cos z in (406) must also be of the form (;) ; but cos z is lero for 
K ^ ± (2 n-^ 1) -^, n being anj intoger or zero, and the general value of (9) U 

(2n+l)V^_ 
A.T 

, ^ (2n+l)»^ 
whenae A = ^-^ — 

which, sabstltatod in (q), gives the general factor 

(2.+ l)-^ 
Making n soaoeBsiTely c= 0, 1, 2, S, Ac, we have 



■(-K)0-K)('-K)- 



216. LoganthntK Btiei and eotinet. B; means of (419) and (420) the logarith 
unes and cosines of the tables are readily computed. 



-•■f-^('-?)('-?)('-?)- 

~»t-(.-¥)(.-?)0-S)-. 

Kod taking the logarithma 

l.B».-^ = legf + Iog.+ l.s(l-5) + lo|!(l-5)+ ■ 
log... J^ -leg (l-^;) + l.g (,_ ^1) + leg (l-^:) + . 



Di„B,db,G(50glc 



IBiaONOMETBIC SERIES. 123 

DaTeloping thMe loga. bj the known formula 

l.S(l -»)--»(»+}■•+ J »■ + »..) 
(iairliiali M = madoIiiB of oonunon logs.) and arraiiging according to the poireriol 



, Jf/1 



?(i+i+i+»«-) 



„■ £l'i + i + 



-'•i(i + l^ + ^+'-) 



■^--"■T(T-+-8i + 

-"••f(^ + ^ + 



+ »••) 






B; Btuniiiiiig the oonsUnt numerical aeries, and snhaUlntiiig the value of the mo- 
tatni M s -48429 44819 and alio of ^, these formulsa become 



log ein —■ = 10-19611 B8T70 + log n 



— m* X 0-1765964471 

— m- X 0-0146889690 

— «■ X 0-00280 11790 

— n" X 00004268450 

— m" X 0-00008 49076 



— m'* X 0-00001 70758 

— Bi"X 0-00000878TO 

— m" X 00000008284 

— m" X 0-0000001841 

— tc 



log eos -5- 



■ 10 



— m* X 0-6867893412 

— ffl' X 0-22083 45350 

— m" X 0-14497 43181 

— ra' X 0-10859 046S8 

— m-X 0-0838608736 



— n-'X 0-O72882E502 

— m'"X 0-0620420818 

— m- X 0-05428 68115 

— >»■■ X 0-04825 49426 

— 4e. 



* See the preface to Caltet's Tables, for the ooefficiente of these series carried to 
20 decimal places, and for other fomu giTen them by which thej are rendered (till 
more coQTenient 
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Compnta tog am B". W« hn» 

ud therefor* bf (421) 

log iln g« — 10-19611 08770 — 1- 

— 0-00178 6IK46 

— 0-00000 14689 

— 0-0000000023 
B 10-19611 08770 — 1'0017874357 

logdii9«_ 0-10483 24418 

217. If in (410) we pnt s =. -^, ire hare 

-«l = ' = T('-i)'(>-T.)('-i)- 

-f(^)(^)C-^)- 

> (2-l)(2 + l)(4-l)(4 + l)(6-l}(e + l). . 
2 3. 2. 4. 4.0. 6.. T 

2 2 4 4 S 6 



which ii WaSit't expresaion of 



Non to page 121. Compulation of r. Mbdj other series beeidee Uiose oF Art 
214, ma; be given for computing t. One method of obtaiaiog Uiem is to resolve 
U>n~' ( and tan~' f into two Others, and thos make J t to depend upon three or more 
UM. From (194) we easily deduce 

tan-" — =3 tan-* — ■ — + tan-' -r-; ;-^ (a) 



in which m being given, n ma:r be assnmed at pleaeore. The numerators of the 
tractions in the last term* will reduce to unity when n* -|- 1 ii divisible bj n ; if 
therefore we aasume n and ji so as to aatisry the oondition 

«Te ilutU have 

t«n~' — ^ tan-' — -, [- tail— ' — ; — i«i 

. . 1 . _. 1 . _, 1 
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For example, let m = 3 ; then m' + 1 = 10 = 1 X 10 = 2 X S, s 
ttke n s 1, ji = 10 ; or n = 2, p = 5, whence fay (rf) uid (e) 

t«l-^ = t.t.-i+tan-l 



Snbafltntdiig In (418) 



-2t««--j-+ui>--5- m 

The eqn&tioii (/) waa employed by Clauses of Oermany, tn eompatdng t to 200 
decimal places, and [g) was employed by Dase, a!eo of Germaiiy, la compntiag w to 
the eame number of figures. Tlicae catnputationa were carried on indepeodeatly of 
each other, and the resalts when communicated to Sceumaohes, (who givea them in 
the Astro Domiaclie Nachricliten, No. 589), were found to agree to the last figure 
They prove the talue preriously found by Mr. Rutherford to be erroneoua beyond 
the 160th figure. - 

By means of the formulie (a), (i), (0, {d) and (<) we may again Bubdiride th» 
aroe as often ae we please. Thus, it ia easy to deduce 

J_2t..-i+l„-i- + 2...-^ 



which last ia known aa Maehin't fonDula. In deducing it we have reduced the d^- 
firmee at two arcs to a single arc by meana of formala (a). 
Another method is, to find by trial, or otherwise, an arc a mnllJpIe of wWeii ia 

nearly equal to -^, and whose cotangent is a whole number ; and then deduce tlM 

1.2 

Digitized by GpQgIC 



PLASE TRIOOHOHETRT. 



difference between tliit multiple uid -j-. Tims It is known (from the trigonomelna 
tnlilea) tbut Cat 11^16' ^ Gueftrlj; thereTore It/ the Ust formnU of Art. 79, pnttlng 



_ 1 . __. 120 



,120 r . __. 120 



- T — tftir-' -TTTT — tW*"* 1 = t< 



^ = 4 t«n— g tan-* ^gg 

Ml wu found KboTB. 

If we resolTe ton-' -^^ bj meui* of (e), {d) ud (e), we Imt* n — 289, 

m* -f- 1 ^ 67122 := 2-13* ^ np, which offers sererkl ioppositions for n uil p ; if 
we take » m IS* =3 169 andi? = 2-13* = 838, we find bj (<) 

f = 4t«-i-t«.-i + tan-l 

which wsB employed bjr Raiherford. 
If w« take « — 1, j> » 67122, we find b; (<f) 

* ,. _ 1 . _. 1 . _ 1 
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CHAPTER XIV. 

EXPONENTIAL FORMULAE. TRINOMIAL OR QUADRATIC PACTOES. 
218. To demonttrate Euler's formulas 



6mx = \ («•►'-> + e--f-0 (424) 

in which eUike Naperian base of hgarithmt, or. 

It 18 ehown in tlie theory of logarithma that 

wtcv© for hrevity we write 

(1) = 1 (2) = 1.2 (3)- 1.2.3, &0. 

We ha^e by (405) and (406), employing the above notation, 

COS« = l-^j + ^-^ + &C. 

■""-(I)-(5j + (5)-(f) + *°- 

the terms of which are the same as those of (426), hot with alternate 
aigns. If the signs in these two aeries were all positive, the sum of 
the two wonld be equal to (42(j) ; and it is evident that we shall niak« 
them positive by Bubstituting 

x^= — ^ or x^z^/ — 1 
winch gives 
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^-^-8ma: = ^ + ^+^ + ^^+ic. 



But 

_1_ _ -1 

therefore 

0083!— %/—l BiDr— e-->'-' (427> 
If in thia equation we substitute — x for x, we h&ve, bj (56), 

coaa: + %/ — 1 sina: — e't'-' {428j 
The Bom and difference of these equations are 

2 cos a: — e-t'-' + g-'V-i (429) 

2^/ — lain a; = e-»' -' — «-■>'-' (430) 



-^/-l, 



whence (424) and (425). 

219. The quotient of (430) divided by (429) is 

v--itan.= ^;,7_'-;::;::: -g;;^ (431) 

220. If we put 

y =. e"»'-' — cos I + v' — 1 sin a: (432) 

we have y~' =■ «~" *" "• ™ cos a; — */ — 1 sin a: (433) 

and (429) and (430) become 

2coaa: — y+y-' (484) 

2 • — 1 sin a: = y — y-' (435) 
If ma: be substituted for x in these formulie, we have 

y" ™ «*" •'"' ■- COB mx + v' — 1 sin not (436) 

y-* = e-«- y-i = cos ma: — %/ — 1 sin »«: (437) 

2 cos ma; = y~ + y" (488) 

2v' — isinma:— y"— y-» (^d) 
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221. Sfoivre's Formula. The value of y" from (432), compared 
with (436) gives 

(co3 a: + \/ — 1 sin a:)" = cos mx + v^ — 1 sin mx (440) 
which ia Moivre's Formula. It shows that the involution of the ex- 
pression cos a: + \/ — 1 sin a; is effected hy the multiplication oi 
the angle. 

Again, if we multiply (432) by 

cosy + v* — Isina;' = «''''■■' 

we have 

(C03 3: + %/~lsina:) (cosa:' + a/- Isina:') = et-*-^>'- » 
= COB (a; + a:^ + • — 1 sin (a: + x') 

which shows that factors of this form are multiplied by the addiuoi. 
of the angles. 

We have also 
(cosa;+\/ — l3ina!)(cosa;— %/— l8in3:)=C08'a;+sin°a;=e°=*l (441) 

222. Oeneral/orm of Moivr^t Formula. Aa long SB m is an integer, both memben 
of (440) o&n haTe bat one Talue { but if ra ^ — the first membei becomes 

(coaar + v'-l Binj:)^ = y {cMl + ^-1 sinl)» 



■ has bat one vaJos. 

Id order that both memberg may hate the same generality, as ahonld be the ease 
with every analytical eipreaaion, it is necessary to suppose that we take for the are 
z not merely tlie aro leas than the circumference which has the giTen sine and cosine, 
bnt also all the arcs vhich have the same siue and cosine ; that is, e deooting the 
circumference, all the arcs 

z, x+c x + 2^, i+8c,&o. 
Now (here is an Infinite namber of these arcs, -but only q of them can pve different 
Talues to (a) ; for all the talaea of the arc in (a) will be 






^P' V „ I (g— !)■?« 



* That is jTalnesreaZ and imaginary; thus it Is shown in algebra thM v'"' ^ + ■ 
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- = — ! + /« h»3 the Hume sign and 
= ^^1+ ^J +;w the Bame Bine anil ec 



1 

to that after tte Grat g terms of the above Beriea, the same values of the si 
oosine return ad infinitum. Repreaenting, therefore, the circumference by 2 r, 
the equ&tion is entirely general under the form 

(co„ + ^_lBini)T=oo8i(2n^+i) + v/-li;a-^(2«*+*) (412) 

in which n is any number of the serieB 0, 1, 2. 3 g — 1. 

228, Tr^onometric txpreniom of the rial and imagmary rood of uniQr. 
U z = in (442) it gina 

(1)^= coB-^2nT + ^ — lBiii42«r (448) 

or (])- = cofl2mn»- + v' — Inn^miiT (444) 

m beiDg fracdonal or integral. If p ^ 1, (443) gives 

Khich eipreaaes the q roota of unity by making n saccessiTely 0, 1, 2, 3 . . . q — 1. 

For example, let ? ^ 4, (445) giTes for 

n =z 0, ^ 1 = COB + v' — 1 ain — 1 

n = 1, ^\ =. cos ~ + v^— lain ^ =y — 1 

n=s2, ^1 — cos «'+^— lain T— — ! 
n = 8, ^i_ooi^ + ^-lrin^ =-•-! 
ai found in ilgebrft. 

If « - ^ in (442), it gives 

(^-.)- = coaMi^^ti)Z + ^_l^!lflil + i)^ f446, ■ 

which ahowB that an ima^nary term of any degree ean be reduced to a biaonual of 
the form .4 + S ^ — I. 

If X = r in (442) we find 

{_ 1)- = DOS m (2n + 1) r + v'- 1 Bin m (2 „ + 1) , (447) 

224. To reduce an iniaginary quantity of thi form (a + b ^ — 1)* (o the Jbrn 
A + B^ — 1. 

Let t and x be determined ^om the eqaatioas 

ny Art. 174; then, by Moiyre'g Formala, 

(. + 4 v/ - I)- -»■(«••> + »/- 1 «« ■)- 

•mj f uttioe A = h' eoBnx, if = i- sin mi. 
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TmNOMUL 

225. To find tht juadraHi! (trinomial) faelori of Ihe expreadm i" — 2 i *" (n 
m being integral. 

B; [4Sg) and (4S4) we have 

y~ — 2y" SOB mz -I- 1 = 
i(» — 2y ooax +1™0 



-2n» + »,or._- 


B)r-i-# 


we hare 




-2r"cos#+l =0 






(MS) 


2, .»^"'+' + , 


= 




(449) 



Tbsrerora if we pat y a 



Ab thsM two equationa exist at the iame time, they have common mots, and the 
Becond iB therefore a diTieor or factor of the fiiBt ; but this fiictor has m Taluea in 

ooDsequence of the n ralaea of eoa "^ (Art 222), found by tnabing 

11 = 0, 1, 2, 8 ... m — 1. Therefore the m quadraWo faetorB of (448) ara ^ ex 

pressed bj (449), and we have 

b" — 22"oos#+l = (i* — 2»ooa — + l) 

x(^-2.oosl^^l) 

x(^-2,co.i^*+l) 

X . . . 

x(^-2...,. '''— l''+' +l) («0) 

228, To obtain the simple faotors of (448), we have only to find the two Bimpl* 
factors of each of the quadratic factors in (450), or to BdJ the two factors of the 
general quadratic (449). Now. by the theory of equations, if f, and i^ are the hro 
roots of (449), the first member is equal to 

{.-,,) (2-..) 

bDtwehkTeb7(432) 

which giTes the two Talnes of i by the double sign belonging to ^ — 1. Therefore 
the simple fuctora of (148) are all included in the form 
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£jutirLiB. 



1, nnd the qaftdraUo and dmple f*etan of 

«•— 2i'+l 
nenn-32, 2001* — 2, ooa # =• 1, 4 =3 0; andbf (460), 
I* — 2i'+l«a{^ — 2iCM0+ !){*' — 2»co8ir+l) 
-(i'-2» + l){.' + 2. + l) 
by (451) 

-[i_(c«iO + ^-lBmO)] 

X [» — (cosO — ^— iBlaO)] 
X [» — (M« T + ^ - 1 Bin t)] 
X[»— («*- — ^/-l■in•■)] 
_(,_I)(,_l)(,+ ])(«+l) 
?, FmdtlierMtorBoff' + 2r*+l. Bars m ■= 2, 2 oob ♦ = — 2, * ra #^, « 

^+2^+l=(2»+l)(^+l) 

„(,_^_1)(,+ ^_1)(,_^_])(« + ^_1) 
8. Find the f«ct<ira of i* — ** + !■ 
.* — I'+l = {*• — 2ioob80'+ 1) (i' + 2ioog80" + l) 
-(^-.»/8 + l)(.' + .v/!+l) 
_(,_J^8-(v'-l)(.-i»/! + i>/-I) 
X(.+ lV« + (v'-l)('+lv'!-l»'-l) 
4. rrnd the faetora of *• — 2i' + 1. 

,. _2,- + l _ (i'_2,+ 1) (■• + ■+ 1) (^ + ,+ 1) 

-(■-i)'(" + }+iv'->)"("+i-!v'-«)' 

227. 7^ find t/ie quadralie faeiori o/ f* — 1 uliai m it oiM. 
In (450) let # = 0, It beoomee 

« i)._(,_i)-x(.--!.oe.l^ + l) 

X (.•-2.ooi-l^+l) 



t(.--2,...''"-"'+l) 



Now n bring odd, « — 1 U ereii, and the nombsr of trinomial fkoton In (462) 

eiclusixe of (i — 1)*, la BTon ; but 



■i=J>^-o,.(2,-.^)-.oe^ 



BO that the first and last of these factors are equal. In tbe same manner it is shano 
that anj two of these faoton eqfiaU; dUtont from th« first and last are oquAl , 
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di«TefCTe, uniting these eqnal factors and eitncting Uie iqiiBre loot of iMtli rt 
ben, we have, uAen m u odd. 






x(^-2.eoef!^ + l) 

Tofitid the puidralie faeti 
. m Ig eren, m — 1 ia odd, 
uid the middle factor k 



228. To fitid tht jaalTatk factart of ^ — \, tuhm m it even. 

Whenmlg eren, m — 1 ia odd, the number of foctora in (452), exclusive of (i — 1)*, 
la odd, and the middle factor vill not combine with anj other. This factor ia the 



and Is therefore eqnal to 

■•+ 2'+ 1 -(■+!)• 
M that onidng th« remaining factors, and extracting llie square root, ire hava, 

,-_l«(,_l)(,+ l)x(i'-2«oca ^ + l) 

x(»'-2*co»~4-l) 



x(*'-3ico8i^-^+l) 



228, To find the faelon of r--^ I, when mil odd. 
In (450) let # ■=! r, it {pves 



x('-2-~il + l) 



) factors eqi 
.• + 2«+l 
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■od tt ia eiulj shown, as in the preceding articles, that the factors eqaall^ distant 
from tta first and laetare equal, andthat the middle termisi' + 2(-f-l «(>-}• !)■• 



134 VLiSE TRiaONOHETBT. 

Beace we tui, when m u odd, 

r-+l={.+ l)x (.'-2. 




280. JifiHJ Atfaeton off' + 1, 
The Nune prooew givee 

X ■ . . ■ 

x(i'--2»oo« '"~^^' +l) (456) 

2S1. The dmple faotora of (463) aod (454) >re ahtuned ^om (461) b; potting 
j ^ 0, and those of (465) and (156) b? putting # ■= f. There nill be fonod pairs 
of equu] factors as in the preceding articles, hut all the different simple factors will 
be found b; taking only the positive sign of the radical ^ — 1. 

232. Any function of the form i"" — 2p z* + g may also be reSolTBd Into quad- 
ratic factarg. It is only neoessary to reduce it to one of the preoei£ng forms. By 
resolring the equation 

**" — 2j.s--|-? = (467) 

w* shall find fk'om its two Tslue* of i™ 

f~-2pf+3t= (^-(p+^yH^)) x(#"-(;.-v'F^)) 

and if we put the absolnte term in one of these fMtors ^ ± n" (aecordlng to it! 
■ign) it beoomes 

»- ± a" = a" ( -^ ± l) «. a" (»""• =b 1) 

in whioh > ^ az*, and the factors of this last ezprrasion may be found by one of 
the preceding articles. 

If, however, the tuIucb of t" in (457) are imaginary, i. e. if p* < j, this method 
fails to diacoter the real quadratic factors, and we must proceed ai follows. Put 
J ^ a*", then the propofed function becomes 

in whioh f ^ oi'i and since in the present casep < a*", .^ ia a proper frnoUon, 
uid we may put ^ ^ cos #, which reduces the giTtn AmctlDD to the foim (450) 
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CHAPTER XV. 



TRIGONOMETRIC SERIES CONTINUED. MULTIPLE ANGLES. 

288. Thi true deTe1opment» of Bin ntz and coa nx in aeries, when m ia not re- 
itricted to integral values, wore first obtained bj Foim<^l, and form the subject of a 
memoir read by him before tho French Academ; of Scienoes, in 1823.* The fol- 
lowing problem ia the basis of tiiese investigationa. 

234. 1^ deiiilop (k -\- ^4» — 1)" in a leria oj atcendinff poaeri of k. Let 



ud MBoms 

t = A^ + A,k+ Atlf + A./c" . 

Differentiating (a) and puldng 



'-■■('+v'*--')"x('+;7(i3))-7(5^ 

the square of nbloU gives 

m»i«_{if _l)i'» = 
Differentiating thia and putdng 



we find, after diriding by /, 

m-E — Ji* — (ft* — ly = 
Agtun, differentiating (b) twice, we find, 

*" ^A. + ZAtk+SA.i!'. . . . + nA *^' . . . . 
f" = 1.2^ + 2.3^, *+ 8.4-1. P. . . + (n—l)nA„ir-' . . . 
Snbstitnting in (if) the Taluea of :, ^, z", given by {b) and (e), ire have 
+ m 



}« 



^^•A 


+ ni'A, *+n.'^. 




— A, — 2^, 




— 1.2 J, 


+ 1.2 J. 


+ 2.8 J. +8.4^, 



n which each of the coefficients of the powers of k 
iiw which gDTerns theae coefficients, it will suffice i 
erm, or the coefficient of ^, which ia 



— I A, 

+ (" + 1) (" + 2) ^.. 

Q. To discover the 
that of the general 



■^»+. = — ,- 



* See the published n 
^uia,ie26 



" Rtditrtha tur VAnalyn da Section! Angulairet.' 
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to that frcni the fint coefficient, A„ we find by making n =x 0, 2, 4, fi, lu^ 



.•_4- , 



and from tlie •eoonj coefficient, A„ we find by miking » := I, 8, 6, &o. 

J^a.— — -— — ^ 



~5* , (;„*-l-)(m'-8-)(n.'-6') 

6-7 ' 2'3-4-6-6-7 ' 



Therefore, if wb put 



tb« eqnatian (h) becomes 

■ltd it only rem^ni to find A, uid A,. In (a), (i), (e) and (<), put A =b 0; we find 

Therefon we haTe, finally, 

f = (i + ^-^^TT)- = (^-1)-^+ (v/-!)"- mr' {-166) 

286. Ha dlnelofi (v' I — A' + A v' — \)^ in a terit* ef iHtenHtig poaen of h. We 

(^T^TAi + A ^ _ 1)- _(^ _ 1). (A + v' A''^^)- 
therefore by (458), exchanging i for h, 

(^r^rji+A^-l)- = (v^-i)~(;(^-ir5-+(v/-i)— ™ir'] 

tn which S and H' are what K and f become when h is pnt for it. ConbiniDg 
the imaginary factors in the second member, obBerring that 
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(whiok muit not ba put equal to unity, since m maj be a fraction, and unit; ItM 
Imaginary roots,) and also that 

(^/-l)-X(^/-l)~- = v'-l{■v/-l)^'X{v'-l)"^■ = v'-lCl)"^ 
In irlueh 






- A — ^ 






r)(m--8-) ^. 



2-8-i-6 



236, 7% datlop tht mu imd come of Iht muU^U anglt m a ttria of atcmding pmnrt 
tf the coiine of the timpU aitgU. 

nhen n ia an integer, this problem requires ob siDipIy to deTelop sin rax and 

cos mi in a seriea of powers of oos x ; bnt wlien n is a fraction = ~, the Sngle mx 

has q valnes vhich have the same Bine odiI cosine, (Art. 222], if we consider z tc 
represent all the angles which have the same sine and cosine as the simple angle. 
We shall therefore employ Moivre's Formula in its general form [442), or 

(cosz + ^_lsini)'" = cosm(2»T + z) + ^-lsin™(2n,+ x) 
Putting i = cos z we have by (458) and (44S}, ' 
(cosi + v/— lsiiii;)*= (t + v'ft'— 1)"" 

= {^/-i)-jr+(v/-i)"-™£r' 
-cos( "(^"-+^)- ).irw-.sin("-fl^+2L'V^ 

+ cos( t"-^)(^"-+^)- ).„ir-+^^isin(f'"^:^t^^^-l)5)..ir- 



.os™(2n.+.) -cosf" (%+l) ') . ir+ cos ((^^IHi^MilL') . „ ^. 
,inM2»+.)».^C-^i^^y^-).ir+.n(L — ^)f^^"'+0^ ).„^ 

If n is a fraction a — , each member of tbese equatiooa recelTei q Taiaes by 

taking saeoeSBiveiy for n, or n', the numbers of the series 0, 1, 2, 3, . . . q — 1 ; bnt 
we are now to sliow what values of n and n' correspond to each other ia the *to 

members. Let x la -^, then it ^ 0, iT ^ I, JT' s 0, and we have 
18 vS 
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B multiple ol 2 r, or we most 

2 2 l-"> "^ 

frhODoa n (n — n') sa n" 

bat m bsing a ft'sotion ^ and R, n' Dumbers of tlie seriea 0, 1,2, . . . g — 1, wa 
cumot IiaTB nt (n — n') equal to an integer n", unleBS it U lero ;* tlurefor* 

and the aboTe daTelopmenta are 

.i...(2,.+.)-i.C^+a-')-^+"-( ' "~' "»"^' '')-^''«'> 



1-2-8-1 

jT' = ea. . - ::i^ - .+ ^-riZ-"' -■ - - *«■ 



2-3 """ "^ 2-3-4-5 



It heace appear g that, in general, it reqaires the aombination of two aeries to ct- 
prosa the cosine and sine of a multiple angle in powers of the cosine of the aiupl* 
angle, when m ia fVaelionaL 

237. Whtn m it an inlefftT, oue of the terms of (460) and (461) will always becoma 
lero, and we shall have bat a single aeries to express the function of the multipU 
(Jigle. The first members become in all cases 

COB (2 mn r -^ mx) ^ cos mx 

and the second members rary acoording to the form of n>. In (460), if 

:» <:■■+!. "Z-^^ I 

tn = 4 m' + 2, COS nu = — K ' ' 

and since when bi is even, the series K terminates, and when m is odd, the leries K' 
teiDiiiint«», these four equations are all finite expressions, and will give the equation* 
of Art. 76, by making m ^ 1, 2, 3, 4o, 
In (461), if 

n = 4 m' + 1, Bin mx — if 
n = 4 m' + 2, sin mi = mff' 
i»^4m'+8, einm*^ — S 

* SinM — is supposed to be reduced to its lowest terms, p and g are prime to each 
other , Uierefore, if ^ — - — L is not »eco, j mast divide n — n' ; whioh ia impoaiiible, 
unce the greatest value of either » or n' is ; — 1. 
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Jn theae fcFtmils, hoireTer, the series do not termitaU, bat by dlfferentiAting 
[ia2)wa find for 



«i ^ 4 n', sin ma: ^ ^ m sin a; (cos x —5-5 — oob" x + 4o.) 

M ^ 4ffl'-f-I, sin mr =sini (1 — — 00a* i + &o.) 

M^lm' + ^t iinini = msina; (coa x ^ — cob'x + **) 



(468) 



i<i>B4ni' + S, 



*«_«iiii(l- 



1-2 



floa* a; + &o.) 

(^ ateatdmffpomn 



■n of which terminate and gire the equations of Art. T6. 
2S8. To devtkp tht tint and ceiitu iff l&t muligilt aagU in 
if ih» tint of the limplt angle. 

We take u before 

(coa X + v^ — 1 «in z)" — 001 m (2 nr + x)+ ^ — lOn n (2nir + ■) 
Patting & cs sin z, ve baTO, b; (459) and (144), 
(oMx+^—luaxy = (y/T^h* + h ^ — l)* 

«(!)* J^+^-l(l)~m^' 
= coamnV. £■+ v'— 1 sinmn'r. J 

+ v' — 1 008 (n — 1) bV . mH' — sin (m — 1) rfr . « Jl 
Comparing the real and imaginarj terms of these equatiouE, 

coBm(2nif\-x) = coa mnV . H — sia {m— 1) riw . mS' 
mam(2nr + x)=aiann'r . 11+ 00a ^m — I) n'r.ntH' 



Eoa 2 m » T := cos fli n' r 

from irhioli vs infer that 2 mn*- ^ mn'r, or 2 n =3 »*, and lienca 

eoim[2n>- + z} = eos 2 mnr . S -~ an 2 (m ~1) nr . mB' (464) 

aniit(2nr + x) = ain 2 mnir . 3+ cos 2 (n> — l)nc tnff' (466) 

In which nt being a fraction ^ — , nis any nnmber of the aeries 0, 1, 2, S, . . • ^ — 1; 



m* , , , B- {"•' — 2*) , . 



2S9. ITAm m ft an ^(<^. the first members of (464) and (465) become cos ms 
and sin mz; and the ooeChclents of the second members lontain oul^ moitiples of 
ir; therefore WB have 

cos mx ^ H sin SIX 1^ mH' 

only when m is even, and tlie eerie* ff' only whea si ii 
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we mast nlfli employ the deriTatiies of these eqnatioiu to obt^ Anil* az- 
iD all eaaea j thus we have also 



dff 



dW 



Therefore differentiating the series H and H', we ihtU haTe, when 

M ^ 2m'+ I, ooB mr ^oofi(l— — =-^ — un»ai+ 4o.) 
,«_2» 



.2m'+l. 



j: a n eoB z (sin x • 



+ &0.) 

Bin* « + &c.) 



•U of which terminate, and give the eqaationB of Arts. 77 and 78. 

240. To deedop ihi tir.t and cotint of thi muUiplt ans/lt in a ttria a/ tueending powtrt 
of the taagait of tht limpU attgU. 

«OB«(2nw + i) + ^-lBinm(2nT+».)«(oo«i + v/-l>inir 
= ooB-z(l+v' — 1 taoz}- 
Eipanding \ij the Binomial Theorem, and patUng 



m{2n»- + i) = coa'"ic(7'+v'— 1 T') 

are not yet difltinctly Beparated in the wr- 
" X has a number of imagioarj Tstnes. If 
its valaes are iactaded in the exproBMon 
mii'!r + v' — 1 ain2nm'ir) 



coam(2nir+«;) + ^- 

Bnt the imaginary and real quantiti 
cond member, for m being fractional c 
we designate Its real value by eos* i, 

OT-.(l)- _,..-! (CO 

which, Bubstituted abore for cos™ x gives 

cosm{2nT+t)+v*— lsinB.{2B*-+i)™cos"i(oo8 2nCTV. r— sin2inn'r,'7") 
+ ^ _ 1 cos" I (ain 2 flin' »■ . r + cos 2 mn' IT . J") 

Comparing the real and imaginary terms, we now have 

coBm(2nT + x) =» ooa" i (cos 2 mnV . T— sin2oirfT. 7") 
Bin Bi (2 nT + i) = oos"" t (sin 2 ™> . 1"+ ooa 2 mnV . T) 

BDJ it is shown as In the preceding problems that n ^ »', whence 

eosm (2nr4- i) 3B cos" z {coa 2 mnir . T—Aalmnr . 7") {it») 

•in«.(2n»4-i) — oo«~i(«n2™.,. r+C08 2™iir. 7") (46») 
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in whloh in being a fVsctlon = — , n U an; number of tlie series, ), 1, 2, . . . ^ — If 

9 
md cos™ I denotes onlj the real tuIds of {/(oos xf, 

241. By the dlTision of (469) b; (408) 

t«. ™ (2n, + ^) = '^''JZlZt. T' <*"» 

242. mm mi$ an initgsr, botli the series T and 7" terminate, and in all easN 

MB 2 (Ml T Bi 1, sin 2 mn IT s ; and (4G8), (469) and (470) gire 

COS mx = cos- I . T (471) 

Bin >nz » COS" x . T' (472) 

tun mz = ^ (473) 

which last eipreswon embraces all the equations of Art. 79.* 

243. Before the memoir of PoinBot, developmeuts were giien for the multiple aroB 
m aeries of dacending powers of the sine or cosine of the simple arc ; but he has 
Bhovn that these developments are impoasibla, except nben m is integral, and in tliia 
caae the series are the same aa tlie preoeiiiDg, vitb the terms written in inrersF 

244. Tq dtvtlop any power ofthecoiint of the limple angle bt aieria of tinei or eotmtt 
of f Aa multiple angltt, the come of iht liraplt angle being potitive. 

If y =s cos z -f- y/ — 1 sin z, we have, by [434) and the Binomial Theorem. 

(2 .0. .)- - (I, f r') — »- + -y" + "'"g~'' »-- + *»• 

ftnd by Moivre's Formula, 

S" = eos n (2 nr + I) + v" — 1 rin B. (2 nil + i) 
m!r* = m<Mt,(m — 2.) (2n«'+ i)+ mv* — 1 8in{m — 2) (2n»- + i) 

■^^pi *V-'= . l(^ e<JB (,n_4)(2„^+i)+'?-fcl>^_l sin(™-4)(2-.H-') 



Tlierefore, if we put 

J*..,^ = oosn.(2n,+ i)+mco8(™-2)(2nT+z} + io 
P'„,^ = Bmm{2n!r + i) + nnin{m — 2)(2b»-+i) + &o. 

(2 cos r)" = F„.^ + v/ - 1 i".-..^ W 

Now n being a ft-action [2 cos x)" has imaginary values, but when COH x it potttivt, 
it will have at least one real positive value, and then (2 cob z)'" being understood to 
lenote only this real value, all the values are included in the formula 

(2oosz)-x (1)" = (2coaz)~(cos2™'w+y — lMn2m(iV) 

" Although the furmulre for multiple angles require, in general, the combination ol 
two series when m is not an integer, jet tliere are certain cases, even when m ia a 
fraction, in whir.h one or the other of the series will disappear. See the memoir ft 
t'jinMit, cited at tlie begiuoing of this ehapMr. 
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Ther«faT« ire hara 
(2B08r)-(co»2m«*ir+v'— iBinSnn'rJ = P,.. + . + ^ — 1 -P",-.*. 
(jtrnparinr the real and imaginarj terms, 

{2 COB x)" BOB 2iiin'ir = i'„.+, 

(2 QOB i)™ Bin 2 ntiV = i*,,,+, 
and to find the eorreBpoDding yalasB of n and n', let i ^ 0, then (2 eoa z)™ ^ 2", 
and t^e series tKBame 

P.,, =coa2™r,r(l + m+ "'""^^ + So.) 

<K0os2mnir (1 + 1)" 

and in the same way 

i*,,. — 2■>Bin2>l>n1r 
Tlle^e^o^e our foinmln beeome 

2*' eoa 2 fwi' *■ _ 2'' HOB 2 mn r 
'2"un2nui'sr Eaa-sinaninr 

and as in former caaeB, it is shown that n ^ n', bo that we hare flnallf 



From this it appear* that the real and poaitiTe *alne of (2 coi i)" may be expressed 
either by a series of coeinea or by one of sines of the multiple angles, and by 
comparing (ITIJ and (4TG), we have the folloning constant relation between these 



-'"(■■'fa Bin2mn9' 
245. If n = 0. (474) proB 



I >;)"= J*, = COB mi + m cos (m— 2) z + 



!i^...,.-4,M 



which ma; be employed as the general development of the real Tslue of (2 cos' 2)", 

246. The same tnppoution of n ^ 0, ^res ^ 2 ntn •- ts 0, and (475) givei 

therefore, 

= f. « rin fM + m sin (™ — 2) « + " ^^ ~ '^ rin (m — 4)i + fte. (477) 
s remarkable property of this series of sines of multiple arcs, which holds for all 
yalues of m, provided '<-^- 

247. Tq deveh^ any pavrr oftht conne oftki liirpUangU in a ttriaof ma or coma 
tf t!ie matliplc ai'/ln, /htcutint of lite timpU angU biing ntgatit*. 
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[f the denomicntor of n is even, there is no real viilue ot (2 cos x)*" whra «oa a 
to negative ; but ve may put 

-|-2ra,,)-[».„(2»' + l), + v/-l.ln™(2.'+l)i] 
akicb, lUbBtltated in equation (a) of Art. 244, givea 

(- 2 coa X}- COB m (2 n' + 1}^ = P.„. + , 
(- 2 CM r)" BiD ™ (2 n' + 1) T =. /-„,„ 
Miking X = *, ooB 1 = — 1, (— 2 eoa x)" = S", and the aeriea become, by the 
(iroeew tlwwD in Art 244, 

P»,»,. =2'"C08™{2»+1)* 
P-^n+,„ ->2'-ainB.{2n+l)» 

2~oosm(2n'+I)»- = 2'"cogm(2n + l)>r 
2- Bin n. {2 «' + i) T = 2- Biu B, {2n + 1) r 
whence, aa beTore, n ^ n", and onr formulsa are 



(— 2 BOS «)"• = - 



m {2 n + 1) T 



by which it appears that the real value of (— 2 cos i)"* is also eipraasod either by 
a seHeB of cosinea or of ainsB of multiple arcB, which aeriea hava tha couBtant re- 

P'.,.4- _ »to'a(2n + l)«- 

248. If n =• 0, (478) and (479) give 

(— 2ooail'«=3 -^— = —L- (<,o8.M-|-moos(«— 2)«-|-4e.) (480) 
ooflmir COBNUT < ■ » i < 

(— 2ooBi)"'= -:^^ = -r^ — (wo.M + m8in(m — l,)z + &0.) (481) 

In this case ^ m t ia not zero, unless m is an integer, ao that the series P", doea 
not become lero when x>-^, and both (480) and(4Sl) maybe employed m the true 

derelopmenta of ( — 2 cob i)". 

249. Whm m a an integtr, the series (476) and (480) always terminate at the 
(m 4- 1)''' term; and, since in (480) cob mir ^ ± 1, according as m is even or odd,. 
and (— 2 coa i)- = ± (2 cos i)" in the same cases, both (476) and (480) beoon e 

(2coar)".= coBB«+mcoa(Bi — 2)1 + "^"*^^^ cos (m — 4) i + te. (482) 

Dot the sericB (481) becomes tero, ao that (482) is the only series by which 
(2 001 z)" can be developed in functions of the multiple arojL when n is integraL 



Di„m,db, Google 



X44 PLANE TRIGONOMETRY. 

. To develop any povrer 0/ the tme of (At ii'mpfa angU, h 
muUipU angla. 

Jl = CM 1 + x/ — 1 "" '■ '^ I'"* 

(^ - 1)- (2 Bin I)- = (S - jr')- 



s/ Iftt vmltipU angla. 

If y = CM 1 + x/ — 1 Bin I, wa haTe, by (435) and the Binomial Thepren 



= y- - my--»+ 



■(".-^^ 



-fto. 



In which jT, y""*, &o. haye the same vdlnes m in Art. 244, but the signs of tht 
ooeffioienta are alternately + and — , ao that if we put 

ft.. + , = COsm{2nir + r)-mcoBC™-2)(2nT + i)+&0. 

?",».+. = sin m (2 1. »■ + z) — i» Bin {m — 2) (2 n T + t) + &0. 

(^/-l)™(2iin»r)- = e„, + .+ V-ie'.-.+. 
Substituting the Talue of (v* — I)"* by (446), and comparing the real and imaginai? 
terms, we find 

(2 Bin «)- ooi "^•'"1+^'^ = <?...+. 



(2 sin i)" n 



ud if we maie i = -^, we shall find hy the process frequently employed abOTB. 
that n ^ r'; whence 

('■^■)-- ...i5;."+i), ('"! 

so that the real ralue of {2 si 
of the moltiples. The two »i 







fc.... 


00.1 


.(4a+l), 






261. 


If n = in (483) and (484), 








P 


0, 
"I" ■)- - STi 


il^-.™ 


|^<- 


" — "™ 


(m-2).+ So.) 


(48b) 


(2 


■^"--.-HT 


;n;-.iir 


^(' 


.„_„.io 


— 2).+ So.) 


(486) 


hoth of which Berieg are >ppIioabl 
262. Whm muen inirgtr, one or 
be zero, acoording to the form o 
;2Bmr)">. 


whenm ia fractionaL 

the other of the series (485), (486), will always 

IS, and there will be but one aeries to eipresA 


If 


n = 4< 
«-4»'+l, 
m-4m' + !, 
m=:4n'-(-8. 


(!,ia.) 
{2Binr) 
(2.1a.) 
(2,ia.) 


:' 


Bin™. — me 
(■ln™-,B 


e.(™_2)> + to. 
n(»-2).+ S.. 

0B(«_2).+ t.. 

..(.-2).4.ao. 


(487) 
(488J 
(489) 
(490) 
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!S3. The 


Bries (486) and (486) become 


z^ro when m 


UB 


n integer 


hbMWb: 


ir f7> 


= 2n.', 


=1 sin nu - 


-™8m(m- 


2) 


I+&0. 


(«1) 


m 


= 2W+1, 


= COS mi - 


-™cofl(m- 


2) 


I+&0. 


(4S2) 


The reaao 


1 why these s 


ries are lero 


ia obyiouB 




they termiiiate >i the 


ii+l)th term, the terms 


equally distant from the first 


and last 


are equal with 



opposite slgiiB, and the middle term of (491) ii 



to trprea x dtl g ma leria of mull^Ui of y. 
Substituting the values of tan x and tan y giren b^ (431) 



■p+i-(f-i)''" 



p+i 



(JM) 



'.-"'- (^EfSS^) r.) 



Taking the Naperian logarithms of both members, 

2 (I — y) v/— 1 = log (1 — ?«-'.r-.) -log (1 _ j^,v-.) 
aod dereloping the aeoond member by the formuln 

log(l — n) =3 — n — ln»— in' — &o. 

2 (I -y) V* - 1 = - f<-»>--' - 1 1 <-""'- - if- .-.>'-' _ &e. 

SubslitatiDg in the seoond member by (430), 

I — V = J Bin 2j( + J 9» sin 4s + J g- Bin 6y + &o. (i) 

The equation (a) might haie been put under th« form 

1 e^i'-. 

(•(i^rtV-. _ 1 

1 — -<-^l'-i 
from which, by taking the logarithms and Bubstituting as before, 

in this inyestigation, we have, in eSect, used MoiTre's formala, in its limited or 
leas general form ; but the requisitB generality may be given to our reaulta, by ob- 
Berrinfc, that (493) would hold if we were to Bnbstitute tanai = tan (n'lr + ar), tany 
rritan («"r + y), and therefore we may enbstitate for the first member of (h). 
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lifi PLANE TRIGONOMETRY. 

nV-f I— (n'V4. p) = I — y— (n"— n'} t= I — jf — n»-, n being (like n and n"j at 
■rbitrarjp integei' or tero. Hence, the required general developnient of z — jr in 

*-y = mr+?*in2y+lj'8m4!/ + J?'Bine!/+*o. (4M) 

la like manner, eince tanx =a tan (z — n'x), tanj ^ tan (y — n"sr), vema; substi- 
tute in the Erst member of (e), r — nV-f-j/ — n"ir=« + y — tw, and the general de- 
lelopmeat of r-|- j/ in eeries is 

sbSy 

In these formnlte z snd y are BuppoBed to be eiprcased in arc, and to obt^ 
s =p y ii aecoDds, the terms of the series must be divided by sin 1". 

255. The preceding problem ts particularly useful io lintling z irhen p and )/ are 
given, and z is oearly equal to j/ ; in which case p is nearly ecgiinl to unity, either 

7 or — is a small fraction, and one of the series (49<>), (4%) coniergea rapidlf. 

EXAHPLES. 

I. Qiven y = 50" andy = 1-00065, to find z from (493). 
Taking only the first term of the series (495), and asBuming n !^ 0, 
2y = 100° log sin 2j> 9-99336 

■cooas 

' = T00O65 "■" ^-^"^^ 

ar CO log sin 1" 531443 
I _ y = 65"-995 log (z — p) 1-81952 

r = 50" 1' 6"-995 
•>. QWen y = 60° audi! = — 1 00065, to find z firom (4BS). In this ease 
2'00065 
' ^ -00065 
and the compntaUon by (196), if vreassnmen = 0, is 

• 2y = 100° log sin 2 y 9-99335 

_-L -00065 (_1\ 

q "^ 2-00065 ^^\ g )~ 

w CO log Bin 1" 5-31443 
i + y = — 05"-995 log (z+ y) — 1-81952 

z = — y — 65"-995 = _ 50= 1' 6"-996 
er,ifn=l,z=180° — fiO° r6".9fl5= 129° 58' 6 4". 005. 

In general, (493) ia to be solved by (495) when p is positive, and by (490) whmp 
it negative. 

256. Given iht tquation 

sin (« + I) = m sin « (M7I 

If expren xm a leria of multiplit of «. 
We deiuoe as in Art 168, 



-6-61174 



ibyCoOgIc 



MULTIPLE AKGLES. 
wbich is rrdnced to (493) b7 pntUng 



■nd (49S ) becomes ^ 

— +^' + Tl'+Ti" + "- <"" 

nhich is to b« employed wbea in > 1 ; and (49Q) becomes 

2+. = n«— msina— Jm»Bin2. — imSBJQSi— Ao. (490) 

ntiich is to be employed vben m < 1, n being any integer or lero. 
257. Givm tht eqaalion 



U> etprtit tin a tena of mulliplti of a, 
Thi« equation in the form 






wbich Ib reduced to (493) by substituting 
V P — ^ 1 

whenee g ^ . . ^ 

' ;>+ 1 m 

and tbo series (40l>) and (496) become 

i = M*-+>»sin« — }>n*Bin2a + }ni*unSa — fte. (602) 

268. Owen tht tquatiott 



to txprtn t in a itriet of mnltiplei of a. 

The equniion (600) becomes (603) by changing the signs of b 
rune cbaogee in (501) and (602) give 



Bin X iin'2 a 



sin 3 It 



(604) 



= n ir4- m ^ ■ + ) n* Bin 2 <■ + } »;■ sin 3 a 4- &e. (^06) 
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148 PLAKE TRIOOKOUETRT. 

26» In a pime Irianglt A B C, givm a, t and C, to find A or £ by a 

tfC. 
Bj(280> 



whldi, ooiDFiired irith (603), gives, bj (605), 

a . „ , fl* Bin 2 (7 , a' sin 8 (7 . . 
X = y sm C+ - . —^ +_ . ___ + &o. f606) 

n being neceesarily >= in this caae. ^ ig loimd by the same Beries, interahangiiig 

2?0. /n a planr triangle, ABO, given a,bandC,ta find cbya teriei of muUgiUi af 0. 
We bave 

c»=»o'+i« — 2oiooB(7 (607) 

_ sx — . 00* (7+1 

by{451) = ri._(c(»C+v'— l^C")] 

Taking the comman logarithms, employing in the second member the formnla 

log (1 -n) = _*(„+!„•+ J n' + 4e.) 

and applying Moivre's Formula (140) in eipreasing the powers of cds0± v'' — 1 sin 0, 

S log e — 2 log i B 

-Jf[|(008(7+^_laine) + ^..(cos2(7+V_lBn2(7)+ftc.] 
— JfT-i (COS C—v*— lain C)+-^(ooB2t7—v'— l«ia2 (7)4- fto-l 

i.g._H>-i'(-f-.o.o+J.^+J-5^+«i) («») 

This EerieB iraa first giTea by Legendre. The series (496) and (490), upon irhioh 
Kra based those of the BubMqaent artinlea, (Art*. 256, 267, 366 ud 269), are da* 
to Lagrange. 
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PART II. 
SPHERICAL TRIGONOMETRY. 



CHAPTER L 



QENEBAL FORMULAE. 



1. Sphericai. Triqonometbt treats of the methods ot computing 
the unknown from the known parts of a spherical triangle. 

It is shown in geometry,* that a spherical triangle may, in gene- 
ral, be constructed when any three of ita six parts are given, (not 
excepting the case where the three angles are given). We are now 
to investigate the methods by which, in the same cases, the unknown 
parts may be computed. 

We shall at first confine our attention to such triangles only as 
are treated of in geometry, namely, those whose sides are each less 
than a se m ic ire um fere nee, and whose angles are each less than two 
right angles ; that is, those in which every part is less than 180°. 

2. It is shown in geometry, that if a solid angle is formed at the 
center of a sphere by three planes, the three arcs in which these 
planes intersect the surface of the sphere form a spherical triangle. 
Now the real objects of investigation in spherical trigonometry are 
the mutual relations of the angles of inclination of the faces and 
edges of a solid angle ; but, for convenience, the spherical triangle 
which forms the base of the solid angle is substituted for it. The 
sides of the triangle being proportional to the angles of inclination 
of the edges of the solid angle, are taken to represent those angles ; 
and the angles which those sides form with each other are regarded 

* The Btndeot is here supposed to be ooquainted witii Spherical Geometij, st 
leMt BO mnch of it aa is to be found in Legendre's treatiBe, or in that of Prof. Peiroe, 
W Hftrranl University. 
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150 SPHERICAL TBIGONOMETEY, 

aa identical with the anglea of inclination of the faces of the solid 
aogle. But, since varying the radius of the sphere would not, in 
an; respect, change the solid angle, or the values of the angles which 
enter into it, the mutual relattona in question ought to be deduced 
without any reference to the magnitude of the radius of the sphere. 
In fact, we shall deduce our fundamental formulae from a direct con- 
sideration of the solid angle itself. 

3, In a ipkerical triangle, the »ine» of the sides are ■proportional 
to the sines of the opposite angles. 

j_ Let ABO, Fig. 1, be a spherical 

triangle, the center of the sphere, 
The angles of the triangle are the 
inclinations of the planes A OS, 
AOOaniB 00, to each other, and 
yc will be designated by A, B and 0', 
their opposite sides respectively will 
be designated by a, h and c, as in 
plane triangles. The trigonometric 
functions of these sides will be the same as those of the angles 
BOO, AOO, AOB, which they subtend at the center of the sphere. 
(PI. Trig. Art. 20.) 

From any point B' in B, let fall B'P perpendicular to the plane 
AOO; and through B'P let the planes B'PA', B'PC U drawn 
perpendicular to OA and 0, intersecting the plane OAO in the 
lines PA', PC',&ni the planes Jt>5,£0C in the lines ^'.fi", .B'C". 
The plane triangles A'PB', B'PO' are right angled at P ; and 
OA'B', OC'B' are right angled at A' and C". The angle B'A'P, 
being formed by two lines perpendicular to OA, is the measure of 
the inclination of the planes AOB, AOO, or of the angle A; and 
B!G'P is the measure of the angle 0. 
We have therefore, by PI. Trig. Art. 15, 

Bin A s= sin B'A'P = -^-p 
an ^ Bin B'O'P'^^ 



an A BP RO^ B^ 

Bin (7 ^ ^S^T ^ B'P " B-A' '"' 
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Bin a c 


= ..^oc.=f? 




sin*; = 


-.^^B..^-^ 




Bind 


Bff BO 
' BO '^ B'A' ~ 


BO' 

ba: 


nd („), 


Bina amA 
sino "einC 





Ag&in, 



_. ■Wa' W 

Comparing (m) and (n), 



wkich in the form of a proportion ia 

sin a : sin e = sin A : sin 
which is the theorem that was to be proved. 

4. In Fig. 1, A, a, and c, are each less than 90°, but the con- 
Itruetion would not vary if any of these parts were greater than 90°, 
except that the points A' and C" might he found in the lines A 0, CO, 
produced throughO ; and one or more of the right triangles A'B'P, 
ic, would contain the supplements of A, a, C, or c instead of these 
quantities themselves. But the sine of an angle and of its supple- 
ment being the same, the preceding demonstration would still be 
ralid, so that the theorem Js applicable to any spherical triangle. 

Indeed, according to PI. Trig. Art. 49, this result follows from 
the nature of the trigonometric functions themselves, and the demon- 
stration of the preceding theorem miglit therefore be considered as 
general, without requiring a special examination of the various posi- 
tions of the lines of the diagram. 

5. In a spherical triangle, the cosine of any side i» equal to th« 
product of the cosines of the other two sides, plus the continued pro- 
duct of the sines of those sides and the cosine of the included angle. 

Let the plane B'A'C, Fig. 2, be 
drawn perp. to OA, intersecting the 
planes AO-B, BO O^udAOC, in the 
lines A'B', B'O'&nAA'O'. Then the ' 
angle B'A'0' = A, and B'OC'^a, 
and by PI. Trig. Art. 119, in the tri- 
angles A'B'O', OB'C, we have 

B'C = A'B'^ + A'C^ - 2 A'B- . 
BG"^ = (?£"+ 0G'»-20B'. 
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152 SPHERICAL TBiaONOMETEY. 

Subtracting the first of these equationa from the second, and ob- 
serving that in the right triangles OA'B', OA'O', 

OB^-A'B'=OA'\ OG^-A'0"=-OA'* 
we have 

0-2 OA'* + 2A'£'. A'O' cob A ~2 B' . OC cosa 



whence 



Substituting the trigonometric fnnctions derived from the right tri- 
angles OA'B', OA'O', 

cos d = cos 5 cos c + sinb sine cos A (2) 

vhich is the theorem to bo proved. It may be regarded as the fun- 
damental theorem, for the preceding (1) can be deduced from it, but 
as the process is somewhat circuitous, we have preferred deducing 
the two theorems from independent constructions. 

6. In the construction of Fig. 2, both b and e are supposed less 
than 90°, while no restriction is placed upon A and a ; but the equa- 
tion (2) is no less applicable to all the other cases if the principle of 
PI, Trig. Art. 49 be granted. As that principle may not be Buffi- 
ng, t. oiently evident to the student unacquainted with analyti- 
cal geometry, we shall verify it in this case, as follows.* 
1st. In the triangle ABC, (Fig. 3), let b < 90° and 
c > 90°. Produce BA, BO to meet in B', forming the 
lune BB'; then AB' = 180° — e, and b are both < 90°, 
and the preceding demonstration would apply to the 
triangle AB'C. Therefore, applying (2) to AB'O, we 
have 

008(180°— a) = coa6coB(180°— c)-f-sinfisin(180°— c)coB(i80°— A) 

■ or by PI. Trig. (64), 

_ <;oB d — — COS b COB C — BlU b Bin O COS A 

and changing all the signs 

cos a= cos i cos c -f- sin £ sin c cos A 

the same result that would have been found by applying (2) directly 
to ABO. 

■' J^fmei'i Spheriaftl Tri|[onoiiieti7. Cambridge, IML 
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2d. In tte triangle ABQ, Fig. 4, let h > 90°, c^ SO" ; 
produce AB and AC to meet in A' ; then A'B smAA'O 
being both less than 90°, the formula (2) is applicable to 
A'BQ. Therefore 

cos a = COB (180° - b) coa (180° — c) 

+ Bin (180° — h) Bin (180° — o) cos A 
™ ( — cos J) (— COS c) + eini sin e cos A 
= cos fi coa c + sin baiae cos A 

the same result as before. 

7. The theorems expressed by (1) and (2) being applied succes- 
sively to the several parts of the triangle, give the two following 
groups: 

sin a&\nB = sin i sin ^ ~\ 

sinisin C = Bine sin ^ I (3) 

sin c Bin ^ = sin a sin C I 



cos a 


= 


CO 


h 


COBC + 


sin 6 8 


nc 


cos 


A 


cosd 


= 


coa 


e 


COS a + 


sines 


no 


COS 


B 


cose 


= 


CO 


a 


C08 6 + 


sin as 


nt 


cos 






w 



8. Let A'B'Q', Fig. 5, be the polar triangle 
of ABO, and designate its angles and sides by 
A', B', 0', a', h' and c . Then, by geometry, 



A' = 180° - a, 

B' = 180° - 6, 

0" = 180° - c, 

ind applying the first equal 

cos a' = cos h' 

>i by PI. Trig. (64), 



= 180° - A 

= 180°-£ 

= 180° - C s 

ion of (4) to A'B'O', 

cos t/ + sin b' sin (Z cos A 




— 008 J. = (— cos B) (— cos Cf) + Bin B sin (7 (— cos a) 

— coa A = cos B cos ~- sin 5 sin O cos a 

Changing the signa of this, we have the first of the following group: 
cosA = ~~ cos i? cos C 4- sin B sin O cos a 
cos £ = — cos C COB j1 + sin C sin ^ cos J J- (5) 

cos C — — ■ cos j4 cos £ + sin a sin £ cob i; 
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SPHERICAL TRIGOSOMETRT. 



It it tliQS that, hy means of the polar triangle, any formula of a 
Bpherical triangle may be immediately transformed into another, in 
which angles take the place of sides, and sides of angles. 

9. Several other important fundamental groups of formulse ara 
obtained from the preceding with the greatest ease. 

The first of (4) multiplied hj coac is 

coaa cose = cos 6 cos*c+ sioi sine coac cob 4 
and the second of (4) is the same as 

cos a cos c + sin a sin c cos B =» cos b ' 

the difference of which is 

sin a sine coBjB = (1 — eoa'o) cos 6 — sin 6 sin e cos c coa Jl 
Since 1 — cos^ e = sin'c, this may be diyided by sin c, and gives 

sin a cos B = sin c cos 6 — c 

whence sin J cos (7 =» sin a cos e — c 

sinccos^ = sin6cosa-c 



If ve interchange £ and 0, and therefore 
becomes 



in i cos J. "I 

:o3-B I (0) 

in a cos C J 

b and c, the group 



sin a cos C = sin 5 cos e — cos 5 sin e cos A 
sin b cos ^ = sin e cos a —- cos a sin a cos B 
sin coa 5 = sin d cos b — cos a sin h cos 



(T) 



10. If (6) and (7) are applied to the polar triangle, they give, 
after changing the signs of all the terms, 



sin A cos i = sin C cos B + cos C sin B cos a 
sin B coa u = sin A cos + cos Asm C cos b 
sin C cos a — sin £ cos^ + cos£8in.^coa<; 
md 

sin J. cos e = sin £ cos C + cos £ sin G coaa 
sin B cos a = sin C coa A + cos C sin A cos b 
sin C cos 6 = sin A cos B + cos j1 dn B cos c 
11. Dividing the first of (6) by the following derived from (3), 
sin a sin B 



(8) 



P) 



ein^ 



■— sin i 
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we find the first of the following group 

BinXcot^ =s8m<! coti — cose cos A 

sinScot <7 = sinocotc — co8»coa5 ■ (10) 

ein C cot -4 s= sin 6 cota — coa A cos G 

and in the same way from (7), or by interchanging the letters B and 
0, b and e in (10), we find 

miAcotG'= sin fi cote — cosAcos^ 

sin 5 cot -4™ sine cota— cos coos S ■ (11) 

sin (7 cot 5 = 8inacot6 — cosacosC 

If (10) are applied to the polar triangle, ve find (11), so that no 
new relations are elicited. 

12. The preceding formulae are sufficient to furnish a theoretical 
solution for every case of spherical triangles, but some transforma- 
tions are required to facilitate their application in practice. 

In the first of (4) substitute, by PI. Trig. (139), 

cos ^-=" 1 — 2 ain' } A 

we find, by PI. Trig. (39), 

cos a = cos (6 — e) — 2 sin J sin c sin* J A (12^ 

and we have similar expressions for eoab and cos c. 
If we substitute in (4), by PI. Trig. (138), 

cos j1 =■ — 1 + 2 cos' ^A 

we find, by PI. Trig. (38), 

cos a = cos (J + c) + 2 sin J sin c cob* J A (18) 

and, of course, similar espresaions for cos b and coa c. 

13. Substituting in (5) 

008 a — 1 — 2 sin' J a = — 1 + 2 cos* J a 

we find by the same process 

coa A '=' — cob{B + (?) — 2 sin .B sni C sin* J a (14J 

COB ^ — — cos (5 — (7) + 2 sin .B sin C cos' J a (15) 

which niight have been obtained by applying (12) and (13) to th« 
polar triangle. 
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■in 


}« = 


Bin 


Ja== 


COB 


Ja = 


COB 


|a = 


Bin 


iA = 


Bin 


iA = 


ooa 


iA = 


om'iA =• 


5. By PL Trig, f 


eh&T« 



e Bin> 


f^ 


(10) 


e OOfl' 


1-^ 


(17) 


c Bin* 


1^ 


(18) 


e COB" 


A 


(IB) 


CBin- 


a 


(20) 


UCOB" 


a 


(21) 


CsiD* 


-a 


(22) 


Coos' 


■a 


(28) 
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14. Ifii.(12)weialjsUtuteco8a = l— 2sin»Jo, co8(i — c) = l — 2kd'1(S — «), 
frs obtain the first ot tha foIlowiDg equations j and th« others are obtained hj • 
BimiUt process from (12), (13), (U) and (15). 

inM(i-e)+BiniBin 

osM(S-«)-rin*«in 
osM(S+0+"''4'»i° 
.0B'i{i(+C)+sinB8in 

in'i(jB+C) — iinSsin 
iii»i(J?-(7)+Bin2(Bin 

] — eo«^ } ^ + sin< i ^ 
COB .^ SB ODB* i A — dn* J ^ 

ooa 6 ooB e ^ DOB i eoB e eoB* ) J + oob £ 
nnftunc oos.^ ^^{^c oos* } ^ — sin 6 
the BQin of which is, bj (4), 

ooB a ^ eoB (i — <) oo»* J j1 + oos (6 + c) si 
Knd BubBdtutiiig 1 — 2 un* } a, ke., for cos a, &a. 

Bin- 1 o =. Bin- i (* - =] COB- M + ""• 1(4 + ") =i 
cos' i a = cos- 1 (* - <="«* M + COB- i (6 + si 
In the Bome mumer ve deduce from (6) 

oobJ = — ooB(i» — C}ain'ia — ooa(J+C)oo8»ia 

.m'}^_ ..B>i(^-o).»-i. +»«•((;>+<;).. 

O0B»i4= Bm'i(fi — (')8in'Jii+eiii*i{J'+C)eoB*jo 
It 1b hardly oeoeasarj to add that each of the equationa (12 to 29) giiea a group 
af thxee,b7 appljiog it ancceaaivety to the three aides or three anglea of the triaogle. 
16. From (12) we find 



iBln-M 



.•JJ 



I'M 



•■!• 



(2*) 

(2") 
(26) 

(27) 
(28) 
(29) 



■ ai A tjoafi — c)- 



2 Bin i B 
If, in PL Trig. (108), we put 



l("^-y)-l(«-» + «) 



whence 

trefind , 

cos (J — c) — C03 d = 2 sin J {a — J + c) sin J (a + J — c) 
wLicb, SQbstituted in the above equation, gives 

sin J {a — J + e) sin J(a + 6 — c) 



an* } .4 - 



Bin 6 Bin 
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Let ( denote tbe half snm of tlie sides, that is, let 

then 

a_S + c = a + S+e_2J=.2»-25=.2(«-6) 
a + b — e = a+b + e-2e'=2i~2e-=2{» — e) 

■which sabstituted in (30) give 

.in-M- ""''"?"'""''' 
■ Sin 6 Sin <T 



•IB- 



sin (« — g) ein (« — a) 
sin f sin a 



8in* i (7 = 1 : ' ■ . \ ' 

" 81Q a Bin 



(81) 



17. From (13) we find 

f 1 J _ CQ3 a — cos (6 + c) 
' ~ 2 sin i sin a 

and from PI. Trig. (108), by making 

K^ + y) = i(« + »+«), J(»-y)-i(s + «-«) 

vefind 

COB a — cos (J + c) — 2 sin J (a + J + fl) sin i (6 + c — a) 
which, sabstituted above, gives 

' sin i sin c * *■' 

Litrodaeing, as in the preceding article, « = J (a + J + <r), 
... sin « sin (» — a) 

cob' * J. = ; — T-^; ' 

' sin sin t; 



»('-') 



sm c Bin a 



cob' \B -^ - 



_ , „ sm « Bin (» — c) 
cos' i C= — 1 — \ , ' 
*"" 3 ^ sin a Bin h 
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18. The quotient of (31) divided by (33) pveB 



" 8in • Bin {a — a) 



ton' J 5 «= 



p (« — e) Bin (g — a) 

sin • sin (a — fi) 



^ Bin « sin (g — c) 



(34) 



19 From (14) we find 
sin* } a = ■ 



COB A+coa(B+C) 



from which, by PI. Trig. (107), we deduce 

■ .i -cosi(A+B+ C)coa^{B+0-A) 
"° *"" Bin^ainC 

and if ve put 

i(A + B+C) = S 

Bin* J a = ^-v, :—^ — i 

Hin B 8tn C 



Bin* J 6 • 



flin*Je 



_ — COS 5 C03 (5— B) 
Bin Csifljl 



_^ - coals' COB (.?—(?) 
sin A sinB 



(S5) 



(36) 



The first member of each of these equations being s square, the 
second member must be essentiuDj positive, although its algebraio 
sign is negative; in fact, since by geometry 25> 180°, tS>90'', 
cos i9 b negative, and — cos 5 is positive. 

20. From (15) wo find 

cos ^ + cos (B - (7) 
cos* ha 2iIK"£-8i^a~^ 

from which we deduce, by a proceas similar to the preceding, 
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e08*Ja = 



COB* J b 



^^C' 



•sjS- B) COS (S-O) 
sin if BID (7 

cos{S~ O) cos { 8— A) 
ain sin A 

_ COS (5 — A) cos (^ — J) 
sin ^ sin ^ 



(88) 



-coa;gcoa(.S'-A) 
' cori{S-S)c08(«'-(7) 

— cos Soo8(S — B) 
eos{S^O)eot{S-A) 



tan'iJ = 



— C03:?C03(6r— g) 
*''~C(»(S-4)C0S(S-B) 

We might have deduced (36), (38), (39), by applying (31), ( 
(34) to the polar triangle. 

22. Napier'i Analogies. Dividing the Ist of (34) by the 2d. 
Bud 



-K 



tan j^^ 



n(— t) 



tan J B sin {« — a) 
Regarding this as a proportion, we have, by composition and division, 



tan ^A + tan ^ .5 sin (»— b) + sin {a — a) 
tan J ^ — tan J £ ™ sin {» — 6) — Bin (a — a) 

In PI. Trig. (109), if we put a; =- « — 5, y = g — a, whence 
:f + w=2b — o— J = c 



(j») 



we nave 

sin (a — i) + ain (a — a) _ tan ^g 
sin (b — 6) — sin {s — a) ~ tan } (a — i) 

»i.d by PI. Trig. (126), 

tan^ A + tan^.B _ sin } {A-i- B ) 
~iml~A - tin i B ~ 'S^i{A — S) 
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Tlierefore (m) becomes 



sin i{A + B) 



tan^g 



Q^(A-B) tan J (a -6) 
or flin J (^ + 5) : Bin i (J. — 5 ) — tan J c : tan J (a — 8) 
which is the first of Napier's Analogies. 

23. Again, the product of the 1st and 2d of (84) gives 



tun^AtaaiB" 



^ («-■') 



(40) 



V*) 



or l:ttJi1fA tan j( £ = sin s : sin (• — «) 

whence, by composition and division, 

1 — tan ^ A tan ^ B sin « — sin (« — e) 
1 + tan ^ ^ tan } £ ™ sin « + sin (« — c) 

By PL Trig. (109), if « =» «, y = « — c, we have 

sin < — sin (g — e) tan |o 

8in» + 8in(»— c) tan i{a +b) 

and by PL Trig. (127), 

1 — tan^.4tan|.g coa}{A+B) 
l + tanJAtanj£ "co8j(^ — ^ 

Therefore (n) hecomes 

cobK-^ + ^ tanp' 

cos j (^ - £) "" tan i (a + b) (41) 

or C08i(-4+5):c08j(jl — S) = tan J(!:tanJ(a +J) 
which ie the second of Napier's Analogies. 

24. If (40) and (41) are applied to the polar triangle, we shaJ) find 

ein^(a + S) _ cot ^ g 1 

sin J (o — 6) ~ tanj(i— £) 



or MnJ(a + J):8in}(a— 6) = cotiC:tan}(^— ^ 



cos ^ (g + h) 



cotjg 



cos J (a — 6) tan J (J + ^ 
or C08j(a + 6):c08j(a — J) — cotJC:tanJ(^ + ^ 
which are the third and fourth of Napier's Analogies. 



(42) 
(43) 
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K. OioatU Thtortm, If 

;■ = COB } c Bin i (^ + S) P = cos J (7 cot \{a — h) 

8 = ooB } e cos J (4 + J) « = eio J C? COS 1 (a + i) 

r =. Bin 1 « Bin } (^ — B) fi = cob j Can i {» — *) 

t - sin i e eoa J {-^ - 5) 5 = Bin i C Bin 1 (» + 6) 

lAcn (Jl* prodttctt p X, q, p y. r, p y, i, q •)(, r, q y, t, r •)(, t, are re^telivdg tqual to (if 

vrodMUPy Q,PxR,FxS,gxR,QxS,RxS. 

Finl. From (3) w« Iistb 

Binii(Bin J=bdn £) a ^n C (Bin a dt sin i) 
wUoh, V ^- ^I^e- (10&)> (lOS) ^ixl (1^)> "B Tsdnoed to 

nn]«eo>i«sini(J + B)aoBi(^ — ^=uD}<7aoB)<7RinHo + ^)<)OBi('> — >) 
rin}eeoa}eo<w}(J + J9Jiin}('4-''^ — B>i>iC^OMiC^<x»}(o + ')"i>l (•>—*) 

pt !3t PS and ;r ta* QJ2 

^SkviuI. From (6) and (T) 

sin e (cob £ zt ooi -i) =. (1 zp oos [7)ain(o±S) 
irbiob, bj PI. Trig, are rediia«d to 

maiiieoaieB\iii{A + B)B\iii(A — B) = MBiOeiiBiCani{a--b)ooaHa — bt 

q> = QS kud prsaPB 

ThiriL From (8) imd (9) 

(l=fcooBB) Bin (d ±^) = sin t? (ooB 6 ± ens o) 
whioh, by Fl. Trig, are redaaed to 

ooB}eooB}eBin}(J4-£)ao8}(^+B)=.Bin)(7eosi(7eaB}(a + i)aoi)(a -t) 
iin)<dD)<i^)(.d — £)ooa}(J— £) = Bini(7coB}(7Bini(a + i)Bin)(a— 6) 

pq = P§ and r. — RS 

28. T^nohlfHni of Ike preetding arSeU being iliU employed, thl qaantitUtf*, f, f*, f, 
art mpMivefy »q»uU to F*, C, ffi*, S*. 

pqypr = PQxPR 
and qr — QR 

tiM qaotitnt of wliloh ii 

j^ ^ P' whenoB jii« ± i" 

.wd in the lame way s* = 9* ! = * ? 

f» = B' rto±a 

21 03 
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162 SPHERICAL TRIGONOMETRY. 

27. tn that Ual tquaiiotu, the poiUlvt tiffn muti be u>ed in aB tht leeend mtnJieri. t 
tkt nrgatm tign m alt of tlien. For if ire t&ke 

P- + P 

the eqnidona 

pq = PQ, Fr = PS, pt — P8 
being diTided by thU, j^ye 

ff - + C, r = + fl, . - + 5 

■nd if we t&ke 

r p ♦ 

the (Bine eqiutiaiis, dirided bj this, gire 

j = _§, r = — J[, .=. — 5 
We here therefore the following, which are generall; cited ejt Oauu't Eguattom. 
.o.l."l-l(J + -0)-~'!<^"-i('-») 1 

•in J . ■!" 1 M - -B) - =" i i; -i" 1 (• - i) 
.In i c .0, 1 (^ - -S) - ■!■> i C ™ i (• + •) 



(«) 



c.ii«nl(-< + ^) " 

.0. i. ... i (-< + 1) .1 

tmieaaHA — Sj= — ei 
d«i....i(^-JI)--« 



io...K. 4-») 

I } Cm ((.+ ») 



If, how.Ter, we couidtir only thm. tri.ngl.. whose part, see .11 les. than 180°, th. 
Erst of th..e groups, (44), is alone appli.able, forwemtiat thenhaT.p ^ -\- P : since 
...}., sin i (J -t- S), cog J (7, .OS i (n — 6) are then all pasitive qnantities. The nse 
of (4S) will be ...n in the .hapter en the solution of the general spherical triangle. 

Napier'. Analogies (40], (41), (42) and (43) can be deduced directly from (44), 

AnniTiosaL Foaucts. 

28, We .hall here add .ome furmnlai which, though not so frequently used as the 
preceding, are either remarkable for their elegance and eymmetry, or of importano. 
in certain inquiries of astrtmomy and geodesy. 

29, The product of (30) and (82) give. 



rin',4 =- 



..(■ 



a).in(— i).ln(.-.) 



(46) 



th.n 

and in the at 



,.in(.-.)«n(.-»)dn(._c) 



the qnotient of which is 



which ia onr first theorem, Art. S. As (48) wag obtained from (30) and (S2), ana . 
theee from (4) without the aid of (3), wo mftj consider the whole fabric it epherioal 
trigonometry u resting upon the fimdemenCol formula (4). 
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ADDITIONAL FORMULA. 
JO We h&Te also from (35) aad (.tT) 

.in* = = - * °os 5 cos (S - A) COB (S - B ) C09 (.? - C) 



-A)Q0!i{S—B)l!>,6{S~C) 



(50) 
(61) 



«1. If we detelop (47) tod (50) by PI. Trig. (173) aod (174) 
4n« =1—01 
4iir« = l_o( 



• o — COB' 6 — c03» c + 2 ooa a COS ft ooB B 


(HI 


•J-ooB'il — OOB'C — 2oos^oobBoosO (641 




•o.M~>»-» •'•" 




.inlC «a. 




BMlXBlnJJ! Bla^-al 




cos iC Bin B 

Bb i ^ COS 1 B __ ,lo (, _ i) 


(M) 


shJJslnJJ! Blnf.-c) 




,mK ~ sm. 





s i a sin i i. COB (5 — J?) 

BiDlc - sfnC 

s t ' CCS 1 1 _ COS (5- g) 



S3. By meaoa of (6S) snd (56) we oua deilnee etpresBEons for the functionB of 
f , ( — a, (lc, in terms of the aoglea, or of S, S — A, &e., in torms of tho udea 
Woh&TO, fVam (51), 



whioh, substituted in (55), givi 



txlAaoalsAa\a\Bkoa\B 



" 2 gin 4-4 sin J jO sin i (7 



^ ' 2 cos M 003 j 5 sin J C 

whenoe, by interchingiog the letters, we have alia iln (( — a) >nd dn (f — h). 
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SPHERICAL TBIOOKOMETRT. 


Axaln, we have 








fin (.-.) = .!..««.-«». .to. 






~.. -"-'-;'M— ) 


wMch, by (66) 


ii redaeed to 




... 


oosl^cofltfcose— bIdIJbIdIB 







Mid from th« equation 

001 (# — <) ^ 00* toMe-f-^*^* 

tn find, bj lubstiLating [56) and (GO), 

Ml (. — e) = 1- glniO * "~ ' 

To eliminate e traia the seoond membeiB of (69) and (60), we hvft, hj [B), 
_ eot a + <sot A eoa B 



, . , „ ooa C + ooB ^ coe 3 

' ' 4 am } ^ Bin } £ 

■Iii}Jsiii}£eo8e 



COB 0+ eOB-j COB il 
- 4 DOB ) ^ COB j ^ 



wMoh, labtUtuled in (69) and (GO), glre 



COB .^ + cog -g + eo a g — 1 _ 1 — Bi n' } .i — rin' } B — Bin* } (7 ■ 
" 4 Bio } J Bin i B Bin ) (7 ~ 2 sin } ^ Bin ) B sin } (7 ^ 



«{.-«). 



aoa A -i- una B -~ cob C+ 1 _ oob' j ^ + cob' jB — cob' t g ., 

" '4 cos i ^ cos } £ BID i g ■" 2l!OB}^OOB}BBill^(7 ^ 



From the pi'eceding ve easilj dedace 



2jy riD« 

a^ + ooB^ + coaC — l^ooac— tan}^tan}Jl 



CM) 



t^ ('-') = cob^ + cob^-cobC+I = eDtl^coB}£-ooi« (*** 
114. Tlie equatloDS (67 to 64) applied to tlie polar triangle, ^\ 

-""^= 2ooatacoBttcoBlc ^^> 

^ ' 2Bin^aBin Jieos}« * ' 



. rig I a Bin i 6 COB C + COB i n eoa ^ > 
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iooBioooaJicoB Jo 2oosioooBlJooB Je ^"■' 

S aia A a Bin 1 A oaa 1 d ^' ' 



4Biii}aBiiiJ£cos)e 

(71) 



2a Bin 

" l + ooaa+oosi + ooac cos (7 + <^' } i^ °o^ i ^ 



«rt (5 — <7) = i_ao,^_ooB£ + ooB« = ooa C+ Un ) a t»n H ^"' 
S6. From (73) we find 

1 01115- ^'^*'""^*^''°'*''"''°''* ''~""'*^~°°''*'' + ^ (781 

2 cos J a COB J i OOB J c ^ ' 



_ 2 coa t a COB i 6 eoa t g + oos' j a + cob' } i + co»' J e 

2 COB J a COB 1 6 COB i « 



(7*) 
1 of which mn; be reduced b; PI. Tng. (17S) ftnd (174), b^ making 
. = i a, y = J i, =. =a 1 e, Tthenoe ■- = H" + * + i^) = J ».••-' = *(• -«). 
ha. ; therefore, 

COS i a COB i 4 COS i c * . ' 



2iini.u«i(— ■) "«iC 


-l)dnj(.-.) 


««!.... ii.o 


!• 


2™,l.o.,iC— )"■»(• 


-1) ...((— ) 



T^ COS } a COB J i cos Jo » ' 

The proJact of IheBe equations reproduces (6G) ; their quotient is, bj PL Trig. (IM), 

UB.' (45'' _ i S) = l»n i 1 tan J (« - a) tan J (. - i) tan i (. - 0) (77) 

86. Cagmlt'i Equation. — Multiplying the fitst equation of (4) bj oos A, we find 

CM a COS J e= OOB & COS oos J -|- un i Bin c — Bin A sin c sio* A 

ind from (5) in a simlltur manner, 

COB a COB ^ ^ — COS £ COB C OOB a -^ sin fi sin C — sin £ sin sin* a 
Obeerring that hj (S) we hare sin i sin c sin' .^ ^ sin £ sin C sin> a, 
these two equatiooB give, 

Bin « sin c 4- cob b cob c cob J = eia B aia C — cob £ cos C oos a (78) 

a relation between the six parts of the triangle, first given by Caohou. It le a 
propert; of this equatiiin that tilher member it a function which hat the samt value in a 
gium tpherieal Iriangie and it* polar triangle. Thus, if we distinguish the bides aud 
angles of the polar triangle by accents, we hate'it 

^ £ SID e -f OOB i oos c cos ^ s= sin b' sin e' + cos b' cos e' coa A^ (79} 

■ Sw llaUwDuUlna MoDtlilr, (Cambridgs, MauJ Tol, I. p. !S3. 



Digitized by Google 



166 SPHERICAL TRIGONOMETRT. 

57 To di'tut iAi formula of plans IriangUi from thoie of tpherieal trianglti. 

Tbe analog; of man; of the precediDg formulEe with those of plane trioDgles il 
Bnfficientl; obiious. We con, in faot, deilnoe the plane formulce from those of tMB 
chapter, b; regarding the plaoe triangle Ha dticribtd upon a sphere whoie radiut u I'n- 
fiAite, the triangle being an infinitely imall portion of the ephire. The quanUties a, b and 
e, must, in this case, eipreaa the absolute lengths of the aides ; and the angles which 

thej sabtend at the center of the sphere, expressed in arc, will be — , — , — , r b» 

a b c r T r 

ingthe mdins of (he sphere. When r is very large, — , — , — , areveiy small. >nd we 

ma; express the Talaes of sin — , cob — , Slc approximately, by one or two terms of 

their eipansioDB in series, PI. Trig. (405) and (4()fi), and if their values be suhsti- 
tated in our spherical formulie, we shall obtain approximait reladons between the 
sides and angles of the triangle. If we then make r infinite we shsiU oht^n exaei 
relaUona between the sides and angles of a plana triangle. 
Thus we have 



Bin- 


7-^+*'^ '-W + "'- 


ad making r inflnite, f 


e End the formula of PI. Trig. 




sin.^ a 


In the same manner 




eos-^-eos 


-^± ,_^;+..._(,_-_^+-_..., 


'^^ sinis 


"7 (v-^+'-)(t-W+-) 








- ..---.. 


id roOing T infliiit«, » 


e ha™ the formula of PJ. Trig. 




. J» + (? - a* 



2ie 

Formiiln that involTe only the sines or tangents ot the sides may be rednced im- 
mediately to the plane formula by substituting o, J, &o., for sin a, tan a, &c. Thua. 
(31 to 34) give the corresponding formulie of PI. Trig, by omitting the symbol tin. ; 
and (40), 141), by omitting the symbol fan. when these symbols are prefixed to sides 
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BOLUTION OF 8PHEEICAL RIGHT TEIaNGLES. 



CHAPTER n. 

. SOLDTION OF SPHERICAL EIGHT TBIANQLES. 

38. Whbh one of the angles of a spherical triangle is a rigts 
angle, the general formulae of the preceding chapter assume forma 
that are remarkably analogous to the relations established for tho 
8olution.of plane right triangles, and equally simple in their appli- 
cation. 

39. Let (7=90", Fig. 6. Prom (3) we 
have 



sin A = - — sin G 

but since 0= 90°, sin Q= 1 ; therefore, 

. . sina 
sin A = —■ 



and, in the same manner, 



a£ = 



sin& 



that is, the tine of either oblique angle of a spherical right triangle 
is equal to the quotient of the sine of the opposite side divided By the 
tine of the hypotenuse. Compare PI. Trig. (1). 
40. From (11), we find 

sin 5 cote — sin A cot 
cos A = ^^ 

but if £7—90°, cot C— 0; therefore. 

. Bin 6 cot c 
cos J. = — —— i — = tan cot 



(81) 



Di„m,db, Google 



SPHERICAL TBIGONOUETBT. 



that is, the cotine of either angle is equal to the tangent of the at^a- 
cent aide, divided by the tangent of the hypotenute. Compare 
K. Trig. (1). 

41. From (10), we hare. 



Bin 

vAicli, when C " 90', becomes 

Binb 
• Bin cot a B 

or, taking the reciprocals, 



that is, the tangent of either angle it equal to the tangent of the op- 
posite side, divided by the aine of the adjacent tide. Compare 
PI. Trig. (1). 

42. From (5), we find, 

. 00B.g+C08(7c08.A 

COB b sin G 
and if C- 90% 

3i^^_£^ BinS-^^ (88) 

COS b COS a ^ ' 

that is, the cosine of either angle, divided by the cotine of its opposite 
tide, ia equal to the aine of the other angle. In PL Trig, we have 
KH A^ cos S. 

43. From (4), we have, 

cos e — COB a COS i + sin a bid & cos O 
or, when (7 — 90°, 

008 e = cos a cos b (84) 

that is, the cotine of the hypotenuse ia equal to the product oftheeo- 
tines of the two aidea. In PI, Trig, ir* = a» + 6*. 

44. From (5), 

COB C+ cosjIcosB 

«■'" sinJsini ■• 

or, when C-" 90°, 

COS .il coe .8 . _ 



Bin ^ Bin ^ 



(86) 
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bat is, tJie eoiine of the hypotenuse is equal to the product of the co- 
tangents of the two angles. In PI. Trig., 1 = cot A cot B. 

45. No difficulty will be found in rememberiDg the preceding for- 
miilsQ for spherical right triangles, if they are associated with ths 
oorresponding ones for plane triangles : thus, 



In plane right trianglet. 



mxkA = — 



8in5~- 
C03 B= ~ 



anA^aosB, imB = cy 



f 



«» + J» 
cot^cotS 



In spherical right triangle). 



sinjl = 
cos A 
tan A=-. 



Bin c 

taab 



sinB- 



emb 



cos e = cos a cos 6 
C08(! = C0t.4 cot5 



46. Ifapia't Suta. By putting these ten equfttions under a different form, Napier 
•tfUtrived to eipreas them all in two rules, vbich, though artificial, are very gene- 
mil; emplojed as aide to the memory. 

In tlieae rules, the complements of the hypotenuse and of the tno oblique aogleB 
are employed instead of the hypotennse and the angles themselves. The right angle 
Dot entering into the formula, they express the relations of five parts, but in the 
rules the Gtb parts considered are a, i, ca. e, co. A and co. B. Any one of these 
parte being called a middle pari, the two immediately adjacent may be called adja- 
etntparU and theremainiag two, oppatite parta. The right angle not being considered, 
the two aides including it are regarded as ailjacent parts. The rules nre ; 

L Tht tint of Hit middle part it equal to tht product of Ihe lanyentt of tkt a^a^nt 

II. Tht tine of l}ie middle pari it equal to tht product of the cotina of the oppotite parti. 

The correctness of these rules will be shown by taking each of the fiie parts ai 

middle part, and comparing the equations thus found with those already demon- 

1st. Let 00. c be the middle part ; then co. A and co. B arc the adjacent parte, 
a and b the opposite parte, and the rales giTc 



sin (oo. c) =* tan (co. A) tan {oo. B) 

■in (co. c) ^ BOB a cob ( 
which ifS (S5) and (kl). 

2d. Let CO. A be the middle part ; then co. c 
%aA <t the opposite parts, and the rules giie 

^n(co.^)==t»n{oo. cjtani 

■in (co. A) =s COB (co. ^ ooa a 



coBe^cot j1 aotB 
aos«^eosa ooeb 



e the adjaoent p;iTU, oo. B 



co»A ^cot e tani 
et»A ^tmBaoaa 
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In t^e Btiae mauier, if oo. it is token u the midiUe part, 

tin (oo. E) s tan {oo. c) t»n a or cos B^eotetAna 

■In (do. £) wm aoa [co. A) cos b ooaB = ain A o« A 

•ad Ihete fonr cqa&tloiiB are the Bama aa (81) and (83). 

Sd. Lst a be the middle part; then co. B and b axt the a^jaaent parta, oo. A 
and eo. c the opposite parte, uid the rules glTe, 

sin a ^ tan (co. B) tan b or aln a = oot B tan A 

In the aame maDoer, if £ is taken as the middle part, 

and these fonr equations are the aame as (80) and (82). 

It appears, therefore, that these rules iaclnde all the ten equations preTioosI; 
proved; and thej include no others, since we have taken each part snooessively a* 
the middle pari 

In the application of these rules, it is unnecessary to use the notation co. A, oo. B, 
00. e, since we may write down at onoe sin A for cos {co. A), &c." 

47. In order to solve a spherical right triangle, two parts mttst 
be given, and from the equationa of Art. 45, that equation must bo 
selected Trhich expresses the relation between these two parts anJ 
the required part. 

When Napier'a Rules are employed, it is only necessary to determine which of the 
three parte — the two given and the one required— is to be taken as the middle part. 
" These three parte are either all adjacent to each other, in which case the middle 
one is taken as the middle part, and the other two are adjacent parts ; or one is 
separated fVom the other two, and then the part which stands by itself is the mid- 
dle part, and the other two are opposite parts. "f 

48. In order to distinguish the functions of parts less than 90* 
from those greater than 90°, it will be necessary carefully to observe 
their algebraic signs, according to PI. Trig. Art. 40. But when a 
required part is determined by its sine, since the sine of an angle 
and of its supplement are the same, there will be two angles, both 
of which may be regarded as solutions, except when this ambiguitj 
is removed by either of the following principles. 

* If we employ as the five parts, the hypotenuse, the two angles, and the coniple- 
mentn of the two sides including the right angle, these parts will be the eomplemeuts 
of those used in Napier's Rules, and we shall have 

Macdhit's Rules. — I. The eoiini of the middle pari it egual to Iht product of the CO- 
tangcnii oftht a^fatft partt. 

IL J^t coiiru of the mHJU part ii equal to the product of the tineiofthe oppotitt parti. 

With a little atteutioD at the oommencemeut. however, and by observing the ana- 
logy exhibited in Art. 45, the student will find that he will have little use for eitbei 
of these artificial rules. 

f Peiroe's Spherical Trigonometry. 
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49. In a right tpkerieal triangle, an angle and its opposite aide 
are always in the same quadrant, that is, either both less or both 
greater than 90°. For, by (83), 

, cos B 



in which, since sin A ia always positive, {A < 180°), cos B and 
cos b must have the same sign ; that is, B and b must be either both 
less or both greater than 90°. 

50. When the two sides including the right angle are in the same 
quadrant, the hypotenuse it less than 90°, and when the two sides 
are in different quadrants, the hypotenuse is greater than 90°. 
For, by (84), 

cos a >= cos a cos b 
in which, if a and b are in the same quadrant, cos a and cos b have 
like signs, and cos c is positive, that is, e < 90° ; but if a and b 
are in different quadrants, cos a and 90s b hare different signs, and 
cos e is negative, that is, c > 90°. 

We proceed now to the solution of the several cases. 

51. Case I. Given the hypotenuse and one angle, or e and A, 
Fig. 6. 

To find a. The relation among the three 
parts, c, Af and a, (as in PI. Trig, with the 
same data), is given by the sine of A ; and 
by Art. 45, 



from which we find* 

sin a « sin aHinA. (86; 

There will be two values of a corresponding to the same sine, but, 
by Art. 49, the true value is that which is in the same quadrant 
as ^1. 

To find b. The relation among the three parts, e. A, and b, (as 
in Fl. Trig, with the same data), is given by the cosine of A, or, 

, tan 6 
cos A = 7 

tan e 

from whichf tan 6 = tan c cos A (87) 

* Thin eqoation would be tonoi bj Napier's Rates, taking a bb the middle put 
f We fud the same result bj Napier's Boles, Mldng co. .^ as the middle put. 
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To find B. We have, by (85),* 

COS c = eot j1 cot B 

from which cot B = = cob c tan A (88) 

The quadrants in which h and B are to be taken, vill be deter- 
mined b; tneaua of the signs of tan b and cot B, according to PI. 
Trig. Art. 40. 

Check, To guard against numerical errors, it is often expedient 
to compute the same quantity by tiro different and independent 
netboda. In many eases, however, we may teat the accuracy of 
several operations by a single formula, which may be called the 
cheek. In the present instance, when the three parts, a, b, and B, 
have been found, we should have, by (82), the relation 

sin a = tan b cot B 
BO that if the work is correct, we shall find 

log sin a *" log tan b + log cot B 

Examples. 

1. Given c = 110° 46' 20", A = 80° 10' 80", to solve the triangle. 

By (86). By (87). By (88). 

c,log sin 9-9708106 log tan - 0-4210061 log cos — 9-5498045 

A, log sin 9-9935833 log cos + 9-2820794 log tan + 0-7615038 

log sin a 9-9643989 logtani- 9-6530855 logcotS — 0.3"'''~''" 

log tan b - 

Cheek, log sin a + '9.9643938 

Ant. a = 67° 6'52"-7, b = 155°46'42".7, B = 153°58'24"-5 

2. Given o = 120°, A = 120° ; solve the triangle. 

Ans. a <= 181° 24' 34"'.7- b = 40° 53' 36"-2 B — 49° 6' 23 -8 

62. If A = 90°, ve must &Iso have, by (S5), e = 90°, aad then 



taiii = -^ tanB = -^ 

Rj that h and B are both indeterminate; that ia, there is an indefinite amnber ot 
trianglea whiob Batisfj the giiec Taluea of e and A ; but ainoB 

^ COB B = 008 A sin A => cob b 

we alwaya haxe B = b; and since 

ein<i = B;neein Jc=l 
Wfi have a = M", and all the pnrtB of the triangle are equal to 90", ei-spt b and B 
If only c ia giTen = 90", all the parts of the triangle are equal to bO", eicepl A 
and a ; and ve bare A ^ a. 

• Or by Napier'B Rules, taking oo. c as the middle part.^ ^ — ^ 
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S3. Case II. Qiven the hypotenuse and a side, or c and a 
To find A. We have by (80), 



<* cosec cam a 



To finds. By (81), 





„ tana 
cos .e = — — = cot c tan a 


findh. 


By (84), 




COB C = COS ffl COS b 


which 


C03 

COS 6 = T— - = COS c sec a 



(90) 



(91) 

Check. We have between A, B, and J, the relation 
cos -B « ain ^ coa 6 

Examples. 

1. Given =s 140°, a = 20° ; solve the triangle. 

By (89). By (90). By (91). 

c,logoosecO.I919S25 log cot — 0.0761865 log coa - 9-8842540 
a, log «in 9.5340517 log tan + 9-5610659 log sec + 0.0270142 

log ail A 9.7269842 log cos B - 9-6372524 log cos } - 9-9112682 
log sin A + 9.7259842 

Check, log COB B - 9.6372524 
Am. A- 32° 8'48".l 
.B-115°42'23".8 
6 — 144»36'28"4 

2. Given 0=101° 16' 16".7, 6 - 115° 42' 38"-5 ; 6nd X 

Am. ^-65°32'66''-d 

&4. Wben a = t and ooiueqneutl; boUi .m 90°, idn ^ = 1, A ^ 90°, and 


•DthstJlBsA,1,nt both axe indetermiaste u in Art 62. 
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55. Casb III. Given one angle and it» opposite side, or A and a. 
We shall have 

sin A = -i—— whence sin c ~ cosec A bid a (92) 

Bin c 



sin b ■» cot A tan a 



(93) 



naB= Bin B =• cos 4 sec a (94) 

COB a ^ ' 

Cheek, sin £ ■> sin c sin £ 

In this case, there are always two solutions, all the required parts 
being determined by their sines, and the ambiguity not being removed 
by either Art. 49 or Art. 50. This also appears from Fig. 7. 

si^T. If AB and ACha produced to meet in A', ABA' and 

ACA' are semicircumferences and A = A'; the triangles 
ABC and A'BC both contain the given parts A and a, 
but (/, b' and B' are respectively the supplements of o, 
b and B. It must not be inferred that in every case all 
the required parts are less than 90° in one triangle, and 
greater than 90° in the other ; but the proper values for 
each triangle must be selected by Arts. 49 and 50. 



1. Given A ~ 100*, a = 112^ ; solve the triangle. 
Ani. c— 70°18'10".2 ■» ( c- 109° 41'^ 



c= 70°18'10".2 1 f c-: 

J = 154° r26".5 > or ■< i = 
? = 152°23' r-3 J I B = 



25''52'33"-5 
27°36'58".7 



2. Given A =• 80°, a = 68° ; solve the triangle. 
Ane. c= 70°18'10".2 ") ( c= 109°41'49"-8 

S= 25''52'33".5 > or -^ J = 154° 7'2G".5 
5= 27°3G'58"-7 J l .8 = 152° 23' l"-3 

8. Given B = 150°, b = 160° ; solve the triangle. 
Ans. c = 136°50'23''.3 



>0'23''.3 1 C c= 43° 9'S6".7 

4'50"-7 > or < a = 140° 55' 9"-8 
9'42".7 ) y A = 112°50'17"-8 
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56. Case IV. Qtven one angle and its adjacent side, or A and S. 
We shall find the required parta hy the equations 

COS B =^BmA cos b (95) 

tan a — tan A ain 6 (96) 

cot c = cos -i4 cot b (97) 
Cheek, cos B •= tan a cot e 

Examples. 
1 Given A = 80" 10' 30", 6 = 155° 46' 42".7 ; solve the triangle- 
Ans. 5 = 153°58'24"-5 
a- 67" 6'52".6 
<T = 110°46'20''-0 
2. Given B — 152" 23' 1''.3, a = 112° 0*0" ; solve the triangle. 
Ans. ^-100" 

ft = 154° 7'26".5 
0= 70"18'10"-2 

57. Case V, Q-iven the two sides, a and ft. 
We find the required parts by the equations 

cos c = cosaco3 6 (98) 

cot A ^ cot a sin 6 (99) 

cot B = sma cot b (100) 
Check. 008 e ■■ cotA cot B 

Example. 
Given a = 116", 6 =■ 16^; solve the triangle. 

Arts. c= 114° 55' 20- 4 
A=» 97°39'24''-4 
S= I7°41'89"-9 

58. Case VI. Given the two angles, A and B. 
The required parts are found by the formulffi 

cos c = cot .4 cot B (101) 

cos a = cos A coseo B 0-^^) 

cos 6 = cosec A cos B (103) 
Cheek, C09 c "o cos a cos b 
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Example. 
Giyen A - 60" 47' 24".3, B = 57" 16' 20"-2 ; solve the triaDgle. 
Ant. c — 68" 66' 28''-9 
a = 64° 82' 82".! 
5 = 51" 43' 86".l 

AnsmoMAL Fosmitls iob tbb SoLmoii or Spabbioal Riobt TitiAiiaLBa. 
59. As In plane trigonometry; caiea occur in which particniar solution* of grestor 
ftccnraej tlian tlie ordianrj onet >re required. (PI. Trig. Art. 112.) 
»0. From (8S) we And 



1 + ain ^ ^ Bin c + Bin o 
which. by H. Trig. (164) and (109) is reduced to 

which will gin » more soenmte result than (89), when A is aaarlj 90*. 
61. From (91) we find 



or Uu* ) 6 =: tan i(e+a)tmi{e — a) 

which may be employed instead ot (91) when b is small, or nearly 180°. 
C2. From (00) we find 



tu*i£ = 



c+t, 



M7+1) 

which may be employed instead of (00) when B is small, or nearly 180°. 
63. By similar transformations the foTmalm (101), (102) and (103) become 

tan- i a = t«i [1 (-^ + -B) - ^S=] tau [46" + J (J _ ^] (108) 

tan' i 6 = tan [4 (A + 5) — 46=] tan [46°— } (_A — B)] (109) 

We have also, by (14), 

_ cos (X + 5) — cos 17 

"""**= 2 sin J sin £ 

which, when C ^ 90°, becomes 

and flrom (15), in the same manner, 



Di„m,db, Google 



t,u.-(«--}.)- ^4U+.) ™ 

U.-(«.-i»)--4|H=f) (11!) 



QCADRAKTAl AND ISOSCELES TRIANGLES. 177 

of wMcb (110) may be nsod when e ie Bmall, and (111) when e ia nearly IBO", in- 
ateadef(lOl). 

64. The equadona (92), (98), and (94), of Caaa UL giTe 

ni(^ + .) 

«(^- 
"ala(^ + .) 

Un- (46'> - i J) _ Un i (.4 - .) tan )(^ + ") (1") 

Tbe roots of tbese eqaations hftTing the double eign, we may tabs thi dugles 
45° — J e, etc. either with the poeitiyo or negiiti»e sign, whence the two solnUoDs 
of the problem, M in Art. 66. 

66. Some of the solutioDs may be adapted for oompatation by the table of natQ- 
Ttl unsB. Thoa i^om (S6], (05), and (08), 

=m « = i [COB (c~A)- ooB (e + A)} (115) 

coail = i [sin (b + A)~ ain (i _ A)} (116) 

CM c = i [ooe (a + 6) + C08 (a — i)] ' (117) 

66. Tbe following lelations are occaaianally DBefal : 
From (83) we hare 

008 a mnA eosA tin 2A n^t^\ 

cos£ ~ BiD£ CCS B ^ am2B ^ ' 

Prom (80) and (88), 



From (80) and (84), 



(120; 



67. VariouB lelatibns may be deduced from the general foTmnlEe of the prweding 
ehaptet by making C ^= 90°. The following are easily obtained : 

Bin (e — a) = COB « tan i tan } S = cos a ain i tan } .B 

Bin (£ + a) = COB e tan A cot J .0 = co8 a sin boo%^B 

cos {<: — ») = COB 6 + Bin a SD i tan } £ 

«08 {c+ a) = c^b- Bin a Bin ft oot i .ff 

Bin (a — A) = 2BineBin}(^ + £)8in J(-^— -^ 

lis (<■ + i) = 2 BID c COB i{A+ B) cos i(A~B) 

COB i e COB J 

tan 5 = — cot } a cot ) fi (121) 

QuADftAKTAL AND ISOSCILSB TRIAHOLRB. 

68. The potsr triungle of tbe right triangle iB a. guadrantal triangle, one tidt (the 
side opposite the angle C) being equal to 00°. The solution of euch trianglea is aa 
simple as that of right trinngleB, the formulre for tbe purpose being obtained from 
the preceding, by the process of Art. 8. It ia unneeessary to produce them here, ag 
quadrsntal triangles are generally avoided in practice, and when unaToidable are 

''eadily solved by means of the polar triangle. 

An isosceles triangle is easily solved by dividing it into two right triangles by a 
•mpODdiculu t^m the angle included by the equal sidea. 
28 
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CHAPTER IIL 

SOLUTION OF SPHERICAL OBLIQUE TRIANOLES. 

69. In the solution of spherical oblique triangles, a required part 
may sometimes be found by its sine, in which case there will be two 
values of that part, answering to the conditions, unless the proper 
value can be determined by other considerations. In certain cases, 
the true value can he selected by applying one or more of the fol- 
lowing principles, some of which are demonstrated in geometry. We 
still consider only those triangles each of whose parts is less than 180°. 
I. The greater »ide is opposite the greater angle, and converseltf. 
II. Slack side is less than the sum of the other two. 

III. The sum of the sides is less than 360°. 

IV. The sum of the angles is greater than 180°. 

V. £ach angle is greater than the difference between 180° and 
the sum of the other two angles. 

For, by IV., A + B + C> 180° 

whence, A > 180° ~{B+ 0) 

. '**■»■ Eutif.B+ C> 180°, we have, in the polar 

triangle, A'B'O', Fig. 8, by II., 
a'<b' + e' . 
180°-^<180°— B + 180°- O 
-A< 180° -{B+C) 
A>{B+ 0)-180° 

VI. A side which differs more from 90° than another side, it %n 
the same quadrant as its opposite angle. 




For, by (4), we have 



i a — cos b COS c 
sin b sin c 



in which the denominator is always positive. If, then, a differs 
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[Core frciii 9' 
I moment), 



than b or than c, we have, (neglecting the eigns for 

COB a > cos 6 or > cob c 
and Btill more cos a > cos b cos c 

Hence cos a being numerically greater than cos 6 cos c, the sign of 
the whole numerator, and therefore the sign of cos A, is the same 
as that of cos a ; that is, A and a are in the same quadrant. 

VII. An angle which differs more from 90° than another angle, 
tg in the game quadrant as its opposite side. For, by (5), 



cos ^ + c 



s5c( 



sin B sin 



3 that tan J (a -■- 6) 



in which, if A differs more from 90° than £, or than C, cos A deter- 
mines the sign of the whole fraction, and therefore the sign of cos a, 

VIII. In every spherical triangle there are at least two sides which 
are in the same quadrants as their opposite angles respectively. This 
follows from VI. and VII. 

IX. The sum of two sides is greater than, equal to, or less thafi, 
180°, according as the sum of the two opposite angles is greater than, 
equal to, or less than, 180°. In other words, the half sum of two 
sides is in the same quadrant as the half sum of the opposite angles. 
For, by (41), 

tan J(a + b) co8^{A + B) = Un^ecos^{A- £) 

the second member of which is always positive, i 
and COS ^{A-i- S) must have the same sign. 

70. Case I. Given two sides and the in- ^ 
eluded angle, or b, c and A. (Fig. 9.) 

First Solution; when the third side and 
one of the remaining angles are required, 

To find a. The relation between the given 
parts b, c, A and the required part a is ex- 
pressed by the first equation of (4), 

COS a = cos e cos 5 + sin c sin b cos A (u) 

by which a may be found by computing separately the two terms of 
the second member and adding their values to form the natural co- 
sine of a; i)ut we should thus be required to use, besides the table 
of log. sines, also the table of logarithms of numbers, and the table 
of natural sines and cosines. To adapt it for logarithmic computa- 
tion by the table of log. sines exclusively, we employ the process of 




.d by Google 



IgO fiPHEKTCAL TRIQONOMETBT. 

PI. Trig., Arts. 174, 175. Thus, let ^ be a number sad <f an aux- 
iliary angle ^uuh that 

ksin ^ •^ Bin b toeA 1 

L * i y (™) 

k COB 4) ™ COS 6 J 

then (m) becomes i 

cos a = & (cob c cos $ + sin <t sin $) 

= k eoa (c — $) (m*) 

Bo that A and ^ being found fiom (m) we may find a by (wi'j. But we 
may eliminate k by dividing the first equation of (m) by the second, 

and substituting in m' the value of A ■«» , whence we have, for 

eostp 
finding a, 

tan (f = tan J cob A ~| 

cos (<: - ^) cos J I (122) 

C03$ J 

which are the formnls commonly employed.* 

To find B. The relation between h, c, A and B, b, by the firBt 
equation of (10), 

„ sin c cot 6 — cos c cos ^4 

"' ■» iio (") 

This may be adapted for logarithms by the process above em- 
ployed, but to assimilate it to (m) we multiply the numerator and 

denominator of the second member by sin b, whence 



_ sin c COB J — COS c sin 6 cos A 



cotB-- 

sin Bin A 

which by (m) becomes 

„ ft ain fe — «) 

°°'^- sin t. in I W 

or substituting the value of ft = — : , the formulje for find- 

ing£ar. "° ♦ 

tan ^ =• tan b cos A '1 

-_ Bin(c — <P)cotA m12S) 

sin $ I 

* We might haT« aisiiiDed i( bid f ^ cot b, £ cob # ^ bid b cos A, nhich ironld 
h«TeredQced (k) to ooa a = * sin (e+*)- In this way bU the boIuUom that follow 
■n«7 b« Tsrled. 
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In tlie use of these formulas, as indeed of all that follow, tho 
Bigns of all the functiona must be carefully observed, according to 
PI. Trig. Arts. 37 and 40. 

We may take (p between and 180°, less or greater than 90°, 
according as the sign of its tangent is positive or negative; or wa 
may take it numerically less than 90° in all cases, but positive or 
negative according to the sign of its tangent, (PI. Trig. Arts. 37 
and 174). 

Chech The quotient of (n) divided by (m^ is 

cot.B tan (<? — !;■) , 



which multiplied by the following, from (3), 

sin aainB = sin bam A 
tan a cos B = tan (c — ^) 



gives 

by which the values o 
verified. 



(124) 



a and B, found by (122) and (123), may bo 



71. If a and C were required, the solution would evidently be 
similar, only interchanging 6 and c, B and 0. By the fundamental 
formulse we should have 



a = cos 6 cos e + sin h sin c cos A 
_ sin 6 cos c — cos J sin e cos A 



(0) 



and denoting the auxiliary angle in this case by y^ the logarithmio 
solution would be 



tan y^ = tan c coa A 

cos (b — x) cos e 

cos a = ^ 

eos^ 

. ^ sin (6 — x) cot A 

cot C'= — ^-—T^ — 

Check, tan a cos C = tan (6 — ^, 



(126) 
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1 Given S - 120° 30' 30", o -T0''20'20", ^ - 60° 10' 10"; 
find a and B. 

Bj (122). 
J- 120° 30' 30" log tan S - 0-2297071 
A- 60° 10' 10" IogcosA + 9-8 
» - 132° 36' 44"-2« log t«n » - M 
0- 70°20'20"-0 
«-»-- 62°16'24"-2 
By (122). By (123). By (124). 

logaoi(;— »)-t-B-66768S3 log sin (c — f) — 9-9470304 1ogtiui(« — *} — 0-2793410 
■reologcos* — 0-1693898 u oo log Bin »+ 0-1331605 logUn 4 + 0-4291648 

■ logcoBi — 9-7055761 logcot^ + 9-9212038 logoosi— 9-8601763 

logooia+ 9 5426552 logcot£ — 0-0013847 0/iick. —0-2793410 

a«.69"84'55"-9 J= 135°6'28"-8 

2. GiTen6-120»SO'30», »- 70° 20' 20", ^ = 60° 10' 10"; 
find a and 0. 

Am. o-69°34'65".9 
C-60°30' 8".4 

3. Given 5 - 99° 40' 48", » - 100° 49' 30", A - 66° 33' 10" ; 
find a and S. 

Am. <.-64°23'15".0 
B-96°38' 4-0 

4. Given 6 -99° 40- 48", «- 100° 49' 30", ^-65° 33' 10"; 
find a and O. 

Am. a - 64° 23' 16"-0 
0-97°26'29'.l 

5. Given} = 98° 2' 20", «- 80° 36' 40", jl - 10° 16' 30"; 
find a and C. 

Am. a - 20° 13' 30".l 

(;-30°36'56".7 

72. If B, (7 and a were all required, we might find a and Cby 

(126), and then B by Art. 3, which gives 

sin d : Bin } » Bin ^ ; sin B 

. „ sin i sin jl 

or Bin D >- , -■ 

sin a 

*We maj also take » = — 47° 23' 15 '-8, wheoce e — # = 117° 43' 85- 8, »Lich 
will glv« the aame valaes of a and Jl aa found in the text 
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Of the two values of B less ttan 180° given by this formula, the 
(iropcr one may generally be selected by the principles of Art, 69. 
There are cases, however, in which all the conditions there given are 
satisfied bj' both values of B,* and on this account it \% preferable, 
in general, to combine (123) and (125), or to employ the following 
solution, when the three unknown parts are all to he found. 

73. Oase I. Given b, c and A. Second Solution ; when the two 
remaining angles are required, or when the three unknown parts ar^ 
all required. 

We have, by Napier's Analogies, (42) and (43), 

8inJ(6 + c):sinJ(6-e) = cotJ^:tan}(5-a) 

.8i(i + c):coa|(A~c)=cotJjl:tani(£+(?) 



whence 



A a 



»Hi-^: 



"-Ha-cj-arfV+^-M (126) 

t.„ 1 (-B + C) - °Z\% + 1) ««' i ^ (12') 

which determine J (5 — 0) and J (B + C); then the half difierence 
added to the half sum gives the greater angle, and the half differ- 
ence subtracted from the half sum gives the less angle. 

If c > 6, we may write c — h,0— B,'m the place of i — c, B — C. 

We may now find a by either of Napier's Analogies, (40), (41), 
which givef 

'"i'-Slll^j "»»('-') (12'> 

* By Art. 69. VI., if b differs more from 90° than c, B m in the same quadrant 
as by and all amblguit}! is removed. If c differs more ftrom dO° than £, Te maj fina 
a and £ by (122) and (12S), and tben C by ths formula 



C being taken in the same qaadrant as e. 

f We may also find a from an; one of QauBB's Equations (44), whicb become, i 
tlie present case, 

«,. i . .m i (i! + C) _ CO. ! ^ ••• i <» - •) 

ao> \itooti^B+0) = ain J J cos } (« + e) 
Bin J a Bin J (5 — P) = COS i ^ siQ J (* — «) 
»n 1« on. i(i-0)-Bi"M "in !(» + «! 
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1. Gben 5 - 120° 30' 3( 
find B, (7 and a. We have 

i (6 + «) - 96' 
1(6 - «) - 26' 
iA = 26' 
Bj (126). 
•roologBmJ(6 + c) + 0-001948T ar 
logsin } (6 - c) + 9-6273228 
log col } A + 0-3296629 
logtan i(B_ C) -f 9-9689244 
i{B—a)— 42''17'40"-2 
£-136» 6'28"-8 

By (128). 
ru-oologBinKB-(7)+0-n20227 
logBinJ(B+C)+9-9994824 
logUnJ(6-c)+9-6703471 



ESAUFLES. 

I", « - 70° 20' 20", ^ - 50° 10" ir J 



i' 25" 
.' 5" 
' 5" 

By (127). 
rcologco>}(6 + o)- 1-0244829 
log coBl(J-<:)-f 9-9669757 
log cot 1 A + 0-3296629 
log tan i (5 + 0) -T3111115 
i(.B + C')-'92°47'48"-6 
0-50° SO" 8"4 

By (129). 
rcologcosK-B-0')+0-1309469 
log co!l(£+C)- 8-6883709 
logtan J(J + c}— 1-0225342 



log tan 


Jo + 9-8418522 






log 


tan}<. + 9-8418520 


j« 


= 34° 47' 28"-0 
















Art, 


B 




= 135° 6' 28"-8 

- 60° 30' 8"-4 

- 69° 34' 66"-0 


2. Given 8 = 


99° 40' 48", « - 


100 


"49' 


30", 


A - 65° 33' 10"; 


find B, and o 













^JMT. B = 95* 38' 4"-0 
C = 97° 26' 29"-l 
a = 64° 23' 15"-1 
74. It ma; be remarked with regard to (128) and (129) that, nhen h and •: (and 
consequently B and C) are ncarl; equal, a small arror in the previous determina- 
tion of the small angle i{B— f7)ma;pTodaceBlargeoneinlogBin}(B — C), and 
coDseqaentljinlogtan jafoiindb;(128J. Intbatoase, therefore, (129) must be pre- 

'' In like manner, if }(i -f- e), and consequeatl; j^(S -(- C), are nearly equal to 
S0°, (129) -will become inaccurate, and then (128) ia to be preferred. 

Fonuiila (128) would fail entirely if fi = (7, and formula (129) would fail if 
i {B + C) = 90°, unce the second members in these cafles would assume the inde- 


temuoate form — . 

75. Case I. Given S, c and A. Third Solution. When the 
third aide is alone required, the computation by (122)ia in most cases 
as conrenient aa any other ; but thei e are various other methods 
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derived from the formulae of the preceding chapter, which hav been 
employed with advantage in particular applications. Among the 
moBt coDTeaient are the followiog, from (12) and (13) : 

cos a = cos (5 — c) — 2 sin b sin c sin* J A ■ (130) 

cos o = cos (6 + c) + 2 sin b sin e cos' J A 0-^^) 

The computation of these requires the use of natural cosines and 
numbers, the signs of which must be carefully ohBervod. 





Example. 




Given S - 99° 40' 48 
«iido. 

iA- 32° 46' 35" 
J-« 1° 8' 42" 


, « - 100° 49 

By (ISO).' 
log Bin' M = 


30", A = 65° 33' 10'; 

2 log sin 1^ 9-4669752 

log Bin c 9-9922023 

log .in 6 9-9937722 

log 2 0-3010300 


- 2 sin 6 ein c sin' J ^ = 
Hat COB (J — c) = 


- 0-6675181 
+ 0-9998003 


log 9-7589797 


Hat cos o = 


+ 0-4822822 


a _ 64° 23' 15" 


iA- 32» 46' 35" 
S + c - 200° 30' 18" 


By (131). 
log C08' i -4 = 


2 log 008 J A 9-8493748 
log .in e 9-992202S 



+ 2 Bin i sin c eoa^ i A = + 14 

nat COB {b + oj- - 0-9366416 



log Bin 6 9-9937722 

log 2 0-3010300 

log 0-1363793 



76. In Art. 14, we have dednoed seTerol fonoalEe by which ) a may be computed 

We may adapt (IT) and (18) for logarithmic computation, as follows : 

> ™ rin* sine cos* }.i 1 

! = Bin'i(i+^)^BinV \ (132) 

= sin [J (ft +.) + ,] Bin [i (i + - *] J 



= o«[i(*-') + *]«oe[i(*-0-#] J 
of which (182) isto be preferred when 1 a <45'', and (133) whenia>45<'. 



• The eomputaHon of (180) is facilitated by the nee of a special table (given In 
many treitisea on nftTigation), from which, with the argument J ib taken the loga- 
rithm of 2 sin* i -4 = TerainJ. [PI. Trig. (4) and (130)]. 



^'■^ 
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77. Cask II. Given two angles and the 
included side, or A, Cand 6. (Fig. 9). 

Fint Solution; when the third angle and 
one of the remaining sides are required. 
B To find B. The relation between A, C, b 
and £, is, by (6), 

COB 5 =3 — coa C cos A + sin C sin A cos 6 (m) 

which is adapted for logarithms by the method employed in the pre- 
ceding case. Thus, let 

A sin 3-™ cos A "j 

Aco83- ■= sin jloosJ J * ' 

then (m) becomes 

cos £ ™ A (sin (7 cos 9- — coa Csin 3) 

= A sin(0'-9-) (m") 

or, eliminating A = ^ — ^i the formulse for finding B are 

cot 9" = tan A cos b "1 

„„p- »i»(g-^)co»^ (184) 

Bin&- J 

To find a. From the third equation of (10), we find, 
ain OcotA + cos Ccos6 

COta = : — ; 

Bino 

sin. C coa -A + cos sin A coa 6 
sin A sin 6 
which, by (m), becomes 



(N) 



Aco3(C-a) 

cot a — — ; A ■ 1. ("^ 

sin A Bin ^ 

1- . . . sinjleosft , . „ ,, 

or, eliminating A = ^ — t we have, for finding a, 

cot 9- = tan A cos b "1 

cotj_ ''Qs(^-^)cot& [ (135) 

" C08 9- J 

Ab in the preceding case, we may either take 9- always betwoim 
and 180°, less or greater than 90° according as its tangent is posi- 
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tive or negative; or we may take 9- numerically leas than 90° in ail 
cases, positive or negative, according to the sign of its tangent. 
(PI. Trig. Art. 174.) 

Check. The quotient of (n) by {m') b 

cot g cot(P— 9-) 
coa£ sin ^ sin ( 
which, multiplied by 

sin £ sin a ~ sin ^ sin & 
gives 

tan £ cos a = cot (C — 9-) (136) 

by which the values of B and a, found by (134) and (135), way be 
verified. 

78. If B and c were required, the solution would be similar, only 
interchanging a and c, A and G. By the fundamental formulse, wft 
should have, 

co8£= — cosji cos 0+ sin ^ sin Ceoab 
Bin A eos C+ cos ^ sin (7 cos 6 



sinCsinfi 



(0) 



and denoting the auxiliary angle by ^, the logaritbmio solution 
would be 

cot ^D tan Ccos 6 



COB 5 = 

cos (A — t) cot 6 

cot C = r 

COB f 

Check, tan B coa c ™ cot {A — ^) 
Examples. 
1. GiTcn A - 135° 5'28"-8, O- 60° 30' 8 
find B and a. 

Bj (134). 



(1371 



gtanjl- 9-9986154 
log coa J + 9-5426553 
Iogcot3--9.6412T07 



A - 135° 
J- 69°34'55"-9 
» = 109» 10' 31"-0» 
- 50° 30' 8".4 
Cr-»-— 58°40'22'.6 

" TVem.y also l«ke9 = — 70' 49' 29-'-0, whence (7— > = 121" 19' 87"-4, wbioh 
vUl evldentlj give tbe sune reenlts u tboee obtftined in the text. 
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By (134). By (135). By (136). 

togiin(C— a) — 9 9315664 1ogcos(C'— 9) + 3-715338e logoot(C— 3-) — 9-7843722 

tr 00 log ain& + 0>0247897 ar oo log oos &— 0'4835i87 log Uo B + 0'0787%a 

logcosJ~9'8501762 logooti+9'6708352 log oos a— 9'7055757 

logco9-B+9-8065323 log oota — 0-7702025 Chtck. —9-7843719 

£=. 60=10'10"-0 oe=120O80'29"-9 

Am.S'" 60° 10'10"-U 

a=120'30'29"-9 

2. Given^-lSS" 5'28"-8, C'=50°30'8"-4, J = 69°34'55"-9; 
find S and c. 

^n«.5= 50°10'10"-0 

fl= 70''20'20"-0 

8. Given 4 = 65° 33' 10", =• 96° 38' 4", J = 100° 49' 30" ; 
find B and a. 

^ng. 5= 97° 26' 29" 
a = 64° 23' 15" 

4. GiTen .4 = 97° 26' 29", C=95°38' 4", & = 64° 23' 15"; 
find JB and a. 

An».B= 65° 33' 10" 

a = 100° 49' 30' 

79. If a, c and B were all required, we might find B and e by 
(137), and then a by Art. 3, which gives. 

Bin .5 : Bin ^ = sin 6 : sin a 

ein A sin b 



Bin£ 



(138) 



Of the two values of a given by this equation, the proper one is to 
be selected, if possible, by the principles of Art. 69.* But as casea 
occur in which all the conditions there given are satiafied bj both 
values of a, it is preferable, in general, to combine (135) and (137), 
or to employ the following solution when the three unknown parts 
are all to be found. 



* B; Art. 69, TIL, nhen A differs more from 90° than C, a must be taken in the 
tame qaadrant with A, and nil ambigait; is removed. If. then, by A ve alnajl 
denote thRt angle which difTers more froni 90° than the other giyen angle, we amy 
always boWb this case by meana of (187) and (138), without meeting with any diffi- 
culty in deternuoing the qu&irant in which c is to be tBlcen. 



L 
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80, CAhE II, Given A, Cand b. Second Solution; when the two 
lemaining sides, or when the three unknown parts are all required. 
We have, by Napier's Analogies, (40) and (41), 

Bin J (^ + (7) : sin i (.4 - C) - tan J 6 : tan J {a - c) 
C06 it {A -i- 0): cos } {^ - C) =. tan i i : tan J (a + e) 
whence 



tan J (a 



, smi{A~C)^ , J 



tan J (a + e) ™ 



»i(^ 



COB i{A+0) 



tOD^i 



W139) 



which determine i (« — c) and J (a + c) ; then the half differenca 
added to the half sum gives the greater side, and the half difference 
subtracted from the half sum gives the leas aide. If (7> A, we may 
write C— ,4, c — a in the place of A— G, a — c. 

We may now find £ by either of Napier's Analogies, (42) and 
(43), which give* 

ootlB-S47^-±4taiiJ(A-C) (140) 

Bin J (a — c) ' ' 



cot}5 



coaija + e) 
COS i{a~e) 



Uni{A+0) 



(141) 



ESAMPLES. 

1. Oinn A - 1S5° 5' 28"-6, = 50° 30' 8"-6, J - 69° 34' 56"-2 ; 
find a, c and B. 
■ We have i{A+ C)~^' iT4S"-6 

}(A-O)-42°17'40''.0 
iJ-34»4T'28"-l 
Then, bj (139), 

«rooIogsin}(X+C0+0-0005176 arcoIogcosK-i+Cj-l-SllOaSe 

log sin} (A- (?)+9-8279768 log coB}(^- ff)+ 9-869063S 

log tan 1 6 +9-8418527 log tan J i +9-8418527 



logtanj (o - e) +9-6703471 

J(a-t)- 25° 6' 5»-0 

(i-120»30'30"-0 



gt«nJ(o + i!) -1-0225348 

Ko + «)-95°25'25".0 

<i-70°20'20"-0 



8 by any one of Qsubb's Eqiuttione, (44), interohuigiiig Jl 
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By (140). 
»log8inl(a-<:) + 0.3726772 aroo: 
log >in J( o + c ) + 9.9980523 1 

logtonJ{^-(7)+ 9-9589234 
logcotJB + oSafoSM 
J£-25'>(.'5"-0 



By (141). 
;i!osi( <■-«) + 0-0430243 
co8i(a-fc)-8-9755171 
log UnK^-fO) - 1-3111110 
*Iog cot J £ -f 0. 



a = 120° 30' 30" 
e- 70° 20' 20" 
B- 50° 10' 10" 



2. Given A — 95° 
ind a, c and B. 



18' 4", (7= 97° 26': 



Ant. a- 99° 40' 48" 
e = 100° 49' 30" 
B= 66° 33' 10" 

81. Case II. Given A, O&ni h. Third Sohaion. WJien the 
third ar.gle 3 is zlone required, the computation by (134) is in most 
cases as convenient as uny >ther, but there are other methods (cor- 
responding to those given \h Art. 75 for finding a) which may occa- 
sionally be serviceahle. By ^14) and (15) we have 

cos B cos (4 -1- C) - 2 sin ^ sin (7 sin" J J (142) 

C08B= — co3(4- (7) -f 2 sin ^ sin (7 cos* J 6 (143) 

the computation of which is similar to that of (130) and (131). 



6 -64° 23' 15"; 



ESAMPLB. 

Given A - 95° 38' 4", (7 - 97° 26 
End£. 

By (142). 

iJ- 32°ir37"-5 logsin«JS-21og«inJJ 9-4531022 

-i -(-(7-193° 4'33'' logsiuJl 9-9978967 

log sin 9-9963268 

log 2 0-3010300 

— 2 sin X sin Csin* J 6 = — 0-5602162 log 9-7483557 

— nat cos (.4 -K7) - -I- 0-9740715 

nat cos B = -f '0-4138553 B = 65° 33' 9"-9 



* For tlie reasons givea in Art- 74, (111) ia, in this example, not so seeerste 
M (liO) 
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In Art 1 


, soTerai formoltB are giTen, by which 


iSma? 


be 


.'21) 


nd (22) w 


hare 












Bin* i -S = CO 


s' i (X — C) — BiD A B 


n (7 cos* 


* 






ooa' 1 S = Bi 


' i (-1 + C) — Bin ^ Blu C? Bin* 


* 


wUuli m&7 be tdspted for logarithms, thus : 










«m** = 


ID A Bin C coB« J 6 










Bin' i B = 


ofl» J (X — (7) — Bin* « 










= 


OB[J(^-C) + *]00B 


[i(*l- 


c^ 



n» J = Bin X Bin (7 sin" } 6 ] 

iB=,in-i(A+C)-»m'^ L , 

= Bin [1 {A + C) + *] Bin [J (4 + C) - #] J 



iig.9. 



of whioh (144) ia to bo prBfoired when J B < iS", and (145) when J S > 45". 

83. Case II. might bare been reduced to Case I. ij; means of the polar triangla. 
Art 8 ; for there will be known in tlie polar triangle, two aides and an angle oppo- 
kite one of them, bein; the supplements of the given angles and side of the pro- 
posed triangle. Tho polar triangle being solTed, therefore, b; Case I., and its two 
reniHining angles and third side found, the supplements of these parts would be the 
two sides and third angle required in the proposed triangle. It is easily seen, also, 
that all the formn'n above given for 'this case might have been obtained bj these 
considerations. 

84. Case HI. Given two aides and an 
angle oppos^U one of them; or a, h, and A. 
Kg. 9. 

Fir»t Solution, in which each required 
part 13 -Jcduced directly from fundamental 
formnf^ independently of the other two parts. 

To find c. We have, by (4),* 

cos c COS 5 -f- sin c sin 5 cos A = cos a (m) 

t? *)lve which, let 

it sin ^ = sin h coa A 
k cos <p = cos 4 
then (m) becomes 

k cos (o — ^y= cos a 
or putting c — ^ = $', 




M 



= (, + »' 



W 



• This formnla has been already employed and adapted for logarithms in Case 1; 
but, foi the sake of clearness, it is repeated. The student will remark that a sim- 
ple Iranaformati. n of (122) gives (H6). It will alao be observed that the giren angl» 
and tho given side adjacent to it, in each of the first four cases, are denoted by J 
aiid b. in order that the auxiliaries ^ and a may have the same values tiuoughout 



Digitized by Google 



192 SPHERICAL TRIGONOMETRY. 

The auxiliary ^ will be fully determined by (m), being taken be- 
tween and 180°, and always positive (PI. Trig. Art. 174); but, as 
the cosine of an angle ia also the cosine of the negative of that 
angle [PI. Trig. (56)], we may take ^' in (m') either with the posi- 
tive or the negative sign, so that c = $ ± $'. There will thus be 
two values of c answering to the same data, both of which will be ad- 
missible, except when ^ -f- ip'exceedsl80°, in which case the only solu- 
tion ia c = ^ — $' ; and except when if' exceeds <p (which would make 
c negative), in which case the only solution is c = if + (f'. 

Therefore, eliminating k, we have for finding c, 



tan f =- tan b cos A 

, cos $ cos a 



.(146) 



To find 0. We have by (10), 

cos C coa 5 + sin (7 cot J. =■ sin 6 cot a 
or, multiplying by sin A, 

coa Q sin -4 cob A + sin C coa j1 =■ sin ^ sin b cot a (u) 

to solve which, let 

A sin 9- »= cos j4 ") 

\ («) 

h COB 9- = sin j4 cos 6 ^ 

then (b) becomes 

h co» (C — 9-) =» ain A sin h cot a 
or patting C — 9- = y, 

A COB y =" sin A sin J cot a ") 

[ ("0 

Here 9- will be fully determined, while 9^ found by its cosine may 
be either positive or negative, so that we shall have in general two 
values of C = 9- ± 9^, corresponding respectively to the two values 
of c ; but, aa before, values greater than 180°, and negative values, 
being excluded, there will in certain casea be but one solution. 

in^ cos 

coa 9- 
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cot 3- = tan ^ COS i 

COS 9-' ™ COS B- tan & cot a V (147) 

C = 9- ± 9-' 

To find B. We hare several methods : 1st, directly by (3), 

SID a ^ 

which gives two values of B, BupplementB of each other, correspond- 
ing respectively to the two values of c and 0. We shall presently 
see how to determine which are the corresponding values of c, 
O and B. 

2d. In (123), $ haa the same value as in (146), and therefore put- 
ting in (123), c — ip = ^', we have 

„ sin O' cot A , „, 

which gives two values of B by the positive and negative values 
of ^'. 

3d. By (124), 

cos B ™ tan ^' cot a (1^0) 

which also gives two values of B by the positive and negative values 
of $'. 

4th. In (134), 3- has the same value as in (147), and therefore put 
ting in (134), C — 9 = 9', 

Bin 9^ co3-<4 ,„,, 

cos B = -^--—^ — (151) 

which gives two values of B, as before. 
5th. By (136), 

cot B = tan 9' cos a (152) 

which gives two values of B, as before. 

The formula (149) shows that when $' is positive, cot B and cot A 
have the satne sign, that is, B and A are in the same quadrant ; and 
that, when tp' is negative, cot-B and cot A have different signs, that 
is, B and A are in different quadrants. A' like result follows from 
(151), with reference to 9'. Hence, that value of B which is in the 
tame quadrant as A, belongs to the triangle in which c = tp + $', 
C ™ 9 + 9^ j" and that valiie of B which is in a different giiadrant 
from A, belongs to the triangle in which c = <p — if', C = 9-— 9'. 
This precept enables ns to employ (148) without ambiguity. In the 
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aae of (149), (150), (151) and (152), it is only necesaary carefally tc 
observe the signs of the several terms. 

Checks. Of the various formula; above given for finding B, one or 
more may be employed for the purpose of verification. When e and 
have been found, the most simple cheek is the following, from (S), 

■-H^-S^ (153) 

Sin c sin a ^ ' 

which, indeedr might have been employed to find C, after c wae 
found, and reciprocally, but for the ambiguity attaching to the sines. 

85. According to Art. 69, VI., if b differs more from 90° than a, 
B must be in the same quadrant as b, and, since but one of the twc 
values of B can satisfy this condition, there will be but one solution. 
In that case e and C will each be found to have but one admissible 
ralue. 

86. The problem will be altogether impossible, when a differs more 
from 90" than b, and is yet not in the same quadrant with A. In 
such case, we should find that (p+^'>180°, and 41 — ^'<0; 
a + a'>180% a-9-'<0. 

The problem will also be impossible, when sin A sin 6 > sin a, since, 
by (148), we shall then have sin £ > 1. 

Examples. 
1. Given a = 40° 16', 6 = 47° 44', A = 52° 30'; find B. 
By (148). 
fl= 40° 16' ar CO log sin a 0-1895350 

J« 47° 44' log sin J 9-8692449 

A = 52° 30' log sin A 9-8994667 

. B= 65° 16' 35" log sin B 9-9582466 

or B= 114,° 43' 25" 

2. With the same data, find e and B. 

By (146.) 
a= 40°16' logco8a+9.8825499 

6= 47° 44' log tan b +0-0414996 ar co log cos S+0-1722547 

A- 52° 80' logcosA+9.7844471 

(p=. 33°48'51".4 logtanip+9.8259467 logcos(p+9-SI95201 

4)'=ifcl9'' SO' 29"-0 log COB .p'+ 9 9743250 

n,= 53°19'20"-4 

«.= 14°18'22"-4 
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By {149). Check. [\m. 

- 33°48'51"4 arfoIogsm$)+0-2545328 logcota+0-0720848 
=± 19°30'29"-0 log8m(()'±9-5236676 log tanil.'±9-5493427 



A- 


62° 30' 0" 


logootA+9-8849805 ±9-621427-6 


B,~ 


65''16'34"-91 
114°43'25"-1 i 


• !ogcotS±9-6631809 logc03-B±9-6214276 




^IM. 0- 


. 53° 19' 20"-4 I f c- U°18'22"-4 




B- 


. 65° 16' 34"-9 j " 1 B - 114° 43' 25"-l 


3. 


Qmn - 120°, 


S - 70°, A - 130° 1 Snd C and B, 
By (147). 


a = 


120° 


log cot 0-9-7614394 


S- 


70° 


log cos J +9-5340517 log ten S -f 0-4389341 


A- 


130° 


logtanA-0-0761865 


»- 


112°10'33"-6 


log cots— 9-6102382 log cos J-9-6768627 


y- 


± 53°13'13"-8 


logco8a'-f9-7772862 


(T,- 


165°23'«".4 




(7,- 


68°67'19".8 


Bj(151). Ohalc. (152). 


9-- 


112°10'33".6a 


rcolog sin 9-+0-0333755 log cos 0-9.6989700 


S-'-: 


t 53°13'13"-8 


log8iny±9.9036030 logtiiny±0-126S669 


^- 


130° 0'. 0" 


logcos^— 9-8080675 =i:9-8253369 




^Sens'S'^S } log«M-B=F9-7450460 logcotB=F9-8253S69 




Ant. C- 


. 165° 23'47"-4 1 10= 58° 67'19"-8 
. 123° 46' 37"-5 ( \ B - 56° 13' 22"-5 




B- 


4. 


Given a « 70°, i 


S-120°, ^-130°; Snd C- 
By (147). 


a» 


70° 


log col o+ 9.5610659 


S- 


120° 


log cos 6 — 9.6989700 log tan & — 0.2385606 


J- 


130° 


logtan^ — 0.0761865 


9-- 


59°12'37"-0 


log cota -1- 9.7751565 logcoaS- + 9-7091756 



y = ±108° 49'35"-l logcosy- 9-5088021 

= 168° 2 12"-1, taking 9-' with the positive sign only, since 
its negative value would render negative. 
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5. Given a = 38° 40' 48", S - 64° 23' 15", 4 - 95= 38' 4" ; ton 

Am. e - 100° 49"30'' 
0— 97° 26' 29" 
B— 65° 33' 10" 

6. flivena-40°5'25".6,S-118°22'r.3, X = 29° 42' 33".8 i 
Gnd c,0 and B. 

Ant. (i-l53°38'42".4 1 f o — 90° 6'41".0 
. 50°18'55".2 
.137°22'42".5 

7. GiYeiio = 69°34'66", S - 120° 30' 30", A-50°10'10»; 
Sod c and 0. 

Am. »- 70° 20' 20' 
(7- 60° 30' 8".4 

8. Given « - 120° 30' 30", b — 69° 84' 56", 4 - 50° 10' 10" ; 
find e and C. 

Ant. Impossible. 

9. Given a = 40°, b = 60°, A = 50° ; solve tlie triangle. 

Ant. Impossible. 
87. Case III. Given a, b and A. Second Solution. We find 
B by the formula 

sin A sin b 
"'"■^ SiT~ 

and then by Napier's Analogies, (41) and (43), 

. , eoB iJA+B) , , , . , , 

'•°*'- eo,HA-ii) "°*<'' + ') 



p by (40) and (42), 

tani. = 'ii^^|>t.nl(«-i) 
cot } - ^^±(±±1) t„ J (^ _ £) 



(154) 



I (156) 



in -which we employ Bnccessively the two values of B, and obtain 
two solutions, except when for one of these values the second mem- 
bera become negative, for J c and J being less than 90°, their 
tangents must be positirc. 
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We leave it to the student to apply these formulte to the preceding 
examples. 

88. To detertnint by iit^ttlion of the data a, 6 and A, vihether there an tao talaiiom, 
or bal one. 

Ist. It has already been aeen, Art. 85, that when b differs more from 90' than a, 
B must be in the same quadrant as b, and there can be but one solution. It remain* 

2d. That when a differs more from 90° than 6, there will neoessarilj be two soln 
•ions, ffe haie, by the first ot (i), 

"""" Bin b cofl A 
Two soIatioDB Biiat bo long as both values of c are posiUTs, and less than 180°, that 
U, so long as sin t is positJTe. Now when a differs more from 90= than 6, we have, 
(neglecting the signs for a moment), 

cos a > cos 6 > 008 i cos c 
therefore the nnmeralet of the ahoxe value of sin e has the sign of cos a. Bat by 
Art. 69, VI., a and A are tn the same quadrant, and cos a and oos A have the same 
sign; consequently also, the numerator and denominator have the some sign, and 
the value of the fraction, or of sin e. is positive, as was to be proved.* 

Hence, there it bat one lolulion vihen the tide oppotile Ihe given angle differs las from 90' 
(Aon the Biker given lide, aadjioo eolutioni when the fide oppoeile ihe given anglt differ^ 
more from 90° than the other given eide. 

89. Case IV. Given two angles and a side opposite one of them, 
or A, B and 5. (Fig. 9). 

First Solution, in which each required Kg.s. o 

part is deduced directly from the fundamen- 
tal formulse. 

To find c. We have, by (10), 




sinocotS — C08CC 


08 X 


= sin J. cot B 


^< 


C!!__ 




_,^^^ 


or multiplying by sin 


J, 












sin c cos 6 — 


COS 


Bin J cos -4 = sin 


AeotB 




6 (M) 


to solve which we take 














fc8in(p = Bin5co8J. 








1 {m) 




yfccos$=.co8J 








* The same proposition 
tnd («') Art 84, we have 


may 


be otherwise proved 


thus. 


By 


the 


equations (n,) 



from the third of which we see that k has the sign oC cos A ; if then a differs mori 
from 90° thtiQ 6, that is, if cos a and oos A have the same sign, cos »" is positive 
and f' < 90°. Also since, (neglecting signs), cos a > cos b. we have cos ■/ > eoB ^ 
or #' differs more from 90= than t Hence *' < * and p' < 180° — *, or ^ — f' X 
and 4> + f' < 180°, or both values of e are between and 180°. 
b2 
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then, putting c — p = $', (m) becomes 

k sin ^' ■« sin A cot B bid 6 

or eliminating k, we have, for finding e, 
tan $ >= tan ( cos A 
Bin ^' =■ sin if tan A cot £ 

e =- ^1 + (p' J 

Hare $' being determined by its sine, will have two values, sup- 
plements of each other, which being successirely added to (f, give 
two values of c. 

When the second member of the formula 

sin ^' = sin $ tan A cot S 

IB negative, ain ip', and therefore ^i' is negative, and the two supple- 
mental values of ip' mnat be successively subtracted from ^. There 
will be two solutions, then, except when one of the values of c ex- 
ceeds 180°, or when one of them is negative." 
To find a. We have, by (5), 

sin Q sin A cos b — cos Ceos 4 = cos S 
whence, if we put 

A sin 9- = cos A 
A cos 9 = sin A cos h 
and also C — 9- = y, we have 

A sin y = cos B 
C = 9 + y 
Eliminating A, we have 

cot 9" = tan A cos h 
sin 9 cos B 



M 



W 



(»T 



sin 9' = 



COS A 
C = 9 + 9' 



(157) 



Aa 9* is also determined by its sine, it will have two supplemental 
values, which will both be added to or loth subtracted from S, (ac- 
cording to the sign of sin 9',) thus giving two values of (7, except 
when one of them exceeds 180°, or when one of them is negative. 
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To find a. We have several methods : 1st, directly by (3), 
vhich gives 

sinisinjl 

2d. By (146), where $ and 41' have the same values as in this case, 

COS $' COS b 

*=°« <^ = cos,p (1^9.' 

Sd. By (150), 

cot a = cot if.' cos B (160) 

4th. By (147), where 9- and y have the same values as in this 
ca^, 

COB 3^ cot b ,.„.. 

cot a = — ?r — (161) 

COS 9- ^ ' 

5th. By (152), 

cos a = cot &' cot B (162) 

Each of the last four formulae gives two supplemental values of 
A by the two values of $' or &■', employed in the second members. 
From (156) we have 

cos A = tan ^ cot b 
which with (159) gives 

cos a sin b 



The sign of the second member of this equation depends upon 
that of cos $', since sin b and sin ^ are always positive. Hence 
when cos ^' is positive, cos a and cos A must have like signs ; and 
when cos <p' is negative, cos a and cos A must have different signs. 
A like result follows from the first of (157) and (161) with reference 
to y. Hence, that value of a which is in the same quadrant with 
A belong» to the triangle in which $'00°, 9-'<90°; and that value 
of a which it in a different quadrant from A belongs to the triangle 
in which <p' > 90°, 9-' > 90°. This precept enables us to employ 
(158) without ambiguity. In the use of (159), (160), (161), and (162), 
it is only necessary to observe the algebraic signs of the several terms. 

Checks. Of the various formulEe above given for finding a, one or 
more may be employed for the purpose of verification. When c and 
(7 have been found, however, the most simple check is 
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e^-'[°| (163, 

Sin e Bin 6 ^ ' 

trbich might have been employed for finding C after c was found, or 
reciprocally, but for the ambiguity attaching to the sinea. 

90. According to Art. 69, VII., if A differs more from 90° than 
B, a muBt be in the same quadrant with A. But since the two 
values of a are supplements of each other, only one of them can 
satisfy this condition, and there will then be but one solution. In 
such case c and C will each bo found to have but one admiasibln 
value. 

91. The problem will be impossible when B differs more from 90° 
tnan A, and yet is not in the same quadrant with b. In such case 
we should find both values of c (and both values of C) to be greater 
than 180°, or both negative. 

The problem will also be impossible when sin 6 sin J. > sin B, 
since by (158) we shall then have sin a > 1. 



EXAMPLBS. 

1. Given A ■» 132° 16', B = 139° 44', 5 => 127° 30'; find a. 

By (158). 
B — 139° 44' 0" ar co log sin B 0-1895350 

A = 132° 16' 0" log sin A 9-8692449 

b = 127° 30' 0" log sin b 9-8994667 

a = 65° 16' 35''-l log sin a 9-9582466 

or a = 114° 43' 24"-9 

2. With the same data, find G and o. 

Bj (167). 

B- ISS'W 0" Iogco..B-9.8825499 
A— 182° 16' 0" log tan ^-00414996 ar CO log co«^— 0-1722547 

J- 127°30' O"logoos S-9-7844471 

3-- 66° 11' 8"-61ogcot3H.9.8259467 logsin 9-+9.919.':204 

3-'=+ 70°29'31"-0 1 , . .,.„.,.„„„ 

y;-+109«30'29".0/ log.mS'+9.9743250 

C— 126°40'39".6 
0- 165°41'37"-6 
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Bj (161). Oheci. (162). 

» - 6e°ll' 8".6 «rcolog<!os3-+0.2545328 logcotB-0.0720843 
%'-m' S'S'^O } '"^ co»y±9.5236676 log col y ± 9.5493427 
{'-127°30' 0" logcot5-9.8849805 ^9.6214275 

"'"'oSfi'S'il logcot<.=F9.6631809 log cos a=F9-6214275 
a = DO lo 34 .9 J 

Ant. O-128°40'39".6 1 / C-165°41'37".6 

«-114''43'25".l/'"t «— 65°16'84".9 

8. Given A — 110°, B — 60", S - 50° ; find c and a. 

Bj (156). 

B •= 60° logootff+9.9614394 

A — 110° logco»A-9.53405I7 logtan^— 0-4389341 

b — 50° logtanj +0-0761865 

<p ■= 157°49'26"-4 logtan$— 9-6102382 logain ^+9-5768627 



log!init'-9-7772362 



11° 2'40"-2 1 
[4»36'12"-6 I 



,p',— 36»46'46".2\ 
.p',— 143°13'13". 
«, •= 121° 
c, - 14»S 

By (159). Oheeh (160). 

(P ■= 157°49'26"-4 arcologcoatp— 0-0333755 logco3B+9.69897a0 

*',' , ?nI?S!?o» o \ logco«t'±9.9036030 log col»'i=0.1263669 

^,= — 143 13Q3 -o ' 



6 = 50° 0' 0" logcoB 6 +9.8080675 q:9-8 

«, = 123°46'37"-5 1 , , , =f9.7450466 log col aT9-8253S69 

a,- 56°13'22"-6J ' ^ e -■- 

jlxj. = 121° 2'40"-2\ / « - 14° 36' 12»-6 
o - 123° 46' 37"-5 ]■ " t<'-56°lS'22"-6 
4. Given A — 60°, B — 110°, J - 50° ; find c. 

jli!.. « - 11° 57' 47--9 
6. Given jl- 116° 36' 45", .B - 80° 19' 12", J-84°21'66"; 
End a, e and (7. 

Ant. a - 114° 26' .'iO" 

c - 82° 88' 31" 

C- 79° 10' 30" 

6. Given^ — 61»37'52".7, S-139°54'34"4, i-160°17'26".2; 



ondO. 






Am. a - 42° 37' 17".5 1 




f i.-137°22'42".5 


0-129° 41' 4".8 


> or 


IT - 19° 68' 35".6 


e- 89°54'19".0 J 




t. C- 26°21'17".8 
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7. Given A =- 70", B = 120°, 6 = 80° ; boIvc the triangle. 

Ans. Impossible, 
a. Given A => 60°, B = 40°, b = 50°; solve the triangle. 

Ans. Impossible. 

92. Case PV. Given A, B and b. 'Second Solution. We find a 

bj the formula 

- Bin bain A 
ein a = — . „ 
sin^f 

and then by Napier's Analogies we find e and 0, precisely as in 
Case III., Art. 87, employing successively, in (154) or (155), the 
two values of a given by the preceding equation. There will be but 
one solution, if one of these values renders the second members of 
(154) or (155) negative. 

The student should apply this method to the preceding examples. 

98. lb delermau by intpectioB of the data A, B and b, ahtth^ there are Ueo lolutum* 
or hut one. ■ 

iBt. It li«B already been seen, Ait. 90, that when A differs mora from 90° than B, 
a must be in the same quadrant with A, and there onn be but one Balution. It 
remiuns to show that, 

2d. When B differs more from 90" than A, there will necessarily be two BolulioM 
We have, bj (5), 



Two Bolutions eiist so long as both Talaes of Care less than 1S0°, and both positire, 
that is, so long as sin C ia poaitive. Now when B differs more from 90° than A, we 
have, (neglecting signs for a moment}, 

C03 B>a<,9A> cos 4 cos (7 
therefore the namerator of the value of sin C has tlie aign of cob B. But by 
Art. 69, VII., B and b are in the same quadrant, consoquently the numerator and 
denominator have tbe same aiga, and the value of the fraction, or of sin C is always 
positive, aB was to be proved.* 

Hence, ihtn a but one eolulton when the angle opposite the given tide differt Itee fion 
90' than the other given angle; and two aoluUotu when the angle opposite the given tUt 
differ! more from 90" than the other given angle. 

94. Cask IV. might have been reduced to Case III. by means of the polar triangi* 
of Art. 8. For there will be known in the polar triangle two sides nod an angle 
opposite one of (hem, being the supplements of the given angles and side of tbe 
propoaed triangle. The polar triangle being solved, therefore, by Caae III., and ita 
two remaining angles and third side found, the supplementa of theae parts will be 
tbe required sides and third angle of the proposed triangle. 

• It may be shown that both values of Cwill be admissibte, by a process of rea- 
•omng similar to that employed iu the note on page 197, applied to the equanonr . 
of Art 80, 
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95. Case V. 0-iven the three sides, or a, h 
and e. (Jig. 9.) "We hare three methods 
for computing the half angles : 

1st. Bj the Bines, from (31), remembering 
that 




J Bini^-J^^n^^-^^. 

* N \ embsme / 

■i-i.B-J C'''''-''''!"''-''' ) 

^ . N V _ Bin c sm o / 

» N \ sm a sm / 

2d. By the cosines, from (33), 

I / sin * sin (« — a) V 

* ~ N \ sin 6 ain tf ^ 

,o.ig-J( ---'."°('-'h 

" N \ sm c sm a / 

/ / Bin g sin (b — c) ■. 

8d. By the tangents, from (34), 

tenM-J( "°<'~''7''T°' ) 
' M V sm 8 sm (s — a) / 

'^ "^ V sm 8 sm (8 — o) / 

■^ » sm g am (g — c) ' 



■ (164) 



(165) 



(166) 



When only one of the angles is required, the simplest method will 
bo by, (165), hut if the required angle is less than 90°, it will be 
found more accurately by (164), for then ^A <45°, and the sine 
varies more rapidly than the cosine. And, for a similar reason, if 
the angle is greater than 90", we should prefer (165). By (166) we 
always have an accurate result, although the formula is not quite so 
simple. 

When the three angles are required, (166) will require the least 
labor, since sin a, sin b, and sin c, are not then required. 
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No ainDiguitj can arise in these solutions, since the half angles 
must be less than 90° ; they require therefore no attention to the 
algebraic signs. 





Examples. 


1. Girena — 100°, 5 = 


60°, 


« - 60° ; find A. 


a -100° 






S- 60° 




log ooseo 01151460 


a- 60° 




logcosec 0-0624694 


2.-210° 






• = 106° 




log Bin 9:9849438 


« — a— 6° 




log Bin 8.9402960 


' 


2)9.1034562 



\A— 69° 7'52".T log cos 9.5617276 
A - 138° 16'46"-4 
2. Witlt the Bame data, find all the angles. 
By (166). 
t=105° I. oosec 0-0160562 1. oosec 00150562 l.cosee 0-0160662 
,-,,- 6° hcosec 1-0597040 1. sin 8-9402960 1. sin 8-9402960 
,— i_ 66° 1. Bin 9-9133645 1-cOBec 0-0866356 1. sin 9-9133646 
«-«-. 45° 1. Bin 9.8494850 1. Bin 9-8494850 l.coseo 0.15061-50 



2)0-8376097 2)8-8914727 2)9-0192317 

1- tan 0-4188049 1- tan 9-4457364 1. tan 9-6096169 

J J- 69° 7'52"-7 J.B-16°35'37"-0iC-17°64'69"-l 

Am. ^-138°15'45".4 .B-31°ll'14"-0 (7- 35°49'58"-2 

8. Giren'a ■= 10°, A — 7°, c =» 4°; find the angles. 

Jln>. 4-128°44'45"-l 
-B- 33°iri2"-0 
O- 18°15'31"-1 

96. Tha method bj (1G6), may be put under Hie foUoiring aooTeDient form. Let 

thcD 

""•-SmJ^t^' '»i^=iir(f=y,' '"i''=sinr5 

vhich are Bimilar to the formiUa of PI. Trig. Art 146, and are camput«d in 
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67. CiBB V. OiTon a, h and t. Second Sotulion. If the vhoU angle is re^idrcd 
directly," wo have 



whicli may be adapted for logarithms liy a 



ilinry thilB : 



cot* = - 



Binf'>-°) 




98. Case VI. Given the three anglet, or 
A, B and C (Fig. 9). We bave three methods 
of finding the half 8id«8 : 
let. By the sines, (36). 
2d. By the cosines, (38). 
Sd. By the tangents, (39). 
The computations are conducted precisely in the same form as those 
of the preceding case. 

Example. 
Given A =■ 120°, B = 130", C == 80° ; find c. 

Ana. c = 41" WW'S 

09. The formula (39) may be arranged far convenient use in the same moiuier m 
the corresponding formulie of the preceding case, Art. 96. 

100. Cask VI. Given A, 3 and 0. Smond Solution. W« have, by (S), 



wtiioh may be adapted for logarithma by an auxiliary, thiu : 
eoB ^ ^ COB £ COB C 

.„..- "'°"(-i+«)«-j(^-') 



* See Note at the end of this chapter, p. 211, for the method of compnUng many 
of the geoeral formoln of spherical trigonometry directly, irithout the aid of ans- 
iliary uiglee. 
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SotDTioH or Obliqiti Sfhibioal TuiAvaLiB BT Meahs of a PsBPiimiotrUB. 

101. All the CBBes of oblique flpherical tTianglea ma^ be Eohed b; dividuig ths 
triangle into two riglit triaogles b; a, perpendicular from one of the Tertices to tbs 
"pposite side, and Bolving tiese partial triangles by the mBthods of the preceding 
chapter, Bowditch baa given two rules, based upon Hapier'a Bules, (Art 46), by 
Kdinh the application of this method is facilitated. 

102. Botodilch't Rulet /or Oblique Trianglii. "If in a 
epherioal triangle, {Fig. 10), two right triangles aro 
formed by a perpendicular let fall from one of its ver- 
tices upon the opposite side ; and if, io the two right 
triangles, the middle parts are Bo taken that the perpen- 
\^ dicular is an adjacent part in both of them ; tbea 

The jtinei />/ the middle parli in the too triangles are pro- 
C pmtional to the iangenli of the adjacent parti. 

But if the perpendicular is aa opposite part in both the triangles, tben 
The Hitei of the middle porta are propOTtional to the cosines eflhe oppoitte partt. 
To prove which rules, let Jf denote the middle part in one of the right triangles, 
A an adjacent part, and an opposite part. Also, let m denote the middle part in 
the other triangle, a an adjacent part, and o an opposite part ; and let p denote the 
perpendicular. 

Firit. If the perpendionlw is an adjacent part in both trianglee, wo have, by 
Hapier'B Roles, (Art 46,) 

Bin Jtf = tan A taap 
rinm ^ tan a l&ap 
whence 

sin M tan A tan p tan A 



SecondJy. If the perpendicular is an opposite part in both triangles, wo hsTS, hi 
Napier's Rules 

sin M = oos cosp 



We proceed te solve the six cases of spherical triangles with the aid of a perpea- 
jicular. It will be seen, however, that Itawditcb's Rules are applicable but in tht 
first four cases. 



• Febce's Sphirical Trigonometry, Art. 44. 
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108. Cask I. Given 4, e aad .4. Let the perpendicular C P, Fig. 10, be drawn 
from C, (that is, in such a, manner as to put tno gireii pnrta in one of the right 
triangles). Then the right triangle A C P ^ves, b; Napier's Kules, if we put 

tan *= tan i cos .4 (172) 

then taking co. b and co. a as midille parts in the tiro triangles, A F^ t ftud 
B P= c — i).* are the opposite parts, whence, by Bowditoh'e Enles, 
cos f : COB (c — t) ^ cos b : eoa a 

..■._'"''-*J'"' (ITS) 

Again, taking A P and PB as middle parts, co. A and co. B are acljacent parts, 
whence, b; Bowditch's Rules, 

sin # ; dn (c — f ) = cot J : cot .S 

cotg = ^'°^'~^^'^°°^^ . (174) 

and the fonnulio (172), (173), (174), agree entirely with (122) and (123). 

The triangle B CF gives as a check 

UnacosB = tan(c — *) (176) 

which agrees with (124). 

Bji drawing the perpendicular from B, we may in the same manner obtain the 
formulEe (125). 

The angle Cmay be found by the proportion 

or if C has been found by meaas of a perpendicular from B, B may be found by a 
similar proportion, as in Art. 72 ; and the quadrant in which the angle is to be taken 
must be determined by the principles of Art. 69. 

104. Case II. Oiiea A, C and b. Let the perpendicular be drawn as before, 
Fig. 10, and let 

J(7i' = 9, BCF-^C—i^ 

then, by Napier's Rules, 

cot 3 = tan -4 COS S (176) 

and by Bowditch's Rules, taking co. A and Co. B as middle parts, and therefon 
CO. A CP and oo. BCPm opposite parts, 

un3: Bin(<7— 3) = cob A : loB B 
whence 

™.„_"i(£L-»)J!^ ,„7, 



* It A P should exceed A B, (that is, if the perpendicular should fall withont 
the triangle), Bi" would be equal to A!' — AB=^'p — c, and the solution could 
he modified nccordinglj. But the true results will always be obtained by regarding 
B P as negatii'e; that la, by still taking B P ^ c — ^ and attending to the signs of 
all the terms aa already eiemplified, p. 182. 

iltACP>ACB, B CP= a— A OF irin become negatiTe, but the true 
results are still found by attending to the signs, as already shown, p. 187. 
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parts, aad therefore cc 



Agsia, taking CO. A C PaaA co. S C Pm 
«B a((i<><»>it pMi«, Bowditcli'B Rules give 

COB } : COB (£7 — 3} ^ cot b : cot a 
«k«iice 

18 (c — 3) cot a 






>nd (176), (177), (178), agree entjrely with (134) 
The triangle £ CPgiTee 



(178) 



which agrees with (136). 

B; druwiDg the perpendicular from A, 
formiilEe (137). 

The side e ma; be found from the proportion 
tin A ! aia ^ sin a 



(185). 

, cot (0 — 3) (179) 

maj in the same manner obttin the 



and Art 69 ; or c being found by m 
bj a, Bimilsc proportion. 



B of a perpendicular tW>m A, we may find a 




105. Case m. OlTea a, b and A. Let the per- 
pendicular be drawn from C, Fig 10, ai in the preced- 
ing cfisefl, and Itt A F = t, B P=f-; than, by Na- 
pier's Rules, 

tan t = tun b COB A (ISO) 

'and, by BowdiCcb's Rules, 



« = * + #' 
In Arl 84, we have found, from analytical considerations, that this case admitt 
of two BolatJons, and that the general expression for e it 

.-»=t»' (18!) 

In fact, let us attempt to construct the triangle with the data a, b and A. HsTing 
conatmoted ^ equal to the given angle, and b equal to the adjacent side. Fig. 11,1m 
^- H- ^ a small circle be described^ about C ae a 

pole, with a (circular) radius ^ a; this cir- 
cle Intersects the great circle AS in two 
polatB, £ and J?, and both triangles, ACB 
and ACB contain the same data a, b and A. 
If the perpendicular CPis drawn, we have 
BP = B-P, so that in one of tlie tHangles, 
~ Bf the side e = AB = AF-^ FB ^ ^ ■\- 1', 

■ind in the other, « =i AB ^ AP — BP ^ f — #'. If both points of intersection, 
B and B', fall on the same side of A, and wttliin 180° of A, both nolutionB will be 
nilmissible. 

To And C, let ACP = 3, and BCP = y, then bj Napier's Rules, 







(188) 
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and by Bowditch's Rules, 

cot b ; cot a = coa 9 : cos 3' 
whence 

coa y = ooB 3 tan b cot a (184) 

Uid since in Fig. 11, 
C ta ACB 1= ACP + BCP =^ S + y, or C = ACS = ACP— SOP = ^ ~V, 

C =1 3 d= y (185) 

and the fonna1» (180), (181), (182), (183), (181), (185), agree entirely with (146) 
and (147). 
After c was found, we might hare found C from the proporlion 

Bin a : Bin c = Bin J : ain C (186> 

and B ia found troia the proportion 

Bin a : Bin » = sin .>! : sin B (187) 

The two Titlaea atB determined by (187), are both admissible when ehas twoTaluea 
OS Bbove. It is also evident, from Fig. 11, that the two values of B are supplemental. 
To deterneine the corresponding values of c and B, we obserre that, by Art. 49, the 
perpendicular CPli in the same quadrant with A and with CBP and CBP, and 
therefore CBA is in a different qnadrant from A. Hence, thai value of B which ii m 
the tame quadrant as A cOTrespondi to the value o/ c = $ -f" #'' ""^ '^"^ talue of B 
which M in a different quadrant from 'A corrttpondt to the value of c = ip — #'; whiob 
agrees with what is shown in Art. 84. 

In computing (186), the two values of e must be employed successively, and the 
formula computed twice. At each computation we shall have two values of C found 
from the sine, one of which must be selected by Art. 69. But as the application of 
the principles of Art 69 is tedious and embarrassing, it is better to find C by (184) 
and (185). 

The formula (149), (150), (151), (152), for finding B, may easily be doiuced by 
Napier's and Bowditch's Rules. 

106. Case IV. Given A, B and b. Let the perpendicular be drawn as before, 
Fig. 10, and let AP = ^, BP =t', then as before, 

tan ^ ^ tan £ cos A (18Sj 

not .il : cot B = sin 'A : sin *• 



and by Bowditch's Rules, 



= * + *' 



}(189) 



which agree with (166). But •p' having two supplemental values determined by the 
line, c has two values, as already explained in Art. 89. 

To show the same geometrically, let /(/', S'B- 1*- 

Fig. 12, be the acute value of f^, and about 
<7 as a pole, let a small circle be described 
passing through B, and intersecting the ^ 
great circle AB again in B", Let .^Cbe 
drawn, and produced to meet AB again in 
if, forming the luno B"B'. Then we have 

B- ^ B" ^ CBA 
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IiitIietriuigIe^f?.BTr 



BO that in botli triangles, ACB and AOB, 
the Titlne of the angle opposite the side b 
is the same, that is, both triangles oontain 
data. A, B and 6. Sow 
rB" = B"P + B'F =BP-\- B'P, 
so that BP and BF are Bupplem luta of 
each other. 



£ — * + ?' = AP-irBP 
and in the triangle ACS' we have 

c = * + ^' = .iP + >P 
and hence the two values of c are found b; giving ^' its acnte and obtuse Tslaei 
succ^sivelj, aa already shown analyticallj. 

By ArL 49, CP must be in the same quadrant with A ; hence, if B is in the same 
quadrant with A, P falls between A and B, as in the figure, and for the same reason, 
tratween A and If. But if A and B were in different quadrants, both points, 
B and B, might fall between A and P. The two values of c would then be found 
hy the formula 

^ taking, successively, its acute and obtuse values. In that case, tan A and cot B 
would have opposite signs in (189), sin *' would be negative, which would make #' 
aegalive, so that the true results will be obtained, without reference to a diagram, 
by attendiug to the signs of the several terms, as already fully exemplified, p. 2D1. 
To find C, let AGP = 3, BCP = ?', then we have, as before, 

cot ^ = tan .4 COS i [190) 

and by Bowditch's Rntes 

whence 

sinScosS j 
cos J ' [ (IM) 

which agree with (157). It is evident from Fig. 12, that BCP and BCP, are «np. 
p\emental, and that the remarks above made with reference to ^' apply also 1^ 3'. 

After e was found, we might have found C by the proportion 

aini: sin c = sin 5 ; sin C (192) 

and a is found by the proportion 

linB: Bin^ = sin i : sinj (1S8) 

The twj Talues of a found by (193) are both admissible when c haa two values. 
From Art. 50, it follows that when BP is acute, a must be in the same quadrant 
with CP, that is, (Art. 49), In the same quadrant with A ; and when BP is obtuse, 
d must be in a difi'erent quadrant from A. That is, thatvahitef iviKitk ii in the lanu 
quadranl with A, belonffi to t/ie trianffk in which f < 90°, and that value of a ichich it in 
a difa-ait quadrant from k, belong t to (he triangle in which ^'>^<y ; whict agrees with 
Art. 89. _ 

The formnlte (159), (160), (161), and (162), for finding a may easily be deduced 
'ly Napier's and Bowdii«h's Rules. 
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107. CasbV. QJTen a, 6 and e. The perpendicular Ilg.IJ, 

eaoDot be drawn, in tbie cose, BO tlist tiro of the>gi'en 
pnrtssnallbemone triangle; nevertheless the case oan 
be Bolved b7 meaoa of a perpendicular. Let the perp. 
be drann from any angle, as O, Fig. 13, and as before, 
pnt Ji* =s ^ BP = t'; then by Boirditeh's Rules, 
t!oa# ; cos f' = cos i : cos a 

whence 




COS ^' + oo« i cos a + COT 6 
It. by PI. Trig. (110), 

tftn}(# + #')tanl(* — #')=teBi(i-f «)tanj(6— a) 
irhence, since #-(.«' = {, 

tan i (* — *■) = tan i (S 4- a) t«n J (i — a) cot J B 
i {*+*') = »■' 

which determine } (^ — f) and J (4 + ^') whenoe # and ^'. The angles A and B 
ftre then determiaed by Napier's Rules. 

108, CiSB VL GiTcn J, £ and C. In Fig. 13, \nl AOF = », BCF = V; then. 
by Bowditch's Rules, 

ain 3 : sin y = COS .J : cob'.S 
whence 

sin 3 — sin 3' cob ..4 — cos B 



} (IM) 



sinS+siny eos^ + cosB 
or, by PI. Trig, (109) and (110), 

i^lg:;:^] = tan i (5 + ^) t>M {B-A) 
vhence, since 3 -|- S' = (7, 

lanJ(»-»') = t'"'i(^+^)t"'l(-»- -i)taniC 1 jijj. 

J (3 + 3-) = 1 C J 

which determine J (5 — 3') and 1 (3 + S') and therefore 3 and 3". The sides a and S 
■re then foand by Napier's Rules. 

Nora msrEBBiD to or paqi 206. 

Com/niforwR of Spherical Formula by the Oaueiian Taile. 

The Oauttian Table is ii table, first suggested by Gaass, for readily computing tha 
logarithm of the sum or difference of two quantities, when the logarithm* of thest 
qnuntities are given. 

If p and q are the two numbers whose lognrilhms ore given, p being the grefttn 
Qomber, (or log; the greater logarithm), we have, id the first place 



If, then, we put z = — , we have 



log* = log /I — log? 



log (/ -•-«)= log?+ log (l + — 
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Downes'a Table XXII., with the argument log i, the diffwencBofti;) giTcn Iog»r- 
ithiDB, gives log (1 -f- z), wbich being added to log ;, tbe feu logarithm, giiea the 
Teqoired log. sum, or log (p + 5). Table XXIIl., with the argument log i, gi»e« 

log ( 1 -t~ — ) ^hich, being added to log p, the gnattr logarithm, girea the required 

log. anm. Either table maj, in geoeral, be employed, but one or tlie other maj be 
fiiond more oonTenient in s particular applioatiou, and therefore both are giTen. 

Agun, we huTe 

to that, pntting, u before, x 0= —, ■we hare 

q 
logs = logy — log J 
log (p — g)-m logp + log [1 ~j 

Dowaea'B TttbloXXIV., with the argument, log I, giTBB logfl J which, being 

added to the grtattr logarithm, give* the required Ing. difference, or log (p — 9). 

Witi these table*, then, we may readily compute any of the preceding formala 
whiob contain two terms in the second member, without the ud of auxiliary anglel 

EXAHPLBS. 

1. Given i — 120" BO- Sr, e = 70" 2ff 20", A -a'sO" 10" 10" ; find o. ■ (Sam* 
aa Ex. 1. p. 182). 
The formula ia 

ooa a >s ooB ft ooH e -]- mn A do e ooa J 
which will be tbna computed : 

log COB b — 9-70557 
log 00a e + g-52693 
log J — 9-28260 
log Hn 6 + 8-93529 
log Bin e + 9-9TS91 
logcot^ -j- 0-80661 
logji + 9-71671 
log;> — \ogg = log X — 0-1S321 
The termgp and y have oppoiite signs, end although, by the formula, they are to be 
added (algebraically], an arithmetical difference ia required. By marking the sign* 
of all the quantities, as above, we shall alnaya know whether a Sum or difference 
IB required by the sign befoi'e log x. In this caae this sign being oegaUve, we are 
to find a difference, and therefore, by Table XXIV., we take 

logA — l) 9-B26B4 
log/. + 9-71674 
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3. ViOi the aame data, find B. The formula ia 

cotB = "'"°''*\-7"^^ 



whidi mtut here bo pat under the form 

... „_Binecotfi 






m added to the lees log.) 



or, b7 Table XXIH., we hiTe 



log Bin e + 9-97891 

log oot b — 9-77029 
MOologHnJ + O-lUS? 
log p — 9-85887 ■ 
log {— COB e) — 9 ■52693 ' 
log cQt J + 9-92121 
log 5 — 9-44814 
log ji — log } = log z + 0-41073 
9, the tables for log, Bom must be used. 13j 

log (1 + x) 0-55325 

log; — g-44814 

log oot B — 0-00189 



log(l 



(which ts to be added to the greater log.) 



f — j 0-14252 

log p — e-86887 



Id these isolated examples, the labor of computation is very little \eaa than with 
tbe use of an niiiiliarj angle, as on p. 182 ; but the Gaussian Table has greatljthe 
advantage nhen the same formula is to be repeatedly computed with successive 
yalues of one of the data while the others remain constant. Thus, in the first of 
the preceding examples, if succeaaiye values of a are to be found corresponding to 
BuccessiTB values of A, while b and o are constant, log q will be constant, and log x 
will tftke successive values, corresponding to those of log cos A, Bo that after the 
first value of a ia found the succeeding ones are rapidly obtained. On the other hand, 
aa the auxiliary f in the formulte (122), depends upon A, the whole process wonld 
have to be repeated in finding each value of a. 

For other forms of tbe Gaussian Table, See the original table, (to five places of 
decimals), by Gauss, published in Zach's MonaiUche Oorrtspoadenz, Nov. 1812 ; Ma^ 
thiessen'e. (to seven places), Altona, 1817 ; in Vega's SamnUunj malhmtaiiMhtr Ta- 
Jcln, (five places), Leipzig, 1840 ; Zech, (seven places), Leipjig, 1849 ; Shortrede'a 
C.'ilection of Tablea, (seven places). Edinburgh, 1849 ; Gray's Tablei/or the Compu- 
latum of Lift Conlingtncia, (six places), London, 1849; Schumaoher'B Halfttafdn, 
new ed. (four [laces). 
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CHAPTEii IV. 



flOLPTION OF THE GENERAL SPHERICAL TEIAHGLE. 

109. Wi have thus far, following tlie uaaul conrse, congidered those spherics) 
triangles aotj Those sides ftnd angles are leas ihon 180°. In the applicstions of this 
subject in astronomy, however, it is often necessary to consider triangles whose 
sides or angles exceed 180°. (For eiample, the right ascension of a heavenly body, 
admitling of all values from 0° to SeO", may be one part of snoh a triangle). Wa 
may, it is true, in such cases, always eubatitute another triangle whose parts are the 
aupplemcnta to 180" or 8G0° of those of the proposed triangle; but this mode, 
although very generally regarded as the simplest, is not really so in the cases 
allniied to. The construction of figures for diseoTering the supplemental triangles 
is often embarrassing and liable to mistalie, while the solutions, when obtaioed, are 
mostly deficient in generality, and can only be regarded as solutions of the particular 
cases of a general problem. But if we proceed by a method that is as applicable 
whan the parts of the triangle exceed as when they are less than 180°, we may in- 
vestigate a problem under the simplest supposition of the values of these parts, aud 
rely upon the generality of the metbod to cover all the particular cases. 

110. We shall first endeavor, in an elementary manner, to give the student a COQ' 



caption of tbi 




of the general spherical triangle. 



Let ABC, Fig. H, be any spherical triangle whose partf 

iti all less than 180° ; then the remainder or complemen' 

of the sphere is also a spherioal triangle whose sides »r» 

anil c, and whose angles ore 800° — A, 800° — B 

I and 360° — C. We shall distinguish these triangles A^>m 

each other by means of accents, writing the letters tcithin 

the triangle to which they respectively belong, as in 

Fig. 14. The sides are common, but when referred to or 

__ sides of A'B'C, they will be denoted by a', b' and e'. 

Again, one of the sides may exceed 1S0°, as the side a of the triangle ABO, 

Fig. 15. In this triangle, it is evident that we must have A > 180°, so long as B, 

C, b and e are each < 180°. In Ihe triangle A-RC we have A' < 180°, whUt 

fi'>180°, 180°. 

Pig. IB. ng.l« 





:t suppose two of the sides 
Intersecting in two points whose diste 



exceed 180°, as a and b, Fig 16, these sidei 
ice is 180°, the figure ceases to present tha 
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tbm ISO", as in Fig. 16, 
Fig, IT 



rtangle na an enclosed surface, but it will preseDtly appear that such triangles a 

Bolveil hj the same general melioda that apply in other caaea. To form a just on 

ception of the triangle in this case, we may conceiva Fig. 1(1 to be obtained fri 

Fig. 16 by carrying the point A along the arc CA produced until it croaaeB the aide 

the points A and B may tbea be Joined eithei by 

or by ita sapplement to 360°, as in Fig. 17, in 

which last case every side exceeds 180°. Id 

these figures, to avoid confusion, the point A 

Is Dot placed in its true position according to 

perspectiTe. j 

In each figure we hare two trianglsB, whose 1 

sides are common, and whose angles are aap- 

plements to 860". It will be Aay to trace the 

two triaDgles signified by ABC and A'BC, by 

remarking that the letters in each case are all 

on the lame side of the pTimeter of the triangle. 
We may go farther, ana suppose the arc joining A and £ to be a circumference 

4* the arc AB. or any number of circumferences -|- AB; and similarly the angles 

may be supposed to be altogether nulimiCed ; but since the relative positions of any 

tliree points of the sphere must be fully determined by arcs and angles less than 

360°, nothing is gained by passing beyond this limit- 
Ill. Alt the formula of Chapter I, art apjilicable to the general sphtrkal triangle. 
This propositioD might be considered as established by the principle of PI. Trig. 

Art. 49, but it is also very easily eatablished by a contiouatioD of the process of 

Spher. Trig. Art. 6. where the fundamental equatioD was shonii to apply to all 

triangles whose parts are less than 180°. 
It waa proved in Art. 29, that all the equations of Chap. I. may be deduced from 

the fundamental one. 




prove the generality of this single equation. 

s be < 180, but .4'>180°, Fig. 14. The formula being true for 



We have then only 

1st Let all the e 

the triangle ABC, 

cos a = COS i 008 c + sin b sin e cos {360° — A') 
m in the triangle A'BC; by PI. Trig. (76), 

COB a' = cos V cos (■ + sin y sin c' cos A' 

2d. Let a> 180°, Fig. 15, and produce a to complete the great circle. The triangles 

ABC and A'BC are respectively the difference and sum of a hemisphere and the 

triangle Aik, all of whose patta are < 180°. In the triangle A'ik we have, in terms 

of the parts of ABC, 

cos (800» — a) = cos 6 cos c + sin * sin e cob (360° — A) 
ftnd ID terms of the parts of A'BC, 

cos (360° — a') = cos 6' COB d + sin *' bId € cos A' 
both of which reduce to the form (u). But it is here necessary to show that the 
formula may also be applied to each of the other angles: thus the triangle A'ik 
gives 



tt (860" — a) sin e cos (180° — B) 
tt (360° — o')sin<!'ooB (5" — 180°l 



both of which reduce to the form (u). 
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3d Let a '> 180°, h > 180°, Fig. 18 ; these arcs intereect a 
A' B' t slT«a 



>i(.ia. 




oM (a — 180°) = 008 (i — 
oDB («■— 180») = ooa {6' — ISO") 01 
wliioh reduce to tbe, form (h) ; Bad in 
gle B. We buTB ako 

003 e = oofl (o — 180°) cos {b — 180°) + sin {a — 180°) sin (h — 180") cob i 
and since cos i = cos (7 = cob (360° — C) = coa C, this bIbo reduceB to the fonn 
(B) for both ABChndA'R C. 

4th. Let u > 180°, 6 > 180°, c > 180°, Fig. 19; the tide « being produced to 
eompUte the circle, the triangle ik I giveB 




eoB C — 180°) = COB (i — 1 80°) cos (860° — e) + Bin (i — 1 80°) rin (360° — e) cos I 
6nd8inoeco8i=cos(180° — ^) = — cosJ = cos (^' —180°) = — cos -4', this 
reduces to the form (h) for both ABO A-aA A' B C; and in the same way the for- 
mula applies to the angle B. We have also 

co« (360° — c) = COB (o — 180°) coa (6 — 180°) + sin (o — 180=) Bin (i — 180<0 coa t, 
and since cos i = cos C e= coa C\ this reduces to the form (u) for both ABG 
and A B C". 

The cases in which the angles or sides exceed 860° are included in the preceding, 
in consequence of PI. Trig, Art. 45. 

112. The preceding demonat ration, though tedious, has the advantage of giving a 
definite conception of the figures which our formulce represent. But perhaps the 
Kost satisfactorj (as it is the most elegant) method, is to rest the demao^tra- 
tion of our fundamental equations themselveB upon the principles of analytical 
geometry, and, for the sake of those who are acqu^nted with that subject, we odd 
the following inTeStigation : 

Any point of the sphere may be referred b; rectangular co-ordinates to three 
planes passing through the centre of the sphere at right angles to each other. Let 
O be the centre of the sphere, Pig. 20, and AB C a spherical triangle upon its 
surface. Let one of the co-ordinate ptanea, aa X Y, coincide with tbe great cif' 
^\t.iB, and let the aiis ofXpass through B. If CP be drawn perpendicular 
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U the plane XT, and OP" and FF to the aiis OJC, tli« OD-ordiiub« of the 
pemt Care 




/^TT^' pr- 



the Talues of which {0 C being taken = 1} ore 

If now the Riie of X be made to pasa through A, Fig. 21, -without chnn^ng 
the position of the plane X 7 we shall have for ^,s',i, the co-ordinatesof preferred 
to the new axea, 

y- = — Bia A eoB J ' 

The aiieof abeing unchanged, the relations between i*. y", and i, y, are expressed 
simply by the formulEH for the transformation of oo-ordinatea in a plane; the in- 
.cliaation of the new axes to the first is here eipresaed by c, and the formulte of 
(ransformation are therefore 

>: = z'0OB.-y'Biiic 
y = i'Mn« + yco9e 



■uCistitatiDg the values of Uie co-ordinatea, we have a 
'mdamental equations : 

cos a = cos DOS b -|- un e sin 



e the three following 






which are Identdciil with (4), (6), and (3). 

]13. Having established the complete generality of out fiindamental eqaations, 
we may now employ for the solution of the general triangle any of those deduced 
ttDia them in Chap. I. 

Ab a single, trigonometric function is not sufficient to determine an unlimited 
angle or arc, (PI. Trig. Art. 5S), it becomes necessary in most oases to deduce ex- 
pressions for both the aine and cosine of the required part. 

It will be found that aU Iht nz com) of tit ffentrai iriangU admit of two loluiioiu, 
Ciiit that they all become drlerminatc, tchen, in addition to the other dara, the sign of 
the line rr wiine of one of the required partt u given. In the practical applications in 
astronomy, 't mostly hnppena that the conditions of the problem supply this sign. 
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111. Cask L GiTeu A, c aodJ. Firtl Solulion; when one of thi remainiug in- 
gles, aB S, and the third eide a are required. The relatjons between the ^veu uu) 
required ports are 

ooB a ^ COB c COS i -]- sin c sin A cob A j 

gin o 008 S = sin < cos i — 008 c sin S DOS 4 [ (IBe) 



The aigna of the seaond members will be known from their computed aamerioal 
vslueB ; the sign of cos a is therefore known. If the sign of sin a it also' 
pven, the quadrant in which a mast be taken will be known ; the second and third 
equations will determine the sign of the sine and cosine ot £, and therefore the 
quadrant in which S is to be taken. 

In tike manner, if the sign of either co. 
known, and the problem is determinate, 
quired parts, there must be two solutions. 

The numerical Botution will be conducted as follows : The Talues of the second 
members (or simply their logarithms) are to be separate!; computed, and their 
signs oarefull; noted ; then the quotient of the 3d by the 2d (or the difference 
of their logs.) will give tan B, and hence B, which will be taken in the qn&drant 
indicated by the sigoe of the siDe aod cosine. Then tlie Sd divided by sin B, 
or the 2d by coa B, will gire sin a, which, agreeing witli the value from the 
let equation, will aerve to lerify the correctness of the whole process. 

This solution may be adapted for logarithms by the methods employed in the pre- 
oeding chapter. 

1st. Let k and t be determined by the equations 



i oos # = cos 6 
k being a positive number (PL Trig. Art 174) ; then 
,s(c-ri 






n(c-^) 



2d. Eliminating k, and taking j < 180°, (R. Trig. ArL 174), 

tan # =s tan i COB .1 (; < 180°) 

Biuiisii)2E3sin£Bin<4 



8d If tit quadTdnt in vihieh Autoba taken it givea, we may ^ve the preceding 
equations toe following form: 



in ^ ^ tan £ cos .il 

) B = tan (c — #) 

sin * tan J 
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4t}i. If bath a aod b are late than 1S0°, as not onfreqaeDtlj happens in the uppli- 
cfttioDS af this problem, let 



Oion m cud n u 


e both poBiliT 


nambara {k bebg poulive) and (197) |^tm 
tn Bin # = COB ^ 
m COT * = oot i ' 
»uaJ3 = siii0tan^ 
noOTJ» = Bm(._*) 

cot a = cot (0 — *) CM J 


CTait. We find 






^ 


- #) sin a cos £ ten ^ 




Bin 6 COB ^ tan £ 




«.(.- 


~*)^ cos a 


beddei which K 


e mfiy emplo 


, b connection wilh (200), the »qnaaon sin 



a irith (197) or (198) the equation tan a cos £ = 
Or -when (197) and (198) are employed, we may find a both b; tl 



■iue and its ci 
116. The angle C ma; b« fonnd ii 



t, InterchaD^ng B and C, 
•e bath reijuired, the Se- 



QiTen J =. 261= 16' i = 45° 64', e = 188" 82', ando<180''; to find o and B. 

We shall first employ (197). The first colnmn of the following compatntion, con- 
tiiining the symbols eipreasing the operadona to be performed, should be prepared 
before opening the tables : 



log sin & CO! 



188'>82' 

log Bin J _ 8-9949963 

logcos^ —9-1813744 

log Bin 4 + 9-8662008 

= Iogico9« +9-8425S48 

= logA sin j, — 9-0375762 

log tan # ~ 9-lS60a04 

log cos # + e-9947336 

logi 4- e-8478212 

f 851" 6'42"'a 

•e — # 147° 26' 17'''4 



* As ^ > «, we take c _ 138° 32' + 860°, so that e~f may be a positiTi 
but it would be equally conTonient to teke c — f = — 212° 33' i2"-& 
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logeoB(e-#) 
logtcoB (»-#) = log ooa a 


+ 973096U 

— 9-9257803 

— 97736515 
12a'=26'6"-0 


(]) log iin & ^ ^ => log tin a tin B 

log i Bin (d — #) o. log ain a COS S 
log tan B 


— 9-8511800 
+ 9-5787728 

— 0-2723684 


5 


298" 6' 2S"-8 


logdno 
logaiQ^ 

(1) Check. logBbaainit 


4- 9-B056351 

— B-94So009 

— 9-6511860 





bolng 
a mi 2380 84' 5g''.4^ jj ^ ngo g' 26"-8. 

We slioll next give the compuUtiaa b; (200), which b applicable to this eiatnplc^ 
■inoa boti a and b are leei than 180°. 

A 261" 16' 
6 45' 54' 

188'> 32' 
log 0D> ^ 1= log m eio > — 9-1S1S744 
log dot i i^ log n COB # -f 9-9863540 
log tan* —9-1050204 
# 851= 5'42"-6 
e — ^ 147" 20' l7"-4 
log tan a + 0-8135608 
log sin 4 —9-1897534 
log tan J Bin # Ki log n Bin 3 — 0-0033142 
log Bin (e — #} = log n cob S -f 9-7309514 
log tan £ -0-2723028 
B 298''6'2a"-8 
logooBf +9-6731370 
logcot(e — *) -0-1947789 
log ooE B cot (o — #) = log cot a — 9-8679168 
a 126''25'6"-7 
116. Cask I. GiTen b, e and A. Second Solution ; irhen the tvo uoglea B and C, 
■r when all the TemaiDing parts ore required. 1Ve haTe, \>y Obueb'b Equations (44), 

eoB i a sin i {^ + <^ = OM S {6 — ") 00" 1 ^ 1 

COB j a COB J (5 + C) = COB j (* + sin i ^ .^, 

BinioBinH-B-Cj^BiDH*-')"""*^ M ' 

Bin i COB i (^ - C) = Bin i (i + <) "« M J 

From the flrat two we deduce \ {B •\- C) and cob } a, and from the second two 
\ [B — C) and bIq ) i, whence B, C and a. The problem becomes determinate, aa 
before; tliat is, wkeii a is limited by one of the conditions 

a < 180°, or a > 180» 
for then the signs of both cob i a and sin } a will be known.* 

* B; Art. 27, QnuBa's EquatiooB ma; also be taken with the negative sign nben 
the triangle is nolimited, as in the group (45), bat the same final results are ot- 
twned tnia either (44j or (45). See note at the end of this chapter, p. 227 
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dun* B8 in Art. 116. 





A 
h 

J (6-0 


2G1= 16' 
45= 54' 

46= IS' 
920 18' 
180" 38' 


log J 

log. 

logy 


= logoosJ[*-«) 
= logBmi{i-0 
= Iogoosi{i + c) 
= logBini{* + 

log COB i^ 

log Bin i A 


+ 9-83B2719 

- 9-8592898 

- 8-5874694 
+ 9-9996749 

- 9-8187250 
4- 0-8801803 


Iog/Bmi^=.losco 


Biaoo3i(B+'?) 
logtani{iI+C) 


— 9-6529369 

— 8-4678407 
+ 1 1853472 




l(JJ+e) 


266= 16' 68" -0 




logsmi(S4.(7} 
logoosja 


— 9-9990771 
+ 9-6539108 




i" 


63» 12' S8''-8 


Iog.coB}^_]og.inJ«Bml(B-C) 
log tan J (5- (7) 


+ 9-6729643 
+ 9-8708552 
+ 9-7931091 




KB-C) 


81=50'28"-7 


rerifkdion. ■ 


logainKB-C) 
log«nl« 


+ 9-7222788 
4- 9-9506856 
63= 12' 88"-8 




Jn». -10 = 


298= 6'26"-7 
234=25'29"-8 
126=25' 6"-6 



117. If a only is required, ire may find it by one of tlia methods of Arts. 76 and 
76 ; Knl if the sign of Bin a is giren, the solutioa is determinate. If tha uga of 
■in B or of sin C is given, we £nd that of aiu a by inspecting the equatiDU 



118. Casb n. Qiien A, and b. Firtt Solalion; when the thltd angle B, and 
cue of the remaining sides (as a) ace required. 
, The general relations between the given and required parts are 

cos .B ^ — cos (7 cos ^ -]- rin (7 sin J COB 6 'J 

Bin J7 COS a = sin C eat A + cos O sin Acoab t (203) 

sinfsina^ sin^^sini J 

which are solved in the same manner as (196). The problem is determinate wnon 
the sign of either sin .B, cos a, or sin a ii given. 
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AOupiing ^203) for logarithms, we find 
lit 

•£ nn » = COB J (i posttire) 

i ooa 3 ^ un J CDS & 
C0B£ = *dn(t7 — a) 
sin £ cos a =3 i COB [(7 — 3) 

OOt 9 a Un ^ OOB £ (3 < 180°) 

an Scot ass °.°*" cob (C — 3) 
Bill il sin a ^ un ^ sin S 

Rd. IF^ffi f& . ^oifrant n wAisA Butobe taken u ^irm ■■ 



tan fl COB a = cot (C — ■») 

„ . tan h cos } 
Mn £ Bin a ^ . - ,-„ : 

Bin {C — 3) 

4th. What A and B art both lets than 180°, let 

k ring 

then p and } are positive numbers, and we have A-om (204), 



(3 < ISO") -^ 



Cheek*. Ta have 



q iin a = tun b HOI ^ 
J COB a = COB (C — 3) 
ootJ= tan(C — 3)0. 



B cos a tan b 






■ The same factor k is used here and in (197), although the aaziliariei f and 3 are 
different. To show that k has the same Talue In (197) »nd (201), let the squaTCS qf 
the equatiouB 

i sin # ^ sin i cos J. i cob ^ ^ cos b 

be added ; we Bnd 

i'(sin'# + coB'*) = f = cos* i 4- Bin* J cos* -4 = 1 — sin* i sin» ^ 
and in the same manner, from the equations 
■ itBiu9=:coB.4 kcoai ^ laaAeotb 

wo Bnd 

P E= 1 — sin* A sin* A 
tnd therefore, in both oases, t = ^ (1 — Nn* b un* A) 
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besides which we may employ, with (207). the equation sin S sin o = ain ^ ain J; 
or with (204) and (205), the equation tan B cos a = cot (t? — 3). Also, whan 
(204) or (206) is employed, we may find B both by its sine and its coeine. 

These formulae are computed io the same manner oa those of preceding case. 

119. Cask II. Given A, C and h. Second SoUiHon ; when the two sides, a and e, 
or atl the remoiniDg parts, &re required. We employ Qauss's EquaUons in the fal- 
lowing form : 



Bin ^ ii c 




M J M - CI "In i 1 

n iCl — C?) "tt H 
eiCl+CJe-H 


we BOlyed in the eam 


e mumer as (202 


)■ 



"A" 121" 80' 1 



- 42" 15- 13"-7. 4 — 40" 0- 10", mi« 5 > 1B0«. 



i 


40" 0'10"-0 


A 


121" 30' lB"-8 





42<'15'13"-7 


i{X-(7) 
i{A+C) 


39"40'38"-0 
B!" 65' 46"-7 
20" 0' 5"-0 


log d = log cos i{A — C) 
log. = log sin {A-C) 
log/ = logcosi{^+C) 
Iog?=logsin (A+C) 
log sin J & 
log cos i b 


iiiiii 


log d Bin i S = log Bin J B sin i (a + c) 

log/ COB i 6 = log Bin i B COS i (a -f c) 

logt»ni(''+=) 


+ 9-4203344 
-}- 8-1203146 
-1- 0'S000698 


. JC + O 


63" 23- 3''-8 


log sin i C + <) 
log sin JB 


+ 0-9518528 
4- 9-4600813 


IB 


162" 52' 28" -a 


-log (- < iin i i) = log {- COS i B) sin H" " 

•log i-ff COB J b) =. log (_ COB i B) cos i (a - c) 

logtani(a-c) 


— 9-3392030 

— 9-9686596 
+ 9-3705436 


Ko-0 


193=12'82"-9 


' a = 


256"35'86"-2 


Mn*. . .= 


230"io-ar'i 


.^■^ 


325»44'57"-2 


• The aign of eacn of these fsotora is changed becaaie B > 180", uid cob \ 


negaUTe. 





bg value of b would be O; 



e j (o + e) by 860", to obtwn 5. The correspond- 
30'"2. See note at the end of this chapter, p. 227- 
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120. When B only a required, ne may employ the methods of Arte. 81 and Si, 
irliid] are determinate when the sign of sin S is given ; or when that of either bid a 
[IT Bin £ is given, since ve may then find that of sin B by inspecting the equations 



121. Cabk III. GiTen a, b aaAA. Jfrif i^olufton ; when Uie three remaining parti 
B, C, and e arv all required. 
We find B hy the equation 

Bin i3 = -—J ^ . } . (210) 

which ia determinate when the lign of coa B is given. 
Then, to find C, we have 

— cos (7coB^4-un CTBin.^ eoai = eoB£ 
Bin CcoB.^ + cos f7un J cosi == BinBcoBO 
which have already been employed and adapted for logarithms in ArL 118. If w* 
denote the auxiliary by 3, and put — 3 = S', we find, from (204), 
ft sin 3 ^ COS A , {ft positive) 



;2ii) 



' cos c COS » 4- Bin e eln ( cos ^ = cos a 

Bin e cos i — cos c sin A cos ^ = sin a cos B 
which have already been employed and adapted for togarithms in Art 113. If we 
denote the auxiliary by #, and put c — # ^ ^', we find, from (197), 

ft sin ^ ^ Bin 6 cos A (ft positive) 

ft CDS # = COS h 



Cheeki. We have 



(212) 



n alone oomGuted." 



* The following relaUous deserve a passing notice : 



r, '= aaavm A 



i*B 1= Bin' bua*A 
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CHtmi a "> 1260 25' 6"-6, i 





ESAMPLI. 




i = 


138° 82' 


0' . ^ = 261'' 16t)", and oo» B nog»tiM 






A 


126" 25' 6"-a 
188° 32' 0"-0 
261''16',0"-0 






log Bin a 
log Bin 6 
log aiaA 
tog AaB 
B 


+ 9-9056351 
+ 9 ■8209783 

— 9-9948352 

— 9-B102789 
231°2&'2r-8 


Wr 


lose. 


log 008 S 

)Si = togjtcoss 

s^ = tog i Bin 3 

log ton » 


— 9-8746795 
+ 9-8690147 

— 9-1813744 

— 9-8117697 
8i8''24'58"-0 


log. 


Lien 


log ooB a 
la-logSoosy 
5 = log i sin 3' 

log tan y 

y 
3 + y = c 


— 9-7786515 
+ fl-6838304 

— 9-7647520 

— 0-0809216 
809''41'3r-7 
298» 6'26"-7 


loji 


sin b oo( 


1 ^ = log i sin t 

a i = log * cos # 

log tan t 


— 9-0023S82 

— 9-8746795 
+ 9-1276787 
187=38'31"-8 


log 


Bin a 00! 
logo. 


. fl = log A sin f' 

a B = log A COS *' 

logun,' 


— 9-0708871 
■ — 9-7785516 
+ 9-8968856 
218''I5-28"-8 
45°53'69"-9 






logdnC 

log ain c 


— 9-9456010 
+ 9-8562006 






, /Bin(7\ 


— O-O8O80O4 




C^ l„(|gi) 


— 0-O8S80O1 



In tlda example, botli 3 + J' and ♦ 4- *' s^ceed 860°, and consequently we li»Te to 
aedact 360° from each of tiiem. We might have avoided this, howeTer, by taMng 
»■ = — 60° 18' 26"-3, *' -. — 141° 44' 81"-t 

122. Cash HI. OtTen a, b and A. Serond Solution; when C and e are teiinireil 
without finding B. 

We have only to eliminate B from the fourth equation of (211) by means of (210)^ 
tnd then (omitting the third equa^on) determine i' by its cosiae, obserring, however 
to take it ao that sin a' shall hsTe the sign of oos B, which sign is supposed to b« 
givm. The formulEe for finding C thus become 
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i Bin S c9 eot ^ (k fositin) | 

i COS > ^ HID J eoa ( 
OOB y= ooB 3 cot a tui i y (216) 

(y < 180° y/iib tb« dga of oob B) 

c-s+y J 

To Bod e, we obBCrra thkt sin f' has tfa« slgo of Bin a oos £, bo tbat we have the 
fnlloiring formulgg : 

jt sin ^ = bid & COB ^ (i positiTe) "^ 

-»*' = °-^iSrF [<=*"> 

(#' < 18(P with the Biga of Bin o oos £) I 

«-♦ + *' J 

(7A«jl;. The equation (211). 

12S. Cabi IT. Qivin A, E Mii b. /ti2 3bliif urn ; when the three remaitung parti 
s, e and are all required. 
We find a by the equation 

Bin a » ^uAtiab ^^^^^ 

wUeb Is deteTmlnate when the sign of oos a ia given. The remainder of the Bolation 
Is b; (211) and (212). 

124. Cask IV. Given A, B and b. Second Solution! when e and are required, 
witbont finding a. 
Wa easU; find, from (211), 

jfc sin 3 _ ooH .1 (i poaitive) '^ 

i oos 9 ^ sin J. DOB A ] 

>■ (218) 



coa^ 
(EOB y and Bin JJ cos o to have the Ban 


aesign) 


And from (312), 

i Bin f = Bin b eos A 

(CDB^cOOSi 

Bin4' = Bin^tanJoot£ 


(4 poHtive) 


(cob ^ and 008 a to have the same 


sign) 


« = #+*- 




Cludc. The equation (214) 




126. Cabi T. Qiven a, ft and c The formuU 




COB .1 — COa i OOB t 





determines A when the sign of ain A la known. If the sign of si 
(Ifen, that of vn A becomes known by the equation 
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Tlie formalFs (31), (3S), (S4), ma; be D9ed, each of trhich will become determi- 
Qkte wheD the sign of either Bin A, sin S, or ein ia known. 
126. Cabs VI. Given A, B and C. The formula 

.„._'°li^+,-^=-" (22.) 

determines a when the aign of ain a is given. If the sign of Bin t or of Bin c it 
g^ven, that of ain a becomes Icnown bj the equation 



The fonnnlEB (36), (38), (30), ma; be osed, each of which will be detenninat* 
when the eign of either ain a, sin h, or ain « ia known. 

NoTK UPON Oahss'i Eqcatiohb. 

In the unlimited spherico.! triangle, we ma; consider an; part, aa a, to faave an 
Infinite number of values, viz. a, a -i^ 3G0°, a -(- 720°, &c., oipreased generall; b; 
the formula a -|- 2 n <r, n being an; whole number or zero ; and since 

ain a ^ sin (a -|- 2 n it) cob a ^ cos (a -1- Z n r) 

all those eqaatioas of Chap. I. that involve onl; ain a and coa a will not be changed 
b; the aubstitution of a -|- ^ " <r for a. A eimilar substitution ma; be made for 
each of the parts, or for all of them, at the same time, so that there is on infinite 
aeriea of trianglea to which these equations are applicable. 

But the aubatitution of a 4- 360° for a, in Oauas'a Equations, (202), will obangt 
the sign of all of them, Bluce 

sin i (" + 860°) = — sin i a cos i (" + 860°) = — cos i o 

while the aubstitution of a -f* "^^^ for a will not change their aign, unce 

an i (» + ^20°) = sin J fl coa J (a + 720°) » coa } a 

[n general, their sign ia changed b; the substitation of a -|- (1 n -]- 2) a- for a, and 
it ia not changed b; the Bubstitution of a + 4 n ir. The same reaulta follow like 
Bubstitutions for each of the ports. It follows that these equations taken onl; with 
the positive sign, do not include all the triangles of the infinite eeriea above spoken 
gf, and that the; are complete onl; when taken with the double aign, and eipreased 
In two distinct groups, as (44) and (45) of Art. 27. 

Inpraelice, hoiBtver, tee may take Ihem tcilh the posilivi tign only; for the; will then 
give at least one of the triangles of the series, from which all the others, (and parti* 
cularl; that whose parts are less than 360°), ma; he direotl; deduced b; the appli- 
ention of 360°. • 
This will be illustrated b; the example of Art. 1 19, p. 223 ; we there find 
i («+«)= 63° 28' 3".3 
J(o — <) = 193=12'32"-9 
or rather, since J (a + t) should be greater than i (a — c), 
i (a + c) = 423° 23' 3"'3 
J(a — c) = 193°12'82"-9 

* Oauss (Thtoria iloiiu Corp. del. Art. 54) recommenda th« use of the poritive 
sign onl;, observing that an; side or angle ma; be diminiahed or increased h; 860°, 
■a the case mn; require, but confines himself to the statement of this practical pre- 
lept, without eiploini-tg the grounds upon which it resta. 
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whence 

a = b]6=> 86' 36"-2 
c = 230° 10' 80"-4 
which U the proper Bolutiaii of the equaUone taken with the poBitive aign. If a 
we deduct S60° from a, and take, as on p. 223, 

a _ 256° 85' S%"-6 

e = 230° Iff 80"'4 

we have the solution tbat 

kll the equations ; for we : 

J (a + t) = 248'> 28' 8"-8 
} (a — e) = 18° 12' 82"-9 
which, differing from the former Talaes b; ISO", miut diange the sign of all the 
equations. 

I hsTe given some further particuIarB reepecUng anlimited spherical triangles, 
aad a fuller discoBsion of Gauss's Equations, in an essay whicli the reader will find 
in the Astronoo^ioal Journal, Vol. L, published at Cambridge, Mass. 



.d by Google 



AKBA OP A SPHEEICAL TRLiNGLE. 



CHAPTER V. 
ABBA OF A SPHERICAL TSIANGLB. 

127. Qiven the three angles of a tpherieal triangle, to compute- 
the area. 

This problem is solved in geometry, where it is proved that the 
Borface of a spherical triaDgle is measured by the exceas of the sum of 
its three angles over two right angles, by which is meant, that the area 
is as many times the area of the tri-rectangular triangle as there are 
right angles in the excess of the sum of the angles over two right angle*. 

To express this analytically, let * 

r = radius of the sphere 
T <°> surface of the tri-rectangular triangle 
= \ surface of a sphere = J tt r* 

E — area of the triangle ABQ. 
Also, let tbe angles Ay B and Cbe expressed in the unit of Art. 11, 
that is, let A, S, C denote the arcs which measure the angles in a 
circle whose radius is unity. The right angle expressed in the same 

nuit is -^, therefore the number of right angles in 2 «9 is 

and we have, according to the above theorem of geometry, 

E=Tx{—-2')= — {2S-k) 

or K = t^{2S-7r) (222) 

and if the radius of the sphere is taken = 1 

B"=25-)r ;223) 

128. In a plane triangle the sum of the angles is equal to 7, 

and in a spherical triangle the sum exceeds tt by K] hence this 
quantity, K, is commonly called tbe spherical excess. 
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129 Oivai the ihra tides, Co find the aria. 
Bj (228), w« hftve 

tan i ff = — oot S J 

b which we haTo only to Bubatitute the Talnes of oob S', sin S, &nd eot 5^ ^Tsn in 
Art 84, to obtain the requlcad solution. Wa find, [t = ^ (a -f A -j- ej]. 



Bin^£' 
eoB}£'= 



^ [Bin , sin (. - a) Big (» - i) sjn (. - e)] 
2 cos j o COB ] « cos } e 

f COBi_+ COB.+ l 

^iflcosficosi. 

oos^ 1 " -j- COS* 14+ cos* ) s — 1 
, 2 CDS } a COB 1 b COB J c 

(226) bsing denoted by n, we find. 



Irhiali is known as I^t Cua't formula. 

Agftin, from the ronnnta of Art 85, since 1 — sin S = 2 sin "iff, 1 + rin S « 
Jcos't^, wefind 



-,l.i..mj(— ) 


inH— D'l-H— ■) 


«..!» = 


o,)i.«.i. 


.(,}....1(.— ) 


.■i(.-i) «.((.— r 



r ooai.coBi('-'')''«8i('-^)-=°«H'-'n 

>BtX— V|_ COB i a COS } £ COB i J 



■ r)] 



ni(< 



the liBt of whioh is known as Lkwllia't formula. 
130, Qi. en tao lidet and the included angle, (or a, b and C) to find tki area. 
IVe ha.e, from (221), by (71), 

OOtigCOtji+COflg 

cotiA = -T-p 



tan i g tan ji sing 
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181. If ve admit more thiui three parts of the triangle into the cipreBsion sf JC, 
we have, by (56) and (67), 

' ooa i e 

> (280) 
, _ ooaia cos } A+sinJasfn } ft cob <7 
...JJT _j^ J 

the qnoUent of irhich giTes (220). 

1S2. Since there are always two triangles upon the surfaee of tha sphere which 
Imtb the aame three Bides, (Art. 110), the angles not being limited tOTOluesless than 
180°, the formuloi (226), (226), (227) should give the areas of both of them, and 
their aura should be equal to the surface of the sphere ^ 4 sr. In fact, by (225), 
■in ) ffmay be either poBitire or negative, while by (226) the cosine is fully deter- 
mined, so that these formulce give two Yalues of } iT whoae sum is 2 r, and therefore 
two Tslues of K, whoae aum is 4 t. 

It TollowB that (225) alone is not anfficiently determinate whea the triangle is im- 
limited, since it gives four solutioas. The most convenient formula is therefore 
(228), for we must always have ^ £ < it, and the double sign of the T«dical pTet 

Um two TBlnes of ^ K, one less and the other greater than — . 
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CHAPTER VI. 

111FFEKENCE3 AHD DIFFERENTIALS OF SPHERICAL TKIANOLES. 

133. Two parts of a spherical triangle being constant, and a third 
receiving an increment, it is required to deduce the corresponding 
increments of the remaining three parts. As in plane triangles, 
(PI. Trig. Chap. XII.), this will he effected hy a comparison of two 
triangles having two parts in common. The triangle formed from 
the given one hy applying the increments to the variable parts will 
be distinguished as the derived triangle. 

We shall first consider the increments as finite, differences, an 
give them the positive sign, (PI. Trig. Art. 187)- 

134. Cask I. A and c constant. The parts of ^i*-"^, 
ABO, Fig. 22, being A, c, B, C, a, 6, those of the 
derived triangle ABC are A,c, B + aB, 0+ aO, 
a + Aa, b + Ab; and tbe parts of tbe differential ^/ 
triangle BCO' are a,a+ ao, £j>, 180° —CyO+AO 
and aB. We have, then, in BOO', by (3), 

sin a6 ein [a + Aa) 



sin aB sin sin [0+ aO) 

Also, in BOO', by (40), we have 

ain^ (180°- + O + aO) _ tan^AJ 



(281) 



Binj(180°-0'-C 


— AC) "tan J (a 


+ Aa 




tan J Aa 


cos (C+ J AC) 






tan J Ab 


cos J AC 




By (41) we 


End in a similar manner. 






tan 1 Ab 
sinjAC^" 


tan(a + jAa) 
sin (C+ J AC) 




By (42), 










sinjAa 


Bin (a + jAa) 






tan 4 AS 


tan (C+ J AC) 





(253) 
(234) 
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»y(4S), 

tan jAP _^ _ C03 (t' + 1 ^) (235) 

By combining (232) and (233), 

tan J na tan (« + J Au) /2S6^ 

tanjAC"~tan{(7 + iA(7) ^ ^ 

As these fonnulEe involve the increments in the second members, 
they are to be computed by successive approximations. (See 
PI. Trig. Art. 201). 

135, Case 11. A and a constant. The given 
triangle being ABO, Fig. 23, the parts of the 
derived triangle ^'B Care A,a, B + AB,1> + ^~ 
+ AQ, c + Ac. Although the figure appears to \y^ 
show that the angle B is diminished, it is still proper ^ 
to represent the angle A'B hy B + aB, to preserve uniformity 
in the algebraic signs of the increments ; the essential signs being 
given by the equations of differences themselves. Hence we put 
the angle AB A' = ABO - A'B = B - (B + aB) = -aR. 
Joining A A' we have m. B AA' and OA A', by (43), 

cos(c 4- jAc) : cos J Ac ■= — cot JaB: is.n\{A'AB + AA'B) 
cos (6 + J AJ) : cos J At = cot J aC : tan J {A' A + A A'O) 

but since A is constant, or B A (7 "■ B A'O, we find that the fourth 
terms of these proportions are equal ; whence 

tan^A-B ^ _ COS (S + i- Ab) cos j Ac .^^^. 

tan J aO cos (c + J Ac) cos ^ Afi ' 

In the polar triangle of AB 0, the constants are still an angle 
and its opposite side, and the preceding equation applied to this 
polar triangle (by Art. 8) gives 

tan i Ah __ cos (B + ^ A.B ) cos \ aO ..„„. 

tan "J AC "" coa(C+fAC)co8 JaB '^'^''^ 

In J.BCand J. BC we have 

sin :! sin B — sin A sin b 
sin a sin (B f aB) = sin A ain (ft + Af 1 
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tlie iifierence and sum of nhich give 

ain a cos (-B + J A-B) ein J aB = Bin J. coa (6 + i iJ) sin J Ai 
sin a Bin (5 + J aB) cos J aB = sin A ein (6 + J aJ) cob | a6 

from which, hy diviaion, we find 

tanJAft _ tag (5 + ^ At) .ggg 

tan J aB "" tan(B+ JAB) '' 

and in the same manner 

tan J Ae tan (c + ^ Ac) 
tan J A(? "^ tan (C+ I AO) 

The product of (237) and (239) gives 

sin ^ Aft sin (^ + ^ AS) cos ^ Ac 

tan J A(7 "^ ~ COB (c + J Ac) tan (B + J aB) 



(240) 



(241) 



(242) 



ein ^ Ac _ sin (c + ^ Ac) cos ^ Ai 

tan IaB cob (6 + J a6) tan (C + i aO") 

'^ p 136. Case III. 6 and c constant. The given 

lfn triangle being A SO, Fig. 24, the parta of the 
derived triangle AS C are b,c, a + Ao, B + AB, 
(7+A(7,^ +A^. Joining C Cf' we have in BCC", 
by (42), 
s 
Bin (a + i Aa) : sin J Aa = cot J aB : tan J (B CC- B O'C) 

But observing that ^ 6"" = 4 C, -d 00' = A (7' (7, we have 
BOC'^AOO'- 
BC'O '='AC'0+ C+ AG 
^(BO0'~BC'O) = -iO+ JA(7) 
and the above proportion gives, therefore, 

sin J Aa ^ sin (a + I Aa) (HS\ 

tiTjAB " cot(6'+ JaC) ^ ' 



■ The eqnstloni (239), (240). (241), nad (242), oontain eMh two footora less th«ii 
th« eorrMponding «<iuftlioQB givsn by Cagnoli, 
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r we should find 



sin ^ ^'t ^ _ Bin {a + i Aa) ,„... 

tan i A C cot{B + ^AB) ^ 



(245) 



The quotient of (243) and (244) gives 

tan} a5 tan (-B + } AB) 

tan"jA(7 ^ tan {0 + I aO) 

Tn ABO and A B 0', by (4), we have 

COS a ^ C03 6 cos c + sin 6 sin ." cos A 

cos (a + Aa) = COB 6 cos c + sin 6 sin c coa {A 4 A-^) 

tbe difference of which gives 

sin } A« sin 6 sin c sin ( J. + i^ A>i) , 

Bin } A^ "^ sin (a + J Aa) '^ 

The quotient of (243) divided by (246) gives 

ain J aA^ _ _ sin' (a + ^ Aa) tan (g + | Ag ) 
tan } aB sin 6 sin a sin (j4 + J aA) 

ftnd &oin (244) and (246), in the same manner, 

gin } aA _ gin' (a + j Aa) tan jB + j aB) 

tan } aC " sin 6 sin c sin (A + i aA) 

137. Case IV. B and (/ constant. The equations of the pre* 
ceding case (243 to 248), applied to the polar triangle, give 

em^A A ^ sin (A + j aA ) 

tan } Ai cot (c + J Ac) ^ ' 

jin i &A ^ sin (A + ^ AA ) 
tan } Ac " cot (6 + i Ai) 

tan j a6 tan (6 + ^ A&) 
tan J Ac tan (c + i Ac) 

BID } aA sin S sin (7 ain (a + J Aa) 
Bin } Aa " sin {A + ^ aAJ 



(247) 



(248) 



(250) 
(261) 

(252) 



Digitized by Google 



SPHERICAL TKIGONOMETET. 

BinJ Ao Bm*{^ + ^ £lA) tan (c + ^ Ac) 
tao ^ Ai Bin £ Bin Bin (a + i Aa) 

Bm_jAA ^ Bin* (-4 + ^ aA) tan (ft + ^ £j>) 
tan J Ac Bin B sin C ain (a + J Aa) 

Finite Differences of Spherical Right TRiAsaLES. 



(254) 



138. All the preceding equations are, of course, applicable to 
right triangles, tr to quadrantal triangles, and in Bome cases they 
aasnme simpler forms. Thus in Case I., if tlie variable = 90° 
(231) and (232) become 

sin a6 = sin (a + Aa) sin aB 

tan J Ad = — tan J a6 tai J a6' 

and similar modifications take place in other cases. 

139. When one of the constants is 90°, the preceding equations 
do not generally assume any simpler forms, but they may be trans- 
formed so as to involve the same variablea in both members, which is 
generally desirable in their practical applications.* 

The method that we shall follow is so simple that it will be nn. 
necessary to repeat it in every case. A single example will suffice 
to explain it. 

Let (= 90°) and b be the constants ; to find the relation of Ad 
and A B, we have between the two variables and the constant i, the 
equationa 

sin f = sin ft coseo c 

sin {B + aB) = sin b cosec (c + Ac) 

the difference and sum of which, by PI. Trig. (105), (106), (ISl), 
and (132), are 

n ,-n . , ^^ - , -r. 2 Bin 8 cos (c + * Ac) sin i Afl 

2cofl(5 + jAB 8m4AB = — . . , , ? — 

"■ ' ' " 8incsin(e + Ac) 

' Bin c Bin (e + Ac) 



* CagDoli giveB these eqaations redneed bo as to inTolve the satae TitriableB in 
twtl membera ; bat in almost eTery inetancB his formulte iiitoItb two factors mot* 
tliau ate neceBsary, luid ace tar ksB simple and oouieiiieiit tbui tboae here giren. 
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and the quotient of these is 

tan ^ aB tan ^ Ac 

tan{5 + i^B) "^ tan (c + J Ac) 
which gives the first equation of the following article. This process 
always eliminates the constant, and is applicable in every case. 

When the equation to be differenced involves cosines, we employ 
PI. Trig. (107) and (108); if tangents, (115) and (116); if cotan- 
gents, (122); if secants, (129) and (130). The results are as 
follows : 



(255) 
(256) 

(257) 

(258) 
(259) 

(260) 

(261) 

(262) 



148. If a constant side is 90", the equations of finite differences 
for the triangle may be obtainet? hy applying the preceding eq'iatiogs 
to the polar triangle 



taa^Ac 


tan(5+jA5) 


tanjAc cot(c+jAc) 
tanJAa Cot(a+jAa) 


sin A a 

sinA^ = 


Bin(2a+Aa) 
Bin(2J.+AA) 


tanjAa 
sinA^ 


tan(a+iAa) 
-Bin(2.B+AS) 


sin Ac 


8io(2c+Ac) 


tanjA^ 


tan(^+iA^) 


tanjAJ. 


cot(A-fjAA) 


tanjA-B 


cot {B+iAB) 


141. Case II. G = 90" and o constant. 




smAA 
sinA^ - 


sin(2A+A^) 
-^n{2B+AB) 


tan^Aa 
t'anjAT ~~ ~ 


cot(a+iAa) 
cot(J+iA6) 


tanjAa 


tan(d!+jAa) 


tan^A5 


tan(J+jA&) 


UnjA^ 


tm{A+lAA) 


tanjAS 


tan(B+iA£) 


gin Ad 
'an JAj5 ° " 


am{2a+Aa) 
C0t(B+jA£) 


sin A 6 
tan JaJ. ^ 


sin (2 J +A J) 
cot{A+iAA) 


142. Case III. = 90° 


and A constant 




tanjAfi 
tan|Aa ^ 


t«i(c+jAO 

tan(a-l-jAfl) 


sin A a 
tanjAJ " 


sin(2a+Aa) 
tan(fi+jA6) 


tan|A0 
8inA5 " 


cotfc+jAc) 
BiD(25-|-A£) 


tan JA b 
tanf aB ^ 


cot(4-|-}A4) 
cot{B+iAB) 


sin Ac 

sinAi 


sin(2c+Ac) 
Bin(26+AJ) 


tanjAa 
tanJA^ 


cot(a+jAa) 
tan(B-t-jAB) 
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Differential Variations op Spherical Oblique Trianoles. 

141. To obtain the differential variations, we have only to maks 
the increments infinitely smal) in the equations of finite difference?, 
observing the principles of PI. Trig. Art. 192. Or we may differ- 
entiate the equations of spherical triangles directly, employing the 
differentials of the trigonometric functions given in PI. Trig, Art. 192 
For example, A and i being constant, to find the relation of c2 i 
and dB, we have 

sin A sin (7 = sin a sin G 
the differential of which b 

» sin a (j sin (7 + sin Od sin a 
B=gin(icos CdO+ cos a sin Oda 
d a tan a 

And to find the relation of da and d b, we have 

COB a ■= cos 6 cos c + sin & sin c cos A 

— sin a d a = — sin 5 cos c d 6 -I- cos J sin c cos J. d ft 
da sin J coa c — cos b sin c cos A . . 
db Bin a 

or by (7), 

--, = cos <? 

results which agree with those found from (236) and (&'12), by making 
Aa, Ab and aO infinitely small. By either method then, the fol- 
lowing equations may be readily verified. 

]45. Case I. A and <; constant. 

da tan a d J sing 

d^° tanC d'B~ sin (7 ^"^^^ 

da ' „ dh tana ,„„„, 



tanC 



!M o (2661 
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146. Cabe II. A and a constant. 



dB 

ro~- 


cos 5 


d h 

dl-- 


cos-B 
cos (7 


(267) 


d I 


tan h 
tanS 


d c 

T0~ 


tanc 
tana 


(268) 


d b 


mi 


d a 
dB-- 


sine 


(269) 


dS~- 


cos c tan B 


cos h tan 


147. CisuIII. 


i and c constant 








da 
dB~- 


sin <i tan C 


da 
dTj — 


sin a tan B 


(270) 


dB 

ro- 


tan5 

tanO 


da 
dA~ 


sin h sin C 


(271) 


dA 


sin A 


dA 
TO 


»mA 


(272) 


rs~- 


sin B cos a 



148. Case IV. B and O constant. 

dA dA 

-j-Y =■ sin A tan c t— - = sin A tan 6 (273) 

d h tan 6 dA . ^ . 

3-c- isn T-a- '"'*■""' (27«) 



(i a 



■ sin b a 



(275) 



Differential Variations op Spherical Right Triasolbs. 

The preceding may also be used for right" triangles ; hut it 
may be desirable to have the same variables in both memberB, as in 
the following formulae derived from those of Arts. 140, 141, and 
142: 



149. Case I. C ~ 90° and 6 constant. 

d e tan o da cot c 

d B ~ ~ tan B da cot a 

da sin 2 a da 2 tan a 

JA '^ Bin"2"3 dB'^~ siir2^ 

d c sin 2 ff d A tan A 

d~A ^ 2"cot A d B~~ eot~B 



(277) 
(278^ 
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(281) 
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150. Case II. C = 90° and o constant. 

d A sin 2 ^ da cot a 

d£ ^ ~ Bin 'IB db ~ cot b 

d a tan a d h tan h 

TX ^ tan A TB ■" tan B 

da Bin 2 a d b sin 2 

d~E '°^~ 2eot B JA ""2 cot. 

151. Case III. C = 90" and A constant. 

d e ^ tan c d a sin 2 a -ngo, 

d a ~ tan « d 6 ™ 2 tan J ^ ^ 

d c 2 cot e d b cot J f9fiil^ 

dB" sin 2 5 d^ "" c^Tfi ^ ' 

d e sin 2 c da cot a ^284^ 

d6" sin 2 b d5 ° tiSTfi ^ ^ 

152. The differentia] variations are often employed for approxi- 
mate results, instead of the equationa of finite differences, when the 
increments are very small. The remarks of PI. Trig. Art. 203, 
apply here also, but it b not necessary to introduce the radius in 
seconds, since all the parts of a spherical triangle are expressed 
in the same unit. 

DimRKNTUI, VaBIATIONS or SfHEIIICAL TEIANaLEg WHIN ALT. TZI FAETS ABI 

Yabiabli. 
lES. Let tile eqnntioc 

COS a ^ COB b COB e •{■ sin b gin c coa A 
be diffeieatiated, all the parts being variable; we find 

+ (Bin e COB A — cos <! Utt £ cos A) do 
+ BmbBinesaAiiA 
IHtiding b; mt a, tbis becomex, by (T) anJ (3), 

da = coi Cdb+ COB Biic+fsiiiba.a CdA (28S} 

and in the game manner from the 2d and 3d eqaatjons of (4) we find 

db = COB Ade + COB C da + sId e Bin Ad B {28S} 

dc ^ COB S da+ COB A db + 6ia aainBdC (2ST) 

From these three equations, any three of the six differentials da, db, de, dA, 

dB,dC. being given, the oiler three maybe determined by tlie aeaal prooesseB of 

elimination. 

If any one of the psrta be snppoaed constant, its differential will become lero, 
and these eqaations will assume simpler furms. If two of the parts be supposed 
oonstant. we can easily deduce all the equations uf Arts. 145, 14Q, 147 and 148. 



,db, Google 



APPBOSIMATE SOLUTION OF SPHERICAL TRUNGLES 



CHAPTER Vn. 



15i. Wain BOias of Uie parts of tbs triangle are imall, or nearlj 90°, or nearly 
180°, approximate BolnCians may be emplojed witli adraatage. These are generally 
found bf means of senea. 

156. In a tpherUal rgkt triangle {the right ODgle being C), given A and e, to find b 
We haTfl 

which is of the form in Ft. Trig. (493), and may therefore be deyeloped b; (4QS) 
and (496) by putting z = ft, y ^ £, p = cos A, whence 



^-"^^^ — r4r^or2 = -^'i^ 



•ttd (i06) and (496) become, [taking n = in (495), and n = I in (496)]. 

i_ e— taD*}.lBia2c-(-itan*}^sin4e — &a. (280)/ 

i =,_( 4. cot» i J sin 2 e — J oof i J Bin 4 c + 4o. (290) 

It A is small, cos A is nearly equal to unity, and h exceeds e by a small quantity 
which is approximately found by one or more terms of the series (289). 

If A is nearly 180°, or oos A nearly ^ — 1, i exceeds*' — e by a small quantity, 
which is found by (290). 

For examples of the mode of computation, see PI. Trig. Art. 255. 

156. Although these solutions are termed approximale, it most not be inferred that 
they are lett accurate in practice than the direct solutioii of (288) by the tables ; for 
the logarithmia tables are themselves only approximate, and tlie neglect of the 
higher powers in such series as (289) and (290) ma; inTolye a leaa theoretical error 
thim the similar neglect of the higher powers in tlie series by which the tables are 
computed. Id the examples of Fl. Trig. Art. 255, the thousandths of a second were 
found with accuracy, which could not have been effected by a direct solution wlQi 
less than eight decimal places in the logarithms. 

These considerations lead to the freijuent employment of approximate solutions 
in astronomy. 

157. If A and b are given, to find e, we have 

wbich is reduced to Fl. Trig. (498), by putting i = e, y ■= b, p = %i><i A, 



(201) 
(292) 



Cg.lizcJbyCoOglC 
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168. Similar aolntiaoa appl; to the eqnntions of riglit trinngles. 



the last being solved ander the form 

tan (90= ~B) = oo3 c tan ^ 
We m&; aUo compute, la the aa,mn msaaer, the aniiliaries f and 3 la (122) and 
(134), so freqnentlj emplojed la the solutions of oblique triaagles. 

169. /n a righi, tpherical trianglt, given e and A, to find a, tehen A u ncnrZy 90°. 
Wb have 

Bin a = aio ^ sin c (293; 

from which we deduce 

tan i (c — a) = tnn' (45° — i A) tan i (" + "> (2^) 

From this we may find c — o, which is supposed verj small, by successive approii- 
matioDB. For a first approximation, let a = eia the second member, and find thence 
the value of e — a and of a; for a second approiimation substitute in the seooad 
member tne value of a just found ; and so on until two Euooessive values agree as 
nearly as may be desired. 



KXAMPL 

Oiven A = 89°, c = 87= ; find a. 










logtani('+«) 


1-28060 


log tan' (46= - i A) 


5-68173 




ar CO log sin 1" 


5-31443 


i(«-a)=-299"-74 


log i ('-'') 


2-4707-^ 


a = 87= — 9' 59"-48 •= 86= 50' 0"-62 








2d Aiteoi. 


8n Appbox, 


4Ta Afpbox. 


H< + ") 


8e=55' 0" 


86= 55' 8" 


86=55' 8"-17 


log tan i(c + a) 


1-26868 


1-20899 


1-26900 


^^^tanM^-i^) 


1-19615 


1-19615 


l-]9fll5 


logH'-") 


2-46483 


2-46514 


2-46516 


i(c~a) 


291 "-63 


291--83 


291"-84 




9' 43" -26 


fi- 43"-66 


fl' 48"-68 


a 


86= 50' 16"-74 


86= 50' 16"-34 


86" 60- 16"-32 



The direct solution of (293) gives a xm 86= 50' 16", but cannot give the fractions 
of a second without tables of more than seven figure logs. We have given this pro- 
blem, however, not so much on account of its particular utility, as for the purpose 
of introducing the method of approiimation to which it leads, and which is oft«n 
•mplojod. 

The process here eiplaiaed may obTioualy be applied to any equation rf the form 
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160. /n a spherical oblique trianglt, given tico tides and the included anr/le, to find th« 
ether angUt and tide bg eeriet. 
ir a, b and C are Ibe data, to find e, vie have 

cos c = cos a COB i -f ain aeinbcoaC 
SabBtitntiiig half area, 

8iu' i c = Bin- 1 a COS' J * + cos' J o ein* i i 

— 2 sin i a cos } i coa } a ain } 6 coa C 

which is of the form PI. Trig. (507), and maj be developed by (508) by enbetituting 
Bin J £ for c, sio i a cos j 6 for a, and cos } a aia } i for i ,- so tbat (50S} becomeg 

logsinlc = logcoai«aiiiit~*[J^coBC + (5^)'-^'^+&o.](296) 

To Sad A and B, ire have. 



iH.-t«.}f 



f. (1 , - K-i + -8)1 - CHt+Sms') '" ' " 
m [! , - i (^ - i>)l - (SfSSp) '«■ i " 

Comparing these equationa with PI. Trig. (493), and developing by (495), n ^ 0, 

i,-J(^-i>)-K + £|^.~<'+(,'Jji^)"^%ii. P97) 

If we derelop by (496), we find 

i'-!(-+-.— K4-(|^)...c-(;^:) ^'+u. „ 

!■•-!(''— B) i<'-(Srp)"°''-(tiiIT)"-^-'°- (^'' 

from which a Bclection will be innde in any particular case, according to the con- 
vergenoy of the series. The terms of the series are in arc, and must bo toduced to 
■econds, by dividing by ejn 1". 

Tliis solution tuny be applied to the case where two angtea and the included eidf 
are the data, by loeanB of the polar triangle. 

161. To txpreie the area of a spherical triangle in aeriet. 

Corapanug (229) with PI. Trig. (500), and developing by (502), we find 

}£*= tan Jatan J£Biu<7 — itan*}atan*i Asia2f7+&a. (800) 
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244 SPHERICAL TRIGOSOMETRI. 

162 LiQENDBB'a Thkoeem, If Ihi tide) of a tpherical tnangle irt very itoiW co"i- 
parfi mlh the radiut of the iphert, and aplane triangle ie formed tihoie tidei are eji-at 
to tho»t of tht tpherical trianglf, then each anglt of the plane triangle it equal to Ihe com- 
tpondiag angle of iht ipherieal triangle minus one-third of the spherical ezceit. 

J.et a, b aod e be the sides of the spheric&l triangle eipreaaed ia sro, the radio* 
of the sphere being anit; ; and let A', B" ood C be (lie BogleB of the plane tri&ngU 
KhcM sides are a, b and c. Then ve haTs, in th^ spherical triangle, 

Sabatitnte in the second member of this, the Talaes of cob a, &o., ia series, by 
PI. Trig. (406) and (406), neglecting only powers aboTe the fourth, vii. 
CDsa = 1 — Ja«+ j'l a* 

cos 6 = 1 — i *• + ^ 6* sin S = S — i *• 

cos«-l-i<?+A** sin.^.-ie- 

we find 

COB A = H'' + ^-''') + eV ('■•-''-'' — «"■=') 

Maltipljing the nnmerator and denominator bj 1 -(- i (^* ~l~ ^)> ^"^ neglecting 
terms of a higher order than the fourth, ag before, we have 

COB J ^ ±. ^ - ■ ~ ' 

2b c ^ 24 6 e 

Thich, by PI. OMg- (225) and (239), becomes 

ooB^ = 0O3 J' — J*esin'-4' 
Let A ^ A' ■\- X, then since x is small, we may pat oos z =i 1, so tliat, by 
PI. Trig. (38), 

COB J = COB A- — X Bin A' 
whence 

I =, i J « sin 4 
Bnt } & « sin ^ != area of the plane triangle ^ Tery nearly area of the apheriaol 
triangle ^ K, whence 

i = jr A' = A — \K 

The same raaBoning applies to each of tbe other angles, bo that 

B =^B — \E C'=C~iK 

which proTes the theorem. 

1G3. This theorem is applied in geodel^cal inryeying, and is found to be suffi- 
ciently accurate for triangles whose sides are considerably greater than 1°. It is to 
be remembered tbat the sides are to be expressed in arc ; and if they are given in 
feat (for eiample), tbej mast be reduced to aro by dividing by the radius in feet, 
or, which ia equivalent, the are* must be divided by the square of tliis radios. If 
then T =s radius of the earth in units of any kind, a, b and e tlie sides of the tri- 
angle ia units of tbe same kind, and k the area of the plane triangle, we sliall have 
Kio seconds, by the equation 

Example. 
In ■ triangle upon the earth's surface, given b = 1S3496-2 feet, c = 1G6122-1 feet, 
ud j1 = 48° 4' 32" '35 ; to find the remuning parts. 
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APritOXIMATE SOLUTION OP SPHERICAL TRIANGLES. 215 

R'e linve i = ^ b c sia A, and the mean Ta,lae of r = 20888780 feet. Henoe 
logi S'263I33 
logc 5'1934e 
log sin .,4 9-87159 
ar CO log 2 ^ sill 1" 0'87866 
S = 5"-04 log £" 0-70224 

It is evident tbat great uccarocy in the Tslue of r and of the other dsts is not 
required in computing K. We now have iK = l"-68, A' ca 48" 4' 30" -67, and by 
lolving the plane triangle with the data A', b and e, we find 

a = 140580-0 feet B' = 76= 12' 22"-19 C = 66° 43' 7"'13 

Adding i JT to each of these angles, the angles of the spherical triangle are 

S = 76° 12' 23"-87 C = 66° 43' 8"'8I. 

For further details rtspeoting geodetical triaaglea, and for the methods of solriug 
(^heroidal triangles, special works upon geodesy must be consulted, auoh aa 
Legondre'fl Analyse del Triangles iracii eiiT la lur/iKe rTuns sphiroide; Paiflsant's Trailt 
de Oiodiiie; Puissant's jVoum/ rutai de Irii/ijiioiitilrie aphiroidiqai ; Fischer's XfiAritieA 
dor hShertn Geodaiie; various papers by Gauas, Bessel, &c. 

164. To lolvt a tp/ierieal triangle when tmo of ill lidei are ntartg 90°. 
If a and b are nearly 00°, c and C are nenrly equal, and- it will be expedient to 
oompate the small quantity (7— e hy an approiimate method. We have, by (26), 

Bin* Jc= BiQ'l(o + i)8iii*iC+«in'i('' — *)<=<»B*1 C 
Mid \>7 PL Trig. 

sin' i C= [sin* !(■'+*) + "O"' i (« + *)] '^' \ ^ 
the difference of which equaUons is 
sin i (£?+«) »a i (C — ") = <">*' i (a + *) sin* i 0— ain^ }(« — *) o°^*i 
Let 

a' = 00° — o i' = eO* — S 

0* and b' being very small: alao, since C and c are nearly equal, put 

(hen the above equation becomes 

sin C ein i ( C - = sitt- ! C' +*■)""* i f^ -"'"' H»' -*') ""B* J C 
Dividing by sin C = 2 sin J (7 ooa J C, and substituting the arcs i (C — c), 
i (a" + 6'), i [a' — b'), for their sines, we find 

o-,_.»r[(t±^)-..«!c_(^y...ic] (301) 

which ts the required. approximate formula for the case when o', l' and C are given 

to find e. 
If o', i'andearegiven, to find C, we may exchangee for I in the second member, 

<;_.= 1.1- [(-t-')*'"'!'- (^)''»'i'] (=»")' 
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CHAPTER VIIL 

MISCELLANEOUS PROBLEMS OF SPHERICAL XEIGONOMETET. 

1G%. In a given ^htrical trianglt, to find Ike petpendieular from one of the anjUe iipini 
ike oppatiu tide. 

Jif.2t. Denoting the perpendioolaT upon fha gid« e (Fig. 25) 

bj p, we have 

ainp=. BiniBiii4 (808; 

If Uie three aides or the three Angles are given, ire 
find by (48), or (51), and (803), 

™,_i:-,_Ji^ (804, 

in irhicb n and iVure given bj (47) and (60). 

If ire admit more than three porta of the triangle into the ezpreauon of p, ve 
haTs, by (55), (56), and (303), 




\a\Aam)iB . 2 OOB J o cos ) 1 







186. 1^ find the To^iaqf the circle dttcribed about a givtnipkeTiealtriangU. 

n(.3& The radius here underetood is the arc O J =t OBim 

O C, Fig. 26, drawn from the pole of the small oircla 
ABC to either of the angles. Let 

OAS=. OBA =2 
then C=OCA+OCJi=^OAa+OBO 
= A~x-^B~z 
x = i(A + B — C) = S—0 
putting S=HA + B+ Cj. 

The triangle A B being isosceles, the perpeiHonlal 
F bUeots the side e, therefore if O J = ^, we have 

Dj applying the principles of Art. 8T, this will give the oorreapondiog formulae el 
PL Trig. (285). 

167. From (G9) and (70) we find 

<!Os(S— C) = — 003 Soot} flootji 
by which (806) is redaced to 

.-■ ■...).■■.!»..!■ ,™, 
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Alio, bj Uie last equation of (66), (306) becomee 

168. Sobstitnting in {806} for tun J o by (39), 

^ ^ ^CM (S—Aj aoa (5— £) oos (,S— cj 




JV 

169. Let tlie sides of the triangle ABC, Fig. 27, be pro- 
duced to meet in A', B', and C ; and denote tlie radii of 
the circles ciTcumscribed iboat A' B C, JfA C, CAB b; 
E", R\ R" respectiTelj. Then if 2 S' denote the sum of 
the (uigles of A'BC, {A, B and C being the angles of 
ABC), 

2S' = 2r—B—C + A 
S' — A' = !r—HA + B + C) = r~S 
■0 that (306) applied to A' BO gives 



Snbslitnting for tan } a, &c., bj 



Jf 
no. Combining (310) with (812), we find the relation 

cot S cot S' oot &" cot if" =■ JV 
If this be multiplied succeasivelj b; the squares of (SIO) and (812), 1 
tan B col if cot ff ' cot B'" = cos* S 
cot S Un Jt' oot .fi" cot If" = cos* (5' — A) 
cot S oot A- tan B" cot ff" = cos" (S — £) 
oot E cot a" oot S" tan R'" = cos' (S — C) 





.0 


(»■- 


^■) 


_co,S 


X 


-1 


Tors 






&c 


, b; (S9), 0, 


tore 


.Sbr(69), 




(»- 


_i)_ 


2 sin 


i.oo.(Joo.!" 










-^ 


^_ 


2 00 


J.mlio".}' 










(S- 


C) 


2 CO 


i..o,(l,mJ. 



(SIS) 
I obt4dn 
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171. Agun, bom (810) Mid (812) vs find 

— Una + tanB'+Uiifl-+l4nfl" 

BOB S + COB (S~A)+ cog (S — B) + COB {S ~ C) 

_ 2ooBi vleoBJ(B+g).f 2coaMe°Bi(g— g) 

J OQg i -i coa I B COB t 

ti 
tan a + Un JI' — tan 5" + tan S"' 



— tan J! + tan S' + tan S" + tan ff" 
Wa Bhall find in a Bimil&r manner 
tan £ — tan Ji' + tan £" + tan £"' c= 



tan fi + tan fi' + tan if' — tan R- 
It is also easily shovn that 

172. To find tht radna o/iht circU itueribtd t'n a given ipherieal triangU. 

*^' *»■ ' ^ In Pig. 28, being Uie pole of the required circle, 

draw O/*, OP" and Oi*" to the points of contact, and join 

OA, OS. We hiiye P" = OP"" and the trisogleB 

J,, AOP" an^AOF" right-angled at P" and P" ; hence 

D OP" Bin OP"' 





*■ 


4c 


os}^Bini£ua)C 




Jf 


4b 


D M "OS i -S sin 1 e 




jV 


4 


nl^siniflcosiC 








2 + 2ooaJoo8Booiff 




sin 0-4 P" = ^ 



AO 



T1.A0 



- tstiiaOAF- 



therefore A P' t^ O A P"", (for we cannot have 

OA F' ^ V — OA F'"), and the pole of the inscribed circle is oonsBquently found 

bj the same constrnction as inplano, namely, by bisectiog the angles of the triangle. 

If then we put t ■= ^ (a -^ b •\- e), and r ^ radios of the inscribed circle, we 

aP"' + BP'+0'P' = -4P™-|-ii = ., AP" ^*~a 

uid die right triangle A O P" gives 

lanr = sia(.-»)tanM (818) 

oorreaponding with the formula of PI. Trig, (288). 
Sabstitatii^, in (818), the xaluB of tan J A, 

n(._a)Bin(,~ft)Bin(«-0 ^ 



-'=J(^ 



Sabsdtnting, In (818), tlie tsIuo of sin (< — a) given by (58), 



Alio, by (51), we bave A" _} sin 8 Bin sin a, wbioh rednow (820) M 



(MO) , 
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2i9 



178 Let the radii of the cirolCB iaBcribad ia the tJiree triaogles A'BC, B'AC^ 
CAB of Fig. 27, be r', r" and /", Then if »' denote the half sum of the ridel of 
A'BC, we havB 

2 .- = 2 B- — i — e + a 
■0 that (818) applied to the three trianglea, gives 







tanr' 
tanr' 


= ain 


tan J^ 
tan^^S 
tani(7 


■ 


flubstitating 


m tliMe the yalues of tan } ^, &o., or of ein ., 






tant' 


n 




iv^ 






Bin(,_ 


a) ' 2 


oobM«-M-» 


TcS 




tanr" 


■I 


• 


JV^ 






^«in{.- 


t) '2 


>ini^eoe}5Bin 


1" 




Unr'" 


n 




N 




AUo.by(821 


Bin(._ 
tanK = 


c) '2 


in } ^ Bin } J] ooB 


10 J 






tanr" = 


-H^ 


^M.,, 








tanr"' = 


osi^o 


""^.m. 






cosi 


c "■"- 



174. The product of (319) and (828) gives 

tan T tan i' tan r" tan r"" : 
whence, aa In Art. 170, 






.•(.-«) 
in'(.-i) 
n'(.-=) 



175. We find from (319) and (328), as in Art 171, 
— ODt r + oot / + cot r" + oot r"' = 

««tr — cotr'+ cotr"+ cot/" = 

cot r + oot r" — oot r" + cot r" s 

cot r + cot r" + cot r" — oot r'" = 

cot»r+ cot'r'4- oot^r"+ cof r" = 



4d 


i- 


■«» 


.1.!, 






1 




4 Bio 


!. 


..( 


...Ic 










4 CO 


!• 


mj 


CO.JC 


4 CO 


t" 


o,i 


dai. 






n 




2 — 


2 cos 


OCOB 


A CMC 
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176. From (80S] and (321), i>e find 

^^ = 4aiii, A tiini S a\a i CeoB i a eoa i b eoi i c (ZX) 

From (307) uxi tli« first of (327), 

— cot r + cot T" + cot r" + cot r"' = 2 tan fi (829) 

From (815) wid (820), 

— tan JI + tun ^ -f- tui £" + tan £'" = 2 cot r (830) 

and otber dmil«r relutloiiB bto found bj comparing (312) Tith (827J, and (310) 
irith (323). 

177. The following relations are also worth remarking. 
If p is the perpendicular from C upon e, 






a-Bi 


iasi 


nJS 


2 CO 


COBi 

l^c 


uiB 



nj<7 



178. The pole of the circle iitieribed ia a ipherical triangle ii alio the pole qf the eirdt 
eircunucriSnf aiou( the polar triangle; and the radii of that eirclu are complemenlt of eocft 

The arcs hieecticg the angles of a gUen triangle will eridentlj bisect Uie sidea 
of the polar triangle, and will be perpenilicular to those eides respectiTel;; tha 
common intcrHection of these arcs is therefore at oQce the pole of the circle in- 
scribed in the first and circumscribed about the second. 

Again, if we join the angular points of the polar triangle with this common pole, 
the arcs thus drawn, being produced to meet the eidea of the first triangle, are 
perpendicular to those sides, and therefore pass through the points of contact of 
the inscribed circle. Each of tliese arcs = 00°, and is at the same time the sum 
of the two radii of the circles in question. 

This latter property ia also obvious from the analytical expreBBions of the two 
radii. Bj means of it, we might hnre deduced all the formulta for the Inscribed 
from those for tha circumscribed circle, or rice versa. 

170. To find the are joining thepolet of the eireies interibed in, and eirimmecribed about 
« fiven iphtrical triangle.* 

^<x.^ O Let be the pole of tba circumscribed circle, 

^ \ Fig. 29, and 0' that of the inscribed circle. Put 

_^^^ " \ 00' = D; then 

\~ ~'^\o' \ con D = COB AC COB Aff+aoAO Bin AffeoaOAO' 

^^^^.^^ 1 By Art. 166, we have OAB = S~ (7, whence 

^ '« 0A& = S~0—\A M=HJi—Cr) 

We hare also 

cos AO' = COB 0-P cos AF ^ cos r cos (. — o) 
rin OF sin r 



• Hymer'a Spherical Trigonometry 
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SnbititatuiB b^ (319), (307), 






rin « ooa (» — g) + 2 gin I S rfn t e 



whence, i; (53), 
V cos A Bin r/ 



by PI. Trig. (179), 



"i-'rinji 



SM,y 



=:(i)otr + tauJi)' 
eos" D ^ oob" (B — r) + 00^ J sin* r 
^*i>= Bin»{B — r) — oos*SBin*f (832) 

If the inseribed o1rol« is inscribed in A'SO, Fig. 27, and it* ritdiiu ^ r', ii« 

baTe, by » similar proceBS, 

ME* /»■ = am- (fl + r-) — oos'fl Bin' r* (SUfl) 

180. 7% J&hI (Ae eqinlaleral ipherKol irianglt inicribtd in a giem circle, 
11 R =x Tiding of the given circle, and A ^ one of the &nglea of the eqollateraJ 

trianglB, wa hare, by (310), and PI. Trig. Art. 76, 

\aiA — ico^iA 



tan* A = 






1^ 
-henoe '""i^ = J ( i + tL' R ) ' 

181. Tafijtd the tquUateral ipkericai triangte drcatntcnbrd about a given circU. 
If r =s radios of the glren circle, and a ^ one of the sides of the triangle, we 



°*° = J( 4^1., ) 



(336) 



183. 6Wm th» ban andarta of a ipherieal triangU, to find l&t toon of Ihi vertex. 

"S-X). , L«ta>BthegiveabiiBe, and£'^areaof .lAC, Fig.80. 

Produce AB and AC to meet la A'. Let O be the pel* 
of the circle described about A'BO. The radios of this 
circla is glTcu by the first equation of (311), nhieh, by 
(224) becomes 

The Becond member of this equation, being constant for 
the triangles of the same base a, and the same area K, 
WB that R'm slso consCsJit, and consequently, that thi 
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point A is alwkyi fanni) apan th« circumference of the same small circle A'BO. 
Bat A and A' being Uie Mtremitieii of the same diameter of the sphere, A is alu 
Cjund upon a email circle, equal and parallel to the circle A'BC. 

The perpendicular dlBtance {p') of O from the base BC'ia found by the eqaatioD 

, COB R 

and the pole of the lacna of ^ is in the same perpendicular, at a distance from 
BO = w — p' = p, TThenoe 

The equaUona (S36) and (S3T) determine the radius and position of the pole of the 
required locas, which maj therefore be constructed. 

This elegant propaaition is due to Ltzeli. 

1S3. To find the angli bttvun tht chorda of taa lidet of a tpherical triangU. 



tit. Si. 




Id Fig. SI, being the center of the circnmscribed circle, the angle betveeu ui« 
sIiordB of tlie sides ^(7 and £C is half the spherical angle AOB. U, then, 
C, s= angle between the chords of a and h 
COB C, = COB AOP = sin OAP cos AP 
w. byApLlBft. oosC, = iin(S— CJooB Je (838) 

£7 (72) this beeomeB 

C0S(7, =^n}aBinJ«-|-co9JaCQ9 jicogf? (3S9) 

184. The preceding problem is employed for geodetical triangles, in which C, 
differs very little from C, in which case it is expedient to compute the small differ- 
ence C— Ci = z. We easily reduce (330) to the following: 
30» C, = cos i {" — *) cos* i (?— cos i {o + 4) sin' J C 

= co8-i(7-2"aLn*Ko-i)eo8'iC-sin-i(7+2sin'i{a+i)sia-iO 
Subtracting a<a C = cob* j £7 — sin* J C, we have, 

Binl((7+C.)Biuj(C7-C.) = sin*J(a+i)Bin*ie-sin'i{«-i)o<B»JO 
or approximately, taking 

sinj (C+ C,) = Bin C'=2BinlCoo3 J (7 
and sin } (C— C,) = ) x sin 1" 

X being eipressed in seconds, 



D„K,db,G(50glC 



Miscellaneous problems. 263 

IB" Jf a great cireU (DE, Fig. 32) biiecl Ihe iom ef a tphencal triangU il right 
mnglt), any grial tirclt {FOj, perpendicalar to il, diiiida tks tidet (AC, BC) uMo leg- 
mtnU whole linei art proporlional ; tbat ia, 

aia FA: Bin TO = sm (? 

j*t P Ije tho pole of ED, {DP = 90°), and 
POF 007 great cirolB drawn through P, e.ad 
therefore perpendicular to VE. Then, Bince 

PB+PA = 2PD=' ISO" 
we have, by (3). 

iiaF 6inPA =-BmPBin PA = BiaP^ PB 
= Bin a Bin OB 

ainfsin FC = sin Bin 00 
vheDce, by divisioD, the tbearem (341). The a.- 
the base in plane triangles. 

186, 1/ two area 0/ great circlet, (AB, CD, Fig. 83). terminated by any nrcU, bUflnet, 
the product! of the tangenU i^the temi-tegmenle are equal to out another; that is, 

tun iAEt&aiEB = tan J CEtaa iED (S4£) 

Let P be the pole of tha circle DACB. Join PE ^_^ 

and draw the perpondicatars PF, PO, biaecdng the 
•rcB AB and CD. Then we hare 




c FO is analogous to the parallel t 



:tFE 



coa PE 




n(.B4. 



cos FE + cos FB gob GE + oc 
which, by PI. Trig. (110), gives (342). 



187. J/" three area be (frown from the angUi of a ipherieal triangle through the >ami 
point, to meet the oppoiitt tidet, the produett of the tinet of the alternate legmtnti of thttida 
teOl he equal. 

Thus, in Fig. 34, we shall hare 

BinAB aio OA' ^n BC = Bin Cj?" dn BA' Bin AC (843) 

For we easily £nd 

Bin AB' _ sin AP gin APB" 

sin CB ~ sin CP ' ain CPB" 

ain CA' _ sin CF iia CPA^ 

Bin BA' ~ sin if i* ' fVn IlPA' 

Bin BC Bin BP sin BFC 

einAC ~ tm AP ' sin APC 

Multiplying these eqantinns together, the product of tbe Becond membera is unity, 
whence (343). 
Thii snme property is easily extended to the segments of the angles. 

188, It follows, tliat when three arcs are drawn from the three angles, so as to 
satisfy the condition |343), they muat intersect in the same point. This oconra in 
the same cases as in plane triangles, that is, when the angles are bisected ; when the 
udes are bisected ; when the three arcs are drawn front the angles to the points uf 

W 
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jontact of the inscribed circle ; and when tla iliree mob we the tireo perpeodicnlari 
upon the Bides. 

The first three of these cues ore obTioos. To prove the last. If A', ff and C, 
Fig. it, are right angles, we iiaie 

cobAB' cos CA' coaBC ' emAB coa CA _ aoa BC 
COB CB' ' toaBA' ' isiAC ^^ oos CB ' ooiBA cos AC ^ 
whence cokAB tma CA' cai BC b tsoi CB^ ti»a BA aasAC 
and in liie same manner we End 

tauX^" tanCJ' tan^C = tan C^ tan£4' tan^C' 
The product of these two equations gives the condition (343), and therefore the per- 
pendiculars iDlersact in the same point. 

189. To find tht arc drawn fiom any angU of a ipheriea.1 triangle to a given paint « 
tht oppoiiu tide. 
Inthe triangle P.1j1", Fig. 36, let P^' be drawn; we bare 




eos PA- K]iAA" = COB FA' etn (-1 A' + A' A") 

= cos P A' cos A' A" Bin .4 ^' + cos PA coa AA' i&a A' A" 
But inthe triangles P^ J', P J' .i" we have, by (4), 

cosP^'oos.i ^■= zoaPA — Aa. F A' f!ca A A' urn PA' A 
cos PJ' coa A'A" = cos PA" + sin PA' sin AA" coa P A A 
wHoh sabstitnted above g^ve 

cos PA sin A A' = coa PA ain AA" + cos PA" ain A A (344) 

which determines PA, the ades P A and PA" and the segments of the side A A" 
being given. 

190. Let three arcs PA, PA', PA", Fig. 35, passing through the same point P. 
be intersected by two others A A" and BB' whoae intersection is Q; we have seve- 
ral symmetrical relations among the parts of the figure which God their application 
in astronomy. 
Let the points A, A', A" be given in position by their dietancea from Q, uid pr(t 
A Qi^a A B =^e FB =y 

Aq = ^ A'B=9l PB' =y' 

A"q = J' A'B" = ^' PB"=.y" 

By PI. Trig. (171), we have 

Bin << sin («■ — a") + ain a' sin {«" — a) + ain «" s!n (« — «') = 
and in Fig. 35, 

., sin^,sinif _,_ „_ain>"«njr. 



Digitized by Google 



SnSCELLANEOUS PROBLEMS. 






whioh, Bubstitnted aliOTe, gli 



lin^ . 



'(-"--) + 



iia r _.. 



> (343 



Again, if ire eipreaa (S44) in the notation of tliis article, it becomea 
008 (^+ y) BiD (,'_„")+coB (^'+ >')Bin(.--.) + cw. (^+).") sin (— ,-)=0 {B4Q) 
which, added to (£45), ^tcb 

»I. If P ia the pole of A Q, we have 

•nd (846) and (847) both give 

tan ^ Bin (.' - .") + Un ^ Bin («" - .) + tan ^ Bin (« - »') = (348) 

192. To find the mclinalvm 0/ Iwo aiffacenl faea of a regular polphedrMt, andtkeradu 
of tht inscribed and circumeerihed ipheret. 

Let C and £, Fig. 36, ba the centres of two adjacent faces whose common edge is 
AS; the centre of the inscribed and ciroumecribed Bplieres. Draw OD bi- 
eeotiDg AB at right angles; draw CD, ED, which will »lBr> ovidently be per- 
pendicular ta A B ; and put 

I = iQclinaCion of the faces = CD £ ng. se. 

Ji — radius of the circumaoribed sphere =s OA = OB 

r ^ radius of the inscribed sphere =00^ OS 

a ^ one of the edges ^ A B 

vt ^ number of faces that form a solid angle 

B = number of sidea of a face 

Suppose. a sphere to be described about the centra 
with any radius, and cad the triangle formed apon its sur 
face b7 the planes COD, COA,AOD; this triangle i: 
■right-angled at if and gives 

COB erf = 2oa:ad 

But cos e <i = cos COD, and 

C0D = Siy—CDO=^Z. — ir 

«a^cK jangle of the planes OAC 
1 2<r r 




aed^iAOB^ 4 
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Than from th« triftngleB CD, A CD, &c., we tind 
ri=. — \xa\I<^iA — 
p ^ £ ooa a <: =z A oot a e if cot eai ^ , 



E — ttUl}/UD — 



(361) 



103. Tafindthemrfaet andeelume of a regular palyhtdron. 

Let ftsi nnmber of fftces of the polyhedro" ■ 5 ^ the BDrfaee, and F= the 
Tolume ; then the area of each face {the notation of (he preceding article being 
iiontinaed) is eqnal tc 

iASxODx.n = <r-^cot^ 

irheoe* „f _ 

5 = a- ■ -^ cot - (852) 

ud^Dce r=s SXir, 



r=^- 



24 




Let OP, Fig. 87, la a pirallelopipoJ, 
whose edges OA = a, OB := b, OC = <!, 
and their inclinatiaos BOC^t,AOC^St 
AOB = y,^e gtyeu. 
p The area of any face, asBC'iB found by 
the formula b e Bin a, and therefore foi 
the whole aurface, ne haTS 
S=2(i<;flin.+ <.«9in;8+aSBin>) (354) 
To find the volume, let CD be the ald- 
tude, then 
F=ba8e^BX CD^absinyX CD 
Suppose a sphere to he described about 0, whose intersections with the planes 
BOC, AOC, AOB and DOC are B'C = «, A'C == A ^'-B' = >, and CD'. Th« 
triangle A'C'D" is right-angled at D', whence 

CD = <: sin O-Jy es c sin ^S sin C'A'B" 
orbj{46),if, = i(, + ^ + j), 

r = 2 <ii<v'[B«> ' Bin (, — «) an (, — ^ sin (r — >)] (8661 

THE END. 
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